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❛♥❛❧②t✐❝❦ý❝❤ ♠❡t♦❞ ❛ ♣♦❦r♦❦❡♠ ✈ ❦♦♠✉♥✐❦❛↔♥í❝❤ t❡❝❤♥♦❧♦❣✐í❝❤ ③❛↔❛❧♦ ❜ýt ✉➸✐t❡↔♥é ③♥át ✐ ❥✐♥é
♥❡➸ ❞➦í✈❡ ③❦♦✉♠❛♥é ✈❧❛st♥♦st✐ st❛✈❡❜♥í❝❤ ♠❛t❡r✐á❧➲✳
❱ý✈♦❥ ✈ ♦❜❧❛st✐ st❛✈❡❜♥í❝❤ ♠❛t❡r✐á❧➲ ③❛↔❛❧ ❡♠♣✐r✐❝❦② ❥✐➸ ♦❞ st❛r♦✈➙❦✉ ❛ s♣♦↔í✈❛❧ ③❡❥♠é♥❛
✈❡ ③♥❛❧♦st✐ ❥❡❥✐❝❤ ♠❡❝❤❛♥✐❝❦ý❝❤✱ ♣➦í♣❛❞♥➙ t❡♣❡❧♥➙ ✐③♦❧❛↔♥í❝❤ ✈❧❛st♥♦stí✳ ❚②t♦ ✈❧❛st♥♦st✐ ❜②❧② t❛❦é
♣r✈♥í♠✐✱ ❦t❡rý♠✐ s❡ ③❛❜ý✈❛❧❛ ♠♦❞❡r♥í ✈➙❞❛ ♦❞ ♣♦↔át❦✉ ♠✐♥✉❧é❤♦ st♦❧❡tí✳ ◆❡❥✈➙t➨í ♣♦③♦r♥♦st s❡ ③
♣♦❝❤♦♣✐t❡❧♥ý❝❤ ❞➲✈♦❞➲ s♦✉st➦❡❞✐❧❛ stá❧❡ ♥❛ ♠❡❝❤❛♥✐❦✉ ♣❡✈♥ý❝❤ ❧át❡❦✳ ▼❛t❡r✐á❧② ❛ ❦♦♥str✉❦❝❡✱ ❛➫
✉➸ ♣➦ír♦❞♥í ♥❡❜♦ ♣♦③❞➙❥✐ ✉♠➙❧❡ ✈②t✈♦➦❡♥é✱ ❥❛❦♦ ♥❛♣➦í❦❧❛❞ ❜❡t♦♥✱ ❜②❧② t❡st♦✈á♥② ❛ ✈②❤♦❞♥♦❝♦✈á♥②
♣r♦ s✈é s❝❤♦♣♥♦st✐ ♦❞♦❧á✈❛t t❧❛❦✉✱ t❛❤✉✱ ❦r✉t✉ ❛ s♠②❦✉✳ ❇②❧❛ ✈②t✈♦➦❡♥❛ ♠❡t♦❞✐❦❛ ♣r♦ ✈ý♣♦↔t②
❛ ♣♦r♦✈♥á♥í ♠❡❝❤❛♥✐❝❦ý❝❤ ❝❤❛r❛❦t❡r✐st✐❦ ❛ ♠♦❞✉❧➲ ❥❛❦♦ ♥❛♣➦í❦❧❛❞ ❨♦✉♥❣➲✈ ♠♦❞✉❧✱ ♥❛ ③á❦❧❛❞➙
❦t❡rý❝❤ s❡ ♣❛❦ ✈♦❧✐❧② ❥❡❞♥♦t❧✐✈é st❛✈❡❜♥í ♠❛t❡r✐á❧② ♣r♦ r➲③♥é ❛♣❧✐❦❛❝❡✳ ❉í❦② t♦♠✉ ③❛↔❛❧② ❜ýt
♠♦❞❡r♥í st❛✈❜② ✈í❝❡ ❜❡③♣❡↔♥é ❛ t❡❝❤♥♦❧♦❣✐❡ ✈ýst❛✈❜② s❡ ③❛↔❛❧❛ s❥❡❞♥♦❝♦✈❛t ❛ ♥♦r♠❛❧✐③♦✈❛t✱ ❝♦➸
✈❡❞❧♦ ❦ ✈②t✈♦➦❡♥í ❥❛❦és✐ ❦♦♥❝❡♣❝❡ ❛ st❛♥♦✈❡♥í ❞♦♣♦r✉↔❡♥ý❝❤ ↔✐ ♣♦➸❛❞♦✈❛♥ý❝❤ ♣♦st✉♣➲✳
❱➙❞❡❝❦é ♣♦③❛❞í ❛ ❞♦❜rý ♣♦♣✐s ♠❡❝❤❛♥✐❦② st❛✈❡❜♥í❝❤ ♣r✈❦➲ ➨❡❧ r✉❦✉ ✈ r✉❝❡ s r♦st♦✉❝í♠✐
♥ár♦❦② ❛ t❡❞② ♥❡✈②❤♥✉t❡❧♥ý♠ ♣♦❦r♦❦❡♠ ✈ ♦❜❧❛st✐ t❡♣❡❧♥➙✲✐③♦❧❛↔♥í❝❤ ✈❧❛st♥♦stí✳ ❚❡♥t♦ tr❡♥❞ ❥❡
✶
♦st❛t♥➙ ✈❡❧♠✐ ✈ýr❛③♥ý ✐ ✈ ❞♥❡➨♥í ❞♦❜➙✱ ♥❡❜♦➫ ♠♦❞❡r♥í ♣♦➸❛❞❛✈❦② ♥❛ ús♣♦r✉ ♣r✐♠ár♥í❝❤ ③❞r♦❥➲
❡♥❡r❣✐❡ ❛ ❡♥❡r❣❡t✐❝❦♦✉ s♦❜➙st❛↔♥♦st ❜✉❞♦✈ ♥❛❧é③❛❥í ♥❡❥✈➙t➨í ♣r♦st♦r ❦ ✈ý✈♦❥✐ ✈ ♠✐♥✐♠❛❧✐③❛❝✐ t❡✲
♣❡❧♥ý❝❤ ③trát ♦❜á❧❦♦✉ ❜✉❞♦✈②✳ ❩❞❡ s❡ ❤✐st♦r✐❝❦ý ✈ý✈♦❥ s♦✉st➦❡❞✐❧ ✈í❝❡ ♥❡➸ ♥❛ ♠❡t♦❞✐❦✉ ✈ý♣♦↔t➲
❛ ♠➙➦❡♥í t❡♣❡❧♥ý❝❤ ③trát ♥❛ ♦❜❥❡✈ ♥♦✈ý❝❤ t❡♣❡❧♥➙✲✐③♦❧❛↔♥í❝❤ ♠❛t❡r✐á❧➲✳ ◆❛ ❥❡❞♥é str❛♥➙ s❡ t❡❞②
♣➦✐❞á✈❛❧② t②t♦ ♥♦✈➙ ③❦♦♥str✉♦✈❛♥é ♠❛t❡r✐á❧② s ❞♦❜rý♠✐ t❡♣❡❧♥➙✲✐③♦❧❛↔♥í♠✐ ✈❧❛st♥♦st♠✐ ❦ ♠❛t❡r✐á✲
❧➲♠ s ❞♦❜rý♠✐ ♠❡❝❤❛♥✐❝❦ý♠✐ ✈❧❛st♥♦st♠✐✱ ✉ ❦t❡rý❝❤ s❡ tí♠t♦ ❦♦♠♣❡♥③♦✈❛❧❛ ❥❡❥✐❝❤ ✈②s♦❦á t❡♣❡❧♥á
✈♦❞✐✈♦st✳ ❙♦✉↔❛s♥➙ s tí♠ s❡ ❛❧❡ stá❧❡ ③❧❡♣➨♦✈❛❧② t❡♣❡❧♥➙✲✐③♦❧❛↔♥í ✈❧❛st♥♦st✐ t➙❝❤t♦ ♠❛t❡r✐á❧➲✱ ❛❜②
s❡ ♠✐♥✐♠❛❧✐③♦✈❛❧② t❡♣❡❧♥é ③trát② ❜✉❞♦✈②✳
❉♦st❛t❡↔♥á ③♥❛❧♦st t➙❝❤t♦ ③á❦❧❛❞♥í❝❤ ♣❛r❛♠❡tr➲ ♦t❡✈➦❡❧❛ ♣r♦st♦r ♣r♦ ✈ý③❦✉♠ st❛✈❡❜✲
♥í❝❤ ♠❛t❡r✐á❧➲ ✐ ✈ ❞❛❧➨í❝❤ ♦❜♦r❡❝❤✱ ❦t❡rý♠ ❞♦♣♦s✉❞ ♥❡❜②❧❛ ✈➙♥♦✈á♥❛ t❛❦ ✈②s♦❦á ♣♦③♦r♥♦st✳
❩❛↔❛❧② s❡ r♦③✈í❥❡t ♠❛t❡r✐á❧② ❛ ❦♦♥str✉❦❝❡ s ❧❡♣➨í♠✐ ③✈✉❦♦✈➙✲✐③♦❧❛↔♥í♠✐ ✈❧❛st♥♦st♠✐✱ ③❦✈❛❧✐t➡♦✈❛❧②
s❡ ♣♦➸ár♥í ✈❧❛st♥♦st✐✱ ❛➸ ♥❛❦♦♥❡❝ ❞♦❝❤á③í ❦ ♣♦s✉♥✉ ✈ ♦❜❧❛st✐ ❡❦♦❧♦❣✐❡ ❛ ❡❦♦♥♦♠✐❝❦é ❞♦st✉♣♥♦st✐
❦✈❛❧✐t♥í❝❤✱ ❞➦í✈❡ ♥á❦❧❛❞♥ý❝❤ ❦♦♥str✉❦↔♥í❝❤ ♣r✈❦➲✳ ❉❛❧➨í ♦❞✈➙t✈í ✈ý③❦✉♠✉ ♣❛❦ ♥ás❧❡❞✉❥❡ s ♦❜r♦✈✲
s❦ý♠ r♦③✈♦❥❡♠ ♠♦❜✐❧♥í❝❤ ❜❡③❞rát♦✈ý❝❤ ❦♦♠✉♥✐❦❛↔♥í❝❤ t❡❝❤♥♦❧♦❣✐í✳ ❩❞❡ t♦t✐➸ ③❛↔í♥á ♣➦✐❝❤á③❡t ♥❛
s❝é♥✉ ♥✉t♥♦st ③♥át ✐ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é ✈❧❛st♥♦st✐ ❛ ❝❤❛r❛❦t❡r✐st✐❦②✱ ❛ ♦♣➙t t❡❞② ✈②✈✐♥♦✉t ✉r↔✐t♦✉
♠❡t♦❞✐❦✉ ♣r♦ ✉r↔❡♥í ♥❡❥✈ý❤♦❞♥➙❥➨í❝❤ st❛✈❡❜♥í❝❤ ♠❛t❡r✐á❧➲ ③ ❤❧❡❞✐s❦❛ ❜❡③❞rát♦✈é❤♦ ♣➦❡♥♦s✉ ❞❛t✳
❱ s♦✉↔❛s♥é ❞♦❜➙ ❞♦❝❤á③í ❦ ♠❛s✐✈♥í♠✉ r♦③✈♦❥✐ ♠♦❜✐❧♥í❝❤ ❦♦♠✉♥✐❦❛↔♥í❝❤ t❡❝❤♥♦❧♦❣✐í ❛
t♦ ❥❛❦ ✈ ♣r➲♠②s❧♦✈é ♦❜❧❛st✐✱ t❛❦ ✐ ✈ ❜➙➸♥é♠ ❦❛➸❞♦❞❡♥♥í♠ ➸✐✈♦t➙✳ ❙tá❧❡ ✈í❝❡ ❞✐s❦✉t♦✈❛♥é sít➙
♣áté ❣❡♥❡r❛❝❡✱ t③✈✳ ✺●✱ ❥s♦✉ ③ ✈❡❧❦é ↔ást✐ ③❛❧♦➸❡♥② ♥❛ ❜❡③❞rát♦✈é ✐♥❢r❛str✉❦t✉➦❡ ♣r❛❝✉❥í❝í ♥❛
✈②s♦❦ý❝❤ ❢r❡❦✈❡♥❝í❝❤ ✈ ➦á❞✉ ❞❡sít❡❦ ❣✐❣❛❤❡rt③✳ ❚♦ ♠á s✈é ③ás❛❞♥í ✈ý❤♦❞②✱ ❛❧❡ ③ár♦✈❡➡ t②t♦
t❡❝❤♥♦❧♦❣✐❡ ❦❧❛❞♦✉ ✈➙t➨í ♣♦➸❛❞❛✈❦② ♥❛ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é ✈❧❛st♥♦st✐ st❛✈❡❜♥í❝❤ ♠❛t❡r✐á❧➲ ♥❡➸
❞♦♣♦s✉❞ ♣♦✉➸í✈❛♥á r❛❞✐♦❢r❡❦✈❡♥↔♥í ③❛➦í③❡♥í ♣r❛❝✉❥í❝í ♥❛ ❢r❡❦✈❡♥❝í❝❤ ♥✐➸➨í❝❤ ✈ ➦á❞✉ ❦✐❧♦❤❡rt③ ♥❡❜♦
♠❡❣❛❤❡rt③✳ ❱②✉➸✐tí ❜❡③❞rát♦✈ý❝❤ t❡❝❤♥♦❧♦❣✐í ♣r❛❝✉❥í❝í❝❤ s ❢r❡❦✈❡♥❝❡♠✐ ✈ ♣ás♠✉ ❞❡sít❡❦ ❣✐❣❛❤❡rt③✱
❦t❡ré♠✉ s❡ t❛❦é ➦í❦á ♣ás♠♦ ♠✐❧✐♠❡tr♦✈ý❝❤ ✈❧♥✱ ❥❡ ➨✐r➨í ♥❡➸ ❥❡♥ ♣r♦ sít➙ ✺●✱ ♣➦❡s♥➙❥✐ ➦❡↔❡♥♦ t♦ ♥❡♥í
t♦té➸ ❛ t②t♦ ♣♦❥♠② ❜② s❡ ♥❡♠➙❧② ③❛♠➙➡♦✈❛t✳ ❑❛➸❞♦♣á❞♥➙ ❥❡ ✈②✉➸✐tí tét♦ ❜❡③❞rát♦✈é t❡❝❤♥♦❧♦❣✐❡
stá❧❡ ♣♦♣✉❧ár♥➙❥➨í ♣r♦ ③❛➦í③❡♥í ✐♥t❡r♥❡t✉ ✈➙❝í ✭■♥t❡r♥❡t ♦❢ ❚❤✐♥❣s ✲ ■♦❚ ✮✱ ✈❡ ✈➙❞➙✱ ❧é❦❛➦st✈í ❛
t❡❧❡❦♦♠✉♥✐❦❛❝✐✳ ▲③❡ ✈➨❛❦ ♣➦❡❞♣♦❦❧á❞❛t✱ ➸❡ s♦✉↔❛s♥ý tr❡♥❞ ✈ý✈♦❥❡ ❜❡③❞rát♦✈é ❦♦♠✉♥✐❦❛❝❡ ♣♦✈❡❞❡
❦ ✈②✉➸✐tí ✈②s♦❦♦❢r❡❦✈❡♥↔♥í❝❤ ③❛➦í③❡♥í ✐ ♣r♦ ♦s♦❜♥í ❛ ♣r➲♠②s❧♦✈é ♠♦❜✐❧♥í ③❛➦í③❡♥í ❦❛➸❞♦❞❡♥♥í❤♦
♣♦✉➸✐tí✳
✷
❩ás❛❞♥í ✈ý❤♦❞❛ t➙❝❤t♦ t❡❝❤♥♦❧♦❣✐í ♣❧②♥❡ ③ ❢❛❦t✉✱ ➸❡ s r♦st♦✉❝í ❢r❡❦✈❡♥❝í r♦st❡ ✐ r②❝❤❧♦st
♣➦❡♥♦s✉ ❞❛t✳ ❏✐♥ý♠✐ s❧♦✈②✱ t❛❦t♦ ❧③❡ ♣➦❡♥á➨❡t ✈➙t➨í ♠♥♦➸st✈í ✐♥❢♦r♠❛❝❡ ③❛ st❡❥♥ý ↔❛s✱ ❝♦➸ ❥❡
s ✉r↔✐t♦✉ ♥❛❞sá③❦♦✉ ♠❡t❛ ✈ý✈♦❥❡ ❜❡③❞rát♦✈é ❦♦♠✉♥✐❦❛❝❡ ❛ ❦♦♠✉♥✐❦❛↔♥í❝❤ t❡❝❤♥♦❧♦❣✐í ♦❜❡❝♥➙✳
❱➙t➨í ❞❛t♦✈é t♦❦②✱ ❛❧❡ ✐ ❞❛❧➨í ✈ý❤♦❞② ❛ s♣❡❝✐✜❦❛ ♦t❡✈ír❛❥í ❞✈❡➦❡ ♥♦✈ý♠ t❡❝❤♥♦❧♦❣✐í♠ ❛ ❤✉stý♠
❜❡③❞rát♦✈ý♠ sítí♠ t✈♦➦í❝í♠ ✐♥❢r❛str✉❦t✉r② ❞♦s✉❞ ♥❡❞♦s❛➸✐t❡❧♥ý❝❤ ✈❧❛st♥♦stí✳ ❏❡❥✐❝❤ ♣➦❡❞♥♦st✐ ♥❛
❥❡❞♥é str❛♥➙ ❥s♦✉ ✈➨❛❦ ✈②❦♦♠♣❡♥③♦✈á♥② ♥ár♦↔♥♦✉ ✐♠♣❧❡♠❡♥t❛❝í✱ ✈②s♦❦ý♠✐ ♣♦➸❛❞❛✈❦② ♥❛ ❦✈❛❧✐t✉
♣r♦✈❡❞❡♥í ❛ t❛❦é ♣♦➸❛❞❛✈❦② ♥❛ s♣❡❝✐✜❝❦é ✈❧❛st♥♦st✐ ♣r♦st➦❡❞í✱ ❦❞❡ ❦❡ ❦♦♠✉♥✐❦❛❝✐ ❞♦❝❤á③í✳ ❆ t♦
❥s♦✉ ✈➙t➨✐♥♦✉ ✐♥t❡r✐ér② ❛❞♠✐♥✐str❛t✐✈♥í❝❤ ♥❡❜♦ ♣r➲♠②s❧♦✈ý❝❤ ❜✉❞♦✈✱ ❦❞❡ ❥❡ ♣❛❦ ♥✉t♥é ③❛❜ý✈❛t s❡
✈❤♦❞♥♦✉ ✈♦❧❜♦✉ st❛✈❡❜♥í❝❤ ♣r✈❦➲ ③ ❤❧❡❞✐s❦❛ ➨í➦❡♥í ✈②s♦❦♦❢r❡❦✈❡♥↔♥í❤♦ ✈❧♥➙♥í✳
❈í❧❡♠ tét♦ ♣rá❝❡ ❥❡ ♥❛stí♥✐t ♣r♦❜❧❡♠❛t✐❦✉ ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ✈❧♥➙♥í ✈ r➲③♥ý❝❤
♣r♦st➦❡❞í❝❤✱ ❦♦♥❦rét♥➙ ✈ r➲③♥ý❝❤ st❛✈❡❜♥í❝❤ ♠❛t❡r✐á❧❡❝❤✱ ❜✉❞❡ ♣♦♣sá♥♦ ♠➙➦❡♥í ❛ ✈②❤♦❞♥♦❝❡♥í
③♠➙➦❡♥ý❝❤ ❞❛t ③ís❦❛♥ý❝❤ ③❛ ♣♦✉➸✐tí ♠➙➦❡♥í ✈ ♣ás♠✉ ✺ ❛➸ ✺✵ ●❍③✳ ❷❧❡♥➙♥í ♣rá❝❡ ✈②❝❤á③í ③ tét♦
str✉❦t✉r② ❛ ✈②♣❛❞á t❛❦t♦✿ ✈ ♣r✈♥í❝❤ ❦❛♣✐t♦❧á❝❤ ❥❡ ♣♦♣sá♥❛ t❡♦r✐❡ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ③á➦❡♥í ❛ ➨í✲
➦❡♥í ♠✐❧✐♠❡tr♦✈ý❝❤ ✈❧♥✱ ❞á❧❡ ❥s♦✉ ♣♦♣sá♥② ❦♦♠♣❧❡①♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é ✈❧❛st♥♦st✐ ❥❛❦♦ ❦♦♠♣❧❡①♥í
♣❡r♠✐t✐✈✐t❛ ❛ ❦♦♠♣❧❡①♥í ♣❡r♠❡❛❜✐❧✐t❛ ❛ ❥s♦✉ t❛❦é ✈②❥♠❡♥♦✈á♥② ✈❧❛st♥♦st✐ ✈②❜r❛♥ý❝❤ st❛✈❡❜♥í❝❤
♠❛t❡r✐á❧➲✳ ◆ás❧❡❞✉❥❡ ♣♦♣✐s ♣r✐♥❝✐♣✉ ♠➙➦❡♥í ✈③♦r❦➲ st❛✈❡❜♥í❝❤ ♠❛t❡r✐á❧➲ ❛ ❦♦♥str✉❦❝í ✈❡ ✈♦❧♥é♠
♣r♦st♦r✉✱ ❦t❡rý ❥❡ ♣♦✉➸✐t ♣r♦ ③❥✐➨➫♦✈á♥í ❥❡❥✐❝❤ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧❛st♥♦stí✳ ◆❛❦♦♥❡❝ ❥❡ ♣♦✲
♣sá♥ ♣r♦❝❡s ú♣r❛✈② ❞❛t✱ ❦❛❧✐❜r❛❝❡ ❛ ✈②❤♦❞♥♦❝❡♥í ③ís❦❛♥ý❝❤ t③✈✳ ❙✲♣❛r❛♠❡tr➲ ♣r♦ ú↔❡❧② ❡①tr❛❦❝❡
❦♦♠♣❧❡①♥í❝❤ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❡❧✐↔✐♥✳
✸
❑❛♣✐t♦❧❛ ✷
❊❧❡❦tr♦♠❛❣♥❡t✐❝❦é ③á➦❡♥í✱
♠✐❧✐♠❡tr♦✈é ✈❧♥②
P♦❞ ♣♦❥♠❡♠ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é ③á➦❡♥í r♦③✉♠í♠❡ ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧♥ ✈ ♣r♦✲
st➦❡❞í✳ ❊❧❡❦tr♦♠❛❣♥❡t✐❝❦é ✈❧♥② ❥s♦✉ s❧♦➸❡♥② ③ ♥❛ s❡❜❡ ❦♦❧♠ý❝❤ ✈❡❦t♦r➲ ✐♥t❡♥③✐t② ❡❧❡❦tr✐❝❦é❤♦ ♣♦❧❡
~E ❛ ✐♥t❡♥③✐t② ♠❛❣♥❡t✐❝❦é❤♦ ♣♦❧❡ ~H ❛ ❥❡ t➦❡❜❛ ❥❡ ❝❤á♣❛t ❥❛❦♦ ♥❡♦❞❞➙❧✐t❡❧♥é ↔ást✐ t✈♦➦í❝í ❡❧❡❦tr♦✲
♠❛❣♥❡t✐❝❦♦✉ ✈❧♥✉✳ ❱❡❞❧❡ ✈❡❦t♦r➲ ~E ❛ ~H✱ ❦t❡ré ♣♦♣✐s✉❥í ✈❡❧✐❦♦st ❛ s♠➙r ❡❧❡❦tr✐❝❦é❤♦✱ r❡s♣❡❦t✐✈❡
♠❛❣♥❡t✐❝❦é❤♦ ♣♦❧❡ s♦✉✈✐s❡❥í❝í❤♦ s ❞❛♥♦✉ ✈❧♥♦✉✱ ♥ás ♣➦✐ ♣♦♣✐s✉ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ✈❧♥➙♥í ③❛❥í✲
♠❛❥í ✐ ✈♥➙❥➨í ♣❛r❛♠❡tr②✳ ❚②t♦ ✈❡❧✐↔✐♥② ❥s♦✉ ❢r❡❦✈❡♥❝❡ f ❬Hz❪ ❛ ✈❧♥♦✈á ❞é❧❦❛ λ ❬m❪ ❛ ❧③❡ ❥❡ ♠❡③✐
s❡❜♦✉ ♣➦❡♣♦↔ítá✈❛t ✈③t❛❤❡♠
λ =
v
f
✭✷✳✶✮
❦❞❡ v ❬ms−1❪ ❥❡ r②❝❤❧♦st ➨í➦❡♥í ✈❧♥② ✈ ❞❛♥é♠ ♣r♦st➦❡❞í✱ ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉ s❡ t❛t♦ r②❝❤❧♦st r♦✈♥á
r②❝❤❧♦st✐ s✈➙t❧❛ ❛ t❡❞② v = c ≈ 3× 108 ❬ms−1❪✳
❩ ♣➦❡❞❝❤♦③í❤♦ ✈③t❛❤✉ ❥❡ t❡❞② ③➦❡❥♠é✱ ➸❡ ✈❧♥♦✈á ❞é❧❦❛ ❦❧❡sá s ❢r❡❦✈❡♥❝í✳ ❱ r❛❞✐♦❦♦♠✉♥✐✲
❦❛↔♥í t❡❝❤♥✐❝❡ s❡ ✈②✉➸í✈á ❢r❡❦✈❡♥❝í ♦❞ st♦✈❡❦ ❤❡rt③➲ ❛➸ ♣♦ ❞❡sít❦② ❛➸ st♦✈❦② ❣✐❣❛❤❡rt③➲ ❛ t❡♥t♦
r♦③♣t②❧ t❛❦ ♦❞♣♦✈í❞á ✈❧♥♦✈ý♠ ❞é❧❦á♠ ✈ ➦á❞❡❝❤ t✐sí❝➲ ❦✐❧♦♠❡tr➲ ❛➸ ♣♦ ❥❡❞♥♦t❦② ♠✐❧✐♠❡tr➲✳ ❋r❡❦✲
✹
✈❡♥❝í♠✱ ❦t❡ré ♦❞♣♦✈í❞❛❥í ✈❧♥♦✈ý♠ ❞é❧❦á♠ ✈ ➦á❞❡❝❤ ♠✐❧✐♠❡tr➲✱ s❡ ♣❛❦ ➦í❦á ♠✐❧✐♠❡tr♦✈é ✈❧♥② ❛
s♣❛❞❛❥í ❞♦ ❢r❡❦✈❡♥↔♥í❤♦ ♣ás♠❛ ✸✵ ❛➸ ✸✵✵ ●❍③✳ ❚♦t♦ ♣ás♠♦ ❧③❡ ↔❛st♦ ✈ ❛♥❣❧✐❝❦é ❧✐t❡r❛t✉➦❡ ♥❛❧é③t
♣♦❞ ③❦r❛t❦♦✉ ❊❍❋ ✭❊①tr❡♠❡ ❍✐❣❤ ❋r❡q✉❡♥❝②✮✳
❋r❡❦✈❡♥↔♥í ♣ás♠♦ ❱❧♥♦✈é ❞é❧❦② ❖③♥❛↔❡♥í
✸ ❍③ ✲ ✸✵ ❍③ 105 ❦♠ ✲ 104 ❦♠ ❊▲❋
✸ ❦❍③ ✲ ✸✵ ❦❍③ 100 ❦♠ ✲ 10 ❦♠ ❱▲❋
✸✵ ▼❍③ ✲ ✸✵✵ ▼❍③ 10 ♠ ✲ 1 ♠ ❱❍❋
✸ ●❍③ ✲ ✸✵ ●❍③ 10 ❝♠ ✲ 10 ♠♠ ❙❍❋
✸✵ ●❍③ ✲ ✸✵✵ ●❍③ 10 ♠♠ ✲ 1 ♠♠ ❊❍❋
❚❛❜✉❧❦❛ ✷✳✶✿ ❱②❜r❛♥á ❢r❡❦✈❡♥↔♥í ♣ás♠❛ ❛ ❥❡❥✐❝❤ ♦③♥❛↔❡♥í ❬✶❪
P➦✐ ♥á✈r❤✉ ✈②✉➸✐tí ❦♦♠✉♥✐❦❛↔♥í❝❤ ↔✐ ❥✐♥ý❝❤ t❡❝❤♥♦❧♦❣✐í ❥❡ ✈➸❞② t➦❡❜❛ ❜rát ✈ ú✈❛❤✉
❥❡❥✐❝❤ ♦♠❡③❡♥í✳ ❩❛tí♠❝♦ ✈❧♥② ♥✐➸➨í❝❤ ❢r❡❦✈❡♥❝í ♠♦❤♦✉ ❜ýt s♥❛❞♥♦ ✈②sí❧á♥② ❛ ♣➦✐❥í♠á♥② ♥❛ ❞❧♦✉❤é
✈③❞á❧❡♥♦st✐✱ ♥❡❥s♦✉ ✭♥❡❜♦ ❥s♦✉ ❥❡♥ ✈❡❧♠✐ ♠á❧♦✮ t❧✉♠❡♥② ❦♦♥str✉❦❝❡♠✐ ❜✉❞♦✈ ❛♥✐ ♥❡❥s♦✉ ✭♥❡❜♦
❥s♦✉ ❥❡♥ ♠á❧♦✮ ♦✈❧✐✈➡♦✈á♥② ♣♦↔❛sí♠ ✲ ❞❡➨t➙♠ ♥❡❜♦ ✈❧❤❦♦stí✱ ♠✐❧✐♠❡tr♦✈é ✈❧♥② t➙♠✐t♦ ❢❛❦t♦r②
♦✈❧✐✈➡♦✈á♥② ❥s♦✉✳ ❏❡❧✐❦♦➸ ✈➨❛❦ tr❡♥❞ ♠♦❞❡r♥í❝❤ t❡❝❤♥♦❧♦❣✐í s♠➙➦✉❥❡ ❦ ♠❛①✐♠❛❧✐③❛❝✐ r②❝❤❧♦st✐
♣➦❡♥♦s✉ ❞❛t ❛ ③❛❥✐➨t➙♥í ❝♦ ♥❡❥✈②➨➨í ❜❡③♣❡↔♥♦st✐ ❦♦♠✉♥✐❦❛❝❡ ✈ rá♠❝✐ ♥❛✈③á❥❡♠ ❜❧í③❦♦ ✉♠íst➙♥ý❝❤
③❛➦í③❡♥í✱ ❥s♦✉ ♣rá✈➙ ♠✐❧✐♠❡tr♦✈é ✈❧♥② stá❧❡ ✈í❝❡ ♣♦✉➸í✈❛♥é ❥❛❦ ✈ ♦❞❜♦r♥é✱ t❛❦ ❧❛✐❝❦é s❢é➦❡ ❬✷❪✳
✷✳✶ ➆í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧♥
◆❛ ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧♥ ♠á ❞♦ ③♥❛↔♥é ♠ír② ✈❧✐✈ ♣r♦st➦❡❞í✱ ✈❡ ❦t❡ré♠ ❦ ♥➙♠✉
❞♦❝❤á③í✳ ❖❞❤❧é❞♥➙♠❡ t❡↕ ♦❞ ✈❧✐✈✉ ✈♥➙❥➨í❤♦ ❡❧❡❦tr✐❝❦é❤♦ ↔✐ ♠❛❣♥❡t✐❝❦é❤♦ ♣♦❧❡ ♥❛ ✈❡❧✐❦♦st ❛
s♠➙r ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ✈❧♥➙♥í✳ ➆í➦í✲❧✐ s❡ ✈❧♥❛ ❤♦♠♦❣❡♥♥í♠ ❜❡③❡③trát♦✈ý♠ ♣r♦st➦❡❞í♠
✭♥❛♣➦í❦❧❛❞ ✈❛❦✉❡♠✮✱ ♠✐♠♦ ✈❧✐✈ ✈♥➙❥➨í❝❤ ❡❧❡❦r♦♠❛❣♥❡t✐❝❦ý❝❤ ♣♦❧í✱ ♥❡♠➙♥í s❡ ❥❡❥í ❛♠♣❧✐t✉❞❛ ❛♥✐
❢r❡❦✈❡♥❝❡✳ ❚♦ s❡ ✈➨❛❦ ③♠➙♥í✱ ♣♦❦✉❞ ✈❧♥❛ ♥❛r❛③í ♥❛ r♦③❤r❛♥í ❞✈♦✉ ♣r♦st➦❡❞í s r➲③♥ý♠✐ ❡❧❡❦tr♦✲
♠❛❣♥❡t✐❝❦ý♠✐ ✈❧❛st♥♦st♠✐✳ ❱ t✉ ❝❤✈í❧✐ s❡ ❞♦♣❛❞❛❥í❝í ✈❧♥❛ ↔ást❡↔♥➙ ♦❞r❛③í ③♣➙t ❞♦ ♣r♦st➦❡❞í✱ ③❡
✺
❦t❡ré❤♦ ♣➦✐➨❧❛✱ ↔ást❡↔♥➙ ♣r♦❥❞❡ ❞♦ ❞r✉❤é❤♦ ♣r♦st➦❡❞í✳ P♦❦✉❞ ❥❡ ❞r✉❤é ♣r♦st➦❡❞í ③ ❤❧❡❞✐s❦❛ ➨í➦❡♥í
❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧♥ ③trát♦✈é✱ ♣r♦➨❧á ✈❧♥❛ ❥❡ ❥❡➨t➙ ♦❝❤✉③❡♥❛ ♦ ↔ást ❡♥❡r❣✐❡✱ ❦t❡rá ✈ ♠❛t❡r✐á❧✉
③❛♥✐❦♥❡✱ ♣➦❡s♥➙❥✐ ➦❡↔❡♥♦ ❥❡ ❛❜s♦r❜♦✈á♥❛ ❛ ♣➦❡♠➙♥➙♥❛ ♥❛ t❡♣❧♦✳
✷✳✶✳✶ ❖❞r❛③ ❛ ♣r♦st✉♣ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é ✈❧♥② ♥❛ r♦③❤r❛♥í ♠❛t❡r✐á❧➲
P♦❦✉❞ ✈❧♥❛ ❞♦♣❛❞♥❡ ♥❛ r♦③❤r❛♥í ❞✈♦✉ r➲③♥ý❝❤ ♠❛t❡r✐á❧➲✱ ♠➲➸❡ ❞♦❥ít ❦ ❥❡❥í♠✉ r♦③❦❧❛❞✉
♥❛ ✈❧♥✉ ♦❞r❛➸❡♥♦✉ ❛ ✈❧♥✉ ♣r♦➨❧♦✉✳ ❙t❛♥❡ s❡ t❛❦ ✈❡ ❝❤✈í❧✐✱ ❦❞② ♠❛t❡r✐á❧② ♠❛❥í r♦③❞í❧♥ý ✐♥❞❡① ❧♦♠✉✱
t❡❞② ❦❞②➸ s❡ ✈ ♥✐❝❤ ➨í➦í ✈❧♥❛ r➲③♥♦✉ r②❝❤❧♦stí✳ P❧❛tí t♦t✐➸ ❙♥❡❧❧➲✈ ③á❦♦♥✱ ❦t❡rý ❞á✈á ❞♦ s♦✉✈✐s❧♦st✐
s♠➙r ➨í➦❡♥í ♦❞r❛➸❡♥é ❛ ♣r♦➨❧é ✈❧♥②
sin θ2
sin θ1
=
v2
v1
=
n1
n2
✭✷✳✷✮
❱ý③♥❛♠ ❥❡❞♥♦t❧✐✈ý❝❤ s②♠❜♦❧➲ ❥❡ ♣❛tr♥ý ③ ♦❜rá③❦✉ ✷✳✶✳ ■♥❞❡① ❧♦♠✉ n ❧③❡ ✈②♣♦↔ít❛t ③ ✈❧♥♦✈é
✐♠♣❡❞❛♥❝❡ ♠❛t❡r✐á❧✉ Z ❛ ✈❧♥♦✈é ✐♠♣❡❞❛♥❝❡ ✈❛❦✉❛ Z0 ♣♦♠♦❝í ♥ás❧❡❞✉❥í❝í❤♦ ✈③t❛❤✉✿
n =
Z0
Z
✭✷✳✸✮
P♦❦✉❞ t❡❞② ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦á ✈❧♥❛ ❞♦♣❛❞♥❡ ♥❛ r♦③❤r❛♥í ❞✈♦✉ r➲③♥ý❝❤ ♣r♦st➦❡❞í s r➲③♥♦✉ ✐♠✲
♣❡❞❛♥❝í✱ ③♠➙♥í s❡ ♥❡❥❡♥ s♠➙r ➨í➦❡♥í✱ ❛❧❡ t❛❦é r②❝❤❧♦st ❛ t♦ t❛❦✱ ➸❡ ✈ ♣r♦st➦❡❞í s ✈➙t➨í ✈❧♥♦✈♦✉
✐♠♣❡❞❛♥❝í✱ s❡ ♣r♦➨❧á ✈❧♥❛ ➨í➦í ♠❡♥➨í r②❝❤❧♦stí✳ ❖❞r❛➸❡♥á ✈❧♥❛ s❡ ➨í➦í ③♣➙t ♣➲✈♦❞♥í♠ ♣r♦st➦❡❞í♠
❛ ♣❧❛tí ♣r♦ ♥✐ ③á❦♦♥ ♦❞r❛③✉✳
❚❡♥t♦ ❢❛❦t ❥❡ ❞➲❧❡➸✐tý✱ ✉✈➙❞♦♠í♠❡✲❧✐ s✐ ✈③t❛❤ ♣r♦ ✈ý♣♦↔❡t r②❝❤❧♦st✐ ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣✲
♥❡t✐❝❦é❤♦ ③á➦❡♥í
v =
1√
εµ
✭✷✳✹✮
❛ ✐♠♣❡❞❛♥❝❡ ♠❛t❡r✐á❧✉
Z =
√
µ
ε
✭✷✳✺✮
❦❞❡ ε ❬Fm−1❪ ❛ µ ❬Hm−1❪ ❥s♦✉ ♣❡r♠✐t✐✈✐t❛ ❛ ♣❡r♠❡❛❜✐❧✐t❛ ✭✈ t♦♠t♦ ♣♦➦❛❞í✮ ♠❛t❡r✐á❧✉✳ Pr♦
✻
❖❜rá③❡❦ ✷✳✶✿ ❖❞r❛③ ❛ ♣r➲❝❤♦❞ ✈❧♥② r➲③♥ý♠✐ ♣r♦st➦❡❞í♠✐ ✭❙♥❡❧❧➲✈ ③á❦♦♥✮ ❬✸❪
♣❡r♠✐t✐✈✐t✉ ✐ ♣❡r♠❡❛❜✐❧✐t✉ ♣❧❛tí ♣♦❞♦❜♥é ✈③t❛❤②
ε = εrε0
µ = µrµ0
✭✷✳✻✮
❦❞❡ ❤♦❞♥♦t② s ✐♥❞❡①❡♠ r ③♥❛↔í r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t✉ r❡s♣❡❦t✐✈❡ ♣❡r♠❡❛❜✐❧✐t✉ ❛ ✐♥❞❡① 0 ♦③♥❛✲
↔✉❥❡ ♣➦ís❧✉➨♥é ❤♦❞♥♦t② ✈❛❦✉❛✳ ◆❛ r❡❧❛t✐✈♥í ✈❡❧✐↔✐♥② ❧③❡ ♥❛❤❧í➸❡t ❥❛❦♦ ♥❛ ♠❛t❡r✐á❧♦✈é ❦♦♥st❛♥t② ❛
✈②❥❛❞➦✉❥í ♦❞❧✐➨♥♦st ❞❛♥é❤♦ ♣r♦st➦❡❞í ♦❞ ✈❛❦✉❛✳ ❖❜➙ ✈❡❧✐↔✐♥② ♣♦♣✐s✉❥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é ❝❤♦✈á♥í
♠❛t❡r✐á❧✉ ❛ ❜✉❞♦✉ ♣♦❞r♦❜♥➙ ♣♦♣sá♥② ✈ ❦❛♣✐t♦❧❡ ✸✳✷✳ Pr♦③❛tí♠ ❥❡ ✈➨❛❦ ❞➲❧❡➸✐tý ③á✈➙r✱ ➸❡ ❝❡❧✲
❦♦✈é ❝❤♦✈á♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ✈❧♥➙♥í ♥❛ r♦③❤r❛♥í ❞✈♦✉ r➲③♥ý❝❤ ❧át❡❦ ❥❡ ③ás❛❞♥í♠ ③♣➲s♦❜❡♠
③á✈✐s❧é ♥❛ ❥❡❥✐❝❤ ♠❛t❡r✐á❧♦✈ý❝❤ ❦♦♥st❛♥tá❝❤ ♣❡r♠✐t✐✈✐t➙ ε ❛ ♣❡r♠❡❛❜✐❧✐t➙ µ✳ ❏s♦✉ t♦ ♣rá✈➙ t②t♦
✈❡❧✐↔✐♥②✱ ❦t❡ré ✉r↔✉❥í ✈ýs❧❡❞♥♦✉ ♣♦❞♦❜✉ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ✈❧♥➙♥í ♣♦ ♣r➲❝❤♦❞✉ r♦③❤r❛♥í♠ ❞✈♦✉
♠❛t❡r✐á❧➲✳
✷✳✶✳✷ ▼♥♦❤♦♥ás♦❜♥é ♦❞r❛③②
❉♦♣♦s✉❞ ♣♦♣s❛♥é ♠❡❝❤❛♥✐s♠② ✈②s✈➙t❧♦✈❛❧② ❝❤♦✈á♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ✈❧♥➙♥í ♣➦✐ ♣r✈✲
♥í♠ ❞♦♣❛❞✉ ♥❛ r♦③❤r❛♥í ❞✈♦✉ ❧át❡❦ s r➲③♥ý♠✐ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý♠✐ ♣❛r❛♠❡tr②✳ ❑❡ st❡❥♥é♠✉ ♣r♦✲
✼
❜❧é♠✉ ✈➨❛❦ ❞♦❥❞❡ ✐ ♥❛ ❞r✉❤é str❛♥➙ ❧át❦②✱ t❡❞② ✈ ♦❦❛♠➸✐❦✉✱ ❦❞② ✈❧♥➙♥í ❜✉❞❡ ♦♣♦✉➨t➙t ♠❛t❡r✐á❧✳
P➦❡❞st❛✈♠❡ s✐ ♣r♦ ♥á③♦r♥♦st t✉❤ý ❤♦♠♦❣❡♥♥í ❛ ❜❡③❡③trát♦✈ý ♠❛t❡r✐á❧ s r♦✈♥♦❜➙➸♥ý♠✐✱ ❤❧❛❞❦ý♠✐
❤r❛♥❛♠✐✱ ❦t❡rý ❥❡ ♦❜❦❧♦♣❡♥ ✈③❞✉❝❤❡♠✱ ❥❛❦ ❥❡ ✉❦á③á♥♦ ♥❛ ♦❜rá③❦✉ ✷✳✶✳ ❑❞②➸ ③á➦❡♥í ♥❛r❛③í ♥❛
r♦③❤r❛♥í ✈③❞✉❝❤✲♠❛t❡r✐á❧ ✭♥❛ ♦❜rá③❦✉ V1 → V2✮✱ ↔ást ❥❡ ♦❞r❛➸❡♥❛ ③♣➙t ❞♦ ♣r♦st♦r✉ ✭✈③❞✉❝❤✉✮
❛ ↔ást ♣r♦❥❞❡ ❞♦ ♠❛t❡r✐á❧✉✳ ◆❛ ❦♦♥❝✐ ✈rst✈②✱ t❡❞② ♥❛ r♦③❤r❛♥í ♠❛t❡r✐á❧✲✈③❞✉❝❤ ✭V2 → V3✮✱ ♦♣➙t
↔ást ③á➦❡♥í ♣r♦❥❞❡✱ ♥②♥í ③ ♠❛t❡r✐á❧✉ ✈❡♥ ❞♦ ✈③❞✉❝❤✉ ❛ ↔ást s❡ ♦♣➙t ♦❞r❛③í ❞♦ ♣➲✈♦❞♥í ✈rst✈②✳
❚❛❦t♦ ❞♦❝❤á③í ❦ ♥➙❦♦❧✐❦❛♥ás♦❜♥ý♠ ♦❞r❛③➲♠ ✉✈♥✐t➦ ♠❛t❡r✐á❧✉✱ ♣r♦t♦➸❡ ↔ást ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦
③á➦❡♥í s❡ ✈➸❞② ♦❞r❛③í ♥❛ r♦③❤r❛♥í ③♣➙t ❞♦ ♣➲✈♦❞♥í❤♦ ♣r♦st➦❡❞í✳ ❱ s♦✉❧❛❞✉ s ♦❜rá③❦❡♠ ✷✳✷✱ ❦t❡rý
❖❜rá③❡❦ ✷✳✷✿ ▼♥♦❤♦♥ás♦❜♥é ♦❞r❛③② ♣➦✐ ♣r➲❝❤♦❞✉ ✈❧♥② ♠❛t❡r✐á❧❡♠ ❬✹❪
③♥á③♦r➡✉❥❡ ♠♥♦❤❛♥ás♦❜♥é ♦❞r❛③②✱ ❥s♦✉ ♣♦❞❧❡ ❬✹❪ ♦③♥❛↔❡♥② ♣ís♠❡♥② T ❦♦❡✜❝✐❡♥t② ♣r➲❝❤♦❞✉ ❛
♣ís♠❡♥② R ❦♦❡✜❝✐❡♥t② ♦❞r❛③✉ ❞♦♣❛❞❧é ✈❧♥② E1✳ ■♥❞❡①② ✉ ♣➦ís❧✉➨♥ý❝❤ ❦♦❡✜❝✐❡♥t➲ ♦③♥❛↔✉❥í s♠➙r
♣➦❡st✉♣✉ ③❡ ✈③❞✉❝❤✉ ❞♦ ♠❛t❡r✐á❧✉ ✭✶✮ ♥❡❜♦ ♦❜rá❝❡♥➙ ③ ♠❛t❡r✐á❧✉ ❞♦ ✈③❞✉❝❤✉ ✭✷✮✳ ❏❡❧✐❦♦➸ ❥❡ ♠❛✲
t❡r✐á❧ ❜❡③❡③trát♦✈ý ♥❡❞♦❝❤á③í ✈ ♥➙♠ ❦ ❛❜s♦r♣❝✐ ③á➦❡♥í✳ ❉♦♣❛❞❛❥í❝í ✈❧♥❛ s❡ t❛❦ r♦③❞➙❧í ♣♦✉③❡ ♥❛
❞✈➙ s❧♦➸❦② ✲ ♣r♦➨❧♦✉ ✭T ✮ ❛ ♦❞r❛➸❡♥♦✉ ✭R✮✳
❩ ♦❜rá③❦✉ ❧③❡ ♦❞✈♦❞✐t ♥ás❧❡❞✉❥í❝í ✈③t❛❤②✿
R1 = −R2
T1 = R1 + 1
T2 = R2 + 1
✭✷✳✼✮
✽
❑♦❡✜❝✐❡♥t ♦❞r❛③✉ R1 s❡ s♣♦↔ítá ♥❛ ③á❦❧❛❞➙ ③♥❛❧♦st✐ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② ♠❛t❡r✐á❧✉ ❬✺❪
R1 =
1−√ε
1 +
√
ε
✭✷✳✽✮
❋á③♦✈ý ♣♦s✉♥ ❛ út❧✉♠ ❛♠♣❧✐t✉❞② ✈❧♥② ♣➦✐ ❥❡❞♥♦♠ ♣r➲❝❤♦❞✉ ♠❛t❡r✐á❧❡♠ ❥❡ ❞á♥ ✈③t❛❤❡♠
Pd = e
− j2pid
√
ε
c
f ✭✷✳✾✮
❦❞❡ c = 3× 108 ms−1 ❥❡ r②❝❤❧♦st s✈➙t❧❛ ✈❡ ✈❛❦✉✉✱ d ❬♠❪ ❥❡ t❧♦✉➨➫❦❛ ♠❛t❡r✐á❧✉ ❛ f ❬❍③❪ ❥❡
❦♠✐t♦↔❡t ✈❧♥②✱ ♥❡❜♦❧✐ ❢r❡❦✈❡♥❝❡✳ ❈❡❧❦♦✈ý ❦♦❡✜❝✐❡♥t ♣r♦st✉♣✉ T ❥❡ ♣❛❦ ❞á♥ ❥❛❦♦ s✉♠❛ s♦✉↔✐♥✉
❞í❧↔í❝❤ ❦♦❡✜❝✐❡♥t➲ ♣r➲❝❤♦❞✉ T1 ❛ T2 ❛ ❦♦❡✜❝✐❡♥t✉ ♦❞r❛③✉ R2 ✈❡ s♠➙r✉ ③ ♠❛t❡r✐á❧✉ ✈❡♥ ♥ás♦❜❡♥é❤♦
út❧✉♠❡♠ Pd✳ P♦ ú♣r❛✈➙ ❥❡ ♣❛❦ ✈ ❬✺❪ ♦❞✈♦③❡♥ ✈③t❛❤
T =
(1−R21)Pd
1−R21P 2d
✭✷✳✶✵✮
❑♦❡✜❝✐❡♥t ♣r♦st✉♣✉ T t❡❞② ✉r↔✉❥❡ ♠ír✉✱ ❥❛❦♦✉ ♠❛t❡r✐á❧ ❞❛♥é t❧♦✉➨➫❦② t❧✉♠í s✐❣♥á❧ ❞❛♥é ❢r❡❦✈❡♥❝❡✳
Út❧✉♠ ✈rst✈② ✈ ❞❡❝✐❜❡❧❡❝❤ ❧③❡ ♥❛ ③á❦❧❛❞➙ ③♥❛❧♦st✐ t♦❤♦t♦ s♦✉↔✐♥✐t❡❧❡ ♣r♦st✉♣✉ ✈②♣♦↔ít❛t ❥❛❦♦ ❥❡❤♦
❧♦❣❛r✐t♠✉s✿
L(dB) = −10 log |T 2| ✭✷✳✶✶✮
✷✳✶✳✸ ❘♦③♣t②❧ ③á➦❡♥í
P♦❦✉sí♠❡✲❧✐ s✐ ♣r♦❜❧é♠ ♣➦❡❞st❛✈✐t ♥❛ ❦♦♥❦rét♥➙❥➨í♠ ♣➦í❦❧❛❞✉✱ ♥❛♣❛❞♥❡ ♥ás✱ ➸❡ s✈♦✉ r♦❧✐
♣➦✐ ♦❞r❛③✉ ③á➦❡♥í ♠➲➸❡ ❤rát ✐ s❛♠♦t♥ý ♣♦✈r❝❤ ♠❛t❡r✐á❧✉✳ P➦✐ ❞♦♣❛❞✉ ③á➦❡♥í ♥❛ ♥❡r♦✈♥ý ♣♦✈r❝❤
s❦✉t❡↔♥➙ ♠➲➸❡ ❞♦❥ít ❦ r♦③♣t②❧✉ ♥❛ ♣♦✈r❝❤✉ ♠❛t❡r✐á❧✉✳ ❱❧♥❛ ♦❞r❛➸❡♥á ✈ ❤❧❛✈♥í♠ s♠➙r✉ ❥❡ t❛❦
♦❝❤✉③❡♥❛ ♦ ❡♥❡r❣✐❡ ✈❧♥✱ ❦t❡ré s❡ ♥❛ ♥❡r♦✈♥é♠ ♣r♦st➦❡❞í r♦③♣tý❧í✳ ■♥t✉✐t✐✈♥➙ ♠✉sí ❤rát r♦❧✐ ❤r✉❜♦st
♠❛t❡r✐á❧✉ ❛ ✈❧♥♦✈á ❞é❧❦❛✱ ♥❡❜♦➫ ❦r✐tér✐✉♠ ❤r✉❜♦st✐ ❜✉❞❡ ♣➦ís♥➙❥➨í ♣r♦ ♠✐❧✐♠❡tr♦✈é ✈❧♥② ♥❡➸ ♣r♦
✾
♠❡tr♦✈é ✈❧♥②✳ ❊♠♣✐r✐❝❦ý ✈③t❛❤ ♣r♦ ✈ý♣♦↔❡t ❦r✐t✐❝❦é ✈ý➨❦② ♥❡r♦✈♥♦stí ❥❡ ♣♦❞❧❡ ❬✻❪ st❛♥♦✈❡♥ ❥❛❦♦✿
hcrit =
λ
8 cos θ
✭✷✳✶✷✮
❘♦✈♥✐❝❡ ✷✳✶✷ ❥❡ ♣♦♠➙r ✈❧♥♦✈é ❞é❧❦② ❞♦♣❛❞❛❥í❝í❤♦ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ③á➦❡♥í ❛ ❦♦s✐♥✉ ú❤❧✉✱ ❦t❡rý
s✈írá ❞♦♣❛❞❛❥í❝í ♣❛♣rs❡❦ s ♥♦r♠á❧♦✉ ✭✈✐③ ♦❜r✳ ✷✳✶✮✳ ❏✐♥ý♠✐ s❧♦✈②✱ ↔í♠ ♠❡♥➨í ❜✉❞❡ ✈❧♥♦✈á ❞é❧❦❛✱ tí♠
♠❡♥➨í ❜✉❞❡ ✐ ❦r✐t✐❝❦á ✈ý➨❦❛ ♥❡r♦✈♥♦stí✳ ❙♦✉↔❛s♥➙ s tí♠✱ ↔í♠ ✈í❝❡ s❡ ❜✉❞❡ ú❤❡❧ ❞♦♣❛❞❛❥í❝í❤♦ ③á➦❡♥í
♦❞❦❧á♥➙t ♦❞ ♥♦r♠á❧②✱ tí♠ s❡ ❜✉❞❡ ♣♦✈r❝❤ ❥❡✈✐t ♠é♥➙ ❤r✉❜ý✳ P♦❦✉❞ r❡á❧♥á ❤r✉❜♦st ♣♦✈r❝❤✉ ❜✉❞❡
♠❡♥➨í ♥❡➸ ❦r✐t✐❝❦á ✈ý➨❦❛ ♥❡r♦✈♥♦stí hskut < hcrit✱ ♣❛❦ ♠➲➸❡♠❡ ③ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ❤❧❡❞✐s❦❛
♣♦✈❛➸♦✈❛t ♣♦✈r❝❤ ③❛ ❤❧❛❞❦ý✳ ❱ ♦♣❛↔♥é♠ ♣➦í♣❛❞➙ ❥❡❥ ③❛ ❤❧❛❞❦ý ♣♦✈❛➸♦✈❛t ♥❡♠➲➸❡♠❡ ❛ ♣❛❦ ♣r♦
♥➙❥ ♥❡♣❧❛tí ③❞❡ ✉✈❡❞❡♥é ✈③t❛❤② ❛ t❡♦r✐❡✳
◆ás❧❡❞✉❥í❝í t❛❜✉❧❦❛ ✷✳✷ ✉❦❛③✉❥❡ ♠✐❧✐♠❡tr♦✈é ✈❧♥② ✭✶ ✲ ✶✵ ♠♠✮ ❞♦♣❛❞❛❥í❝í ♣♦❞ r➲③♥ý♠
ú❤❧❡♠ ♥❛ ♥❡r♦✈♥ý ♣♦✈r❝❤ ❛ ❦r✐t✐❝❦♦✉ ✈ý➨❦✉ ♥❡r♦✈♥♦stí✳
λ =✶ ♠♠ ✺ ♠♠ ✶✵ ♠♠
θ =✵➦ 0, 125 0, 625 1, 125
✷✵➦ 0, 133 0, 665 1, 33
✹✺➦ 0, 176 0, 883 1, 768
❚❛❜✉❧❦❛ ✷✳✷✿ ❑r✐t✐❝❦á ✈ý➨❦❛ hcrit ♥❡r♦✈♥♦stí ♣♦✈r❝❤✉ ✈ ♠♠ ♣r♦ r➲③♥é ✈❧♥♦✈é ❞é❧❦② ❛ r➲③♥é ú❤❧②
❞♦♣❛❞✉
❚❛❜✉❧❦❛ ✷✳✷ ♣♦s❦②t✉❥❡ ♣➦❡❞st❛✈✉ ♦ ✈ý➨❝❡ ♥❡r♦✈♥♦stí ♠❛t❡r✐á❧✉✱ ❦t❡rá✱ ❜✉❞❡✲❧✐ ♣➦❡❦r♦✲
↔❡♥❛✱ ③♣➲s♦❜í r♦③♣t②❧ ❞♦♣❛❞❧é❤♦ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ③á➦❡♥í✱ ♣r♦ ❦t❡ré ❥✐➸ t❡♥t♦ ♣♦✈r❝❤ ♥❡❧③❡
❦✈❛❧✐✜❦♦✈❛t ❥❛❦♦ ❤❧❛❞❦ý✳
✶✵
✷✳✷ ▼✐❧✐♠❡tr♦✈é ✈❧♥②✱ ❥❡❥✐❝❤ ♣♦✉➸✐tí ❛ s♣❡❝✐✜❦❛ ✈ ❦♦♥t❡①t✉
st❛✈❡❜♥í❝❤ ♠❛t❡r✐á❧➲ ❛ ❦♦♥str✉❦❝í
❱②✉➸✐tí ♠✐❧✐♠❡tr♦✈ý❝❤ ✈❧♥ ❥❡ ♣♦♠➙r♥➙ ➨✐r♦❦é ❛ ③❡❥♠é♥❛ ✈ ❞♥❡➨♥í ❞♦❜➙ s❡ ♠✉ ❞♦stá✈á
③♥❛↔♥é ♣♦③♦r♥♦st✐✳ ❏❛❦ ❥✐➸ ❜②❧♦ ➦❡↔❡♥♦✱ ♣♦❞ ♣♦❥♠❡♠ ♠✐❧✐♠❡tr♦✈é ✈❧♥② r♦③✉♠í♠❡ ❡❧❡❦tr♦♠❛❣✲
♥❡t✐❝❦é ✈❧♥➙♥í✱ ❥❡❤♦➸ ✈❧♥♦✈á ❞é❧❦❛ ❥❡ ✈ ➦á❞❡❝❤ ♠✐❧✐♠❡tr➲ ✭✶✲✶✵ ♠♠✮✳ ❚➙♠t♦ ✈❧♥♦✈ý♠ ❞é❧❦á♠
♦❞♣♦✈í❞❛❥í ❢r❡❦✈❡♥❝❡ ✸✵✲✸✵✵ ●❍③ ✭✈✐③ t❛❜✉❧❦✉ ✷✳✶✮✳
❑❧❛❞♥é ✐ ③á♣♦r♥é ✈❧❛st♥♦st✐ ♠✐❧✐♠❡tr♦✈ý❝❤ ✈❧♥ ❥✐➸ ❜②❧② r♦✈♥➙➸ ♥❛③♥❛↔❡♥② ❛ ❜✉❞♦✉ ♣r♦✲
❜rá♥② ♣♦❞r♦❜♥➙❥✐✱ ③❥❡❞♥♦❞✉➨❡♥➙ ❧③❡ ♥②♥í ➦í❝✐✱ ➸❡ ↔í♠ ❥❡ ❢r❡❦✈❡♥❝❡ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ s✐❣♥á❧✉
✈②➨➨í✱ tí♠ ✈➙t➨í ♠♥♦➸st✈í ❞❛t ♠➲➸❡ ♣➦❡♥á➨❡t✱ ❛❧❡ ♥❛ ❦r❛t➨í ✈③❞á❧❡♥♦st✳ ◆❛✈í❝ s❡ ③✈②➨✉❥❡ ✈❧✐✈ ♦❦♦❧✲
♥í❤♦ ♣r♦st➦❡❞í ♥❛ ❥❡❤♦ ➨í➦❡♥í✳ ❚②t♦ ♥❡✈ý❤♦❞② ♥❡♠✉sí ❜ýt ♣r♦❜❧é♠✱ ♣♦❦✉❞ ③✈♦❧í♠❡ ✈❤♦❞♥é ❛♣❧✐❦❛❝❡
t➙❝❤t♦ s②sté♠➲✳ ❑r♦♠➙ t♦❤♦ t❡❝❤♥♦❧♦❣✐❝❦ý ♣♦st✉♣ ✈ ♦❜❧❛st✐ ♠♦❜✐❧♥í❝❤ ❜❡③❞rát♦✈ý❝❤ ③❛➦í③❡♥í ❛
t❡❝❤♥♦❧♦❣✐í ♥❡✉stá❧❡ ③✈②➨✉❥❡ ♣♦➸❛❞❛✈❦② ♥❛ ❦✈❛♥t✐t✉ ✐ ❦✈❛❧✐t✉ ♣➦❡♥á➨❡♥ý❝❤ ❞❛t ❛ ♣♦s❦②t✉❥í ↔í♠
❞át tí♠ ❤✉st➨í sít➙ ♣➦íst✉♣♦✈ý❝❤ ❜♦❞➲✳ ❍❧❡❞✐s❦♦ ✈③❞á❧❡♥♦st✐ ♣➦❡♥♦s✉ ❤r❛❥❡ ↔í♠ ❞á❧ tí♠ ♠❡♥➨í r♦❧✐
✐ ♣r♦t♦✱ ➸❡ t❛❦♦✈ý❝❤t♦ ❜❡③❞rát♦✈ý❝❤ s②sté♠➲ ❥❡ ✈②✉➸í✈á♥♦ ♥❛ úr♦✈♥✐ ▲❆◆ ✲ ❧♦❦á❧♥í❝❤ sítí ♥❛♣➦í✲
❦❧❛❞ ✈ ❛❞♠✐♥✐str❛t✐✈♥í❝❤ ❜✉❞♦✈á❝❤✱ ❦❛♥❝❡❧á➦í❝❤ ♥❡❜♦ ú➦❛❞❡❝❤✱ ③❦rát❦❛ ✈➨✉❞❡ t❛♠✱ ❦❞❡ ❥❡ ❦❧❛❞❡♥
✈②s♦❦ý ❞➲r❛③ ♥❛ r②❝❤❧♦st ❞❛t♦✈é❤♦ t♦❦✉ ❛ ❦❞❡ ♠❛❥í ♠✐❧✐♠❡tr♦✈é ✈❧♥② ♦♣r♦t✐ st❛r➨í♠ s②sté♠➲♠
♥❡❥❧❡♣➨í ✈ýs❧❡❞❦②✳
✷✳✷✳✶ ❱ý❤♦❞② ❛ ✈②✉➸✐tí ♠✐❧✐♠❡tr♦✈ý❝❤ ✈❧♥
❖❜❧❛st✐ ✈②✉➸✐tí ♠✐❧✐♠❡tr♦✈ý❝❤ ✈❧♥ ❥s♦✉ ➨✐r➨í ♥❡➸ ❥❡♥ ❥❛❦♦ ♣r♦st➦❡❞❡❦ ❦♦♠✉♥✐❦❛❝❡ ❧♦❦á❧✲
♥í❝❤ sítí✳ ▼❛❥í ♦❜r♦✈s❦ý ✈ý③♥❛♠ ❛ ♣♦t❡♥❝✐á❧ t❛❦é ✈ r❛❞✐♦❦♦♠✉♥✐❦❛❝✐✱ ✈ ♣r➲♠②s❧✉✱ ❞➲❧❡➸✐té ♠íst♦
③❛stá✈❛❥í ✈❡ ✈➙❞➙ ❛ ❧é❦❛➦st✈í✱ ❛❧❡ ✐ ✈ ❜➙➸♥é♠ ➸✐✈♦t➙✱ ♥❛♣➦í❦❧❛❞ ♣r♦ ♥♦✈é ❜❡③❞rát♦✈é ❲✐✲❋✐ s②s✲
té♠② ✭♣r♦t♦❦♦❧② ■❊❊❊ ✽✵✷✳✶✶❛❞✱ ✽✵✷✳✶✶❛❥✱ ✽✵✷✳✶✶❛②✮ ❬✼❪✳ ❱ ♣➦❡❞❝❤♦③í❝❤ ❦❛♣✐t♦❧á❝❤ ❜②❧② ③♠í♥➙♥②
♥➙❦t❡ré ✈ý❤♦❞② ❛ ♥❡✈ý❤♦❞②✱ ③❞❡ ❜✉❞♦✉ ❜❧í➸❡ ♣♦♣sá♥② ❛ ✈②③❞✈✐➸❡♥② t② ♥❡❥❞➲❧❡➸✐t➙❥➨í ③ ♥✐❝❤✳
P♦❞❧❡ ❬✽❪ ♣❛t➦í ♠❡③✐ ♥❡❥③ás❛❞♥➙❥➨í ✈ý❤♦❞② ♠✐❧✐♠❡tr♦✈ý❝❤ ✈❧♥ t②t♦ ✈❧❛st♥♦st✐✿
✶✶
❼ ❱➙t➨✐♥❛ s♣❡❦tr❛✱ ❦t❡ré ♥❛③ý✈á♠❡ ♠✐❧✐♠❡tr♦✈ý♠✐ ✈❧♥❛♠✐ ✭✸✵✲✸✵✵ ●❍③✮✱ ❧❡➸í ✈ ❜❡③❧✐❝❡♥↔♥í❝❤
♣ás♠❡❝❤✱ t❡❞② ✈ ♣ás♠❡❝❤✱ ❦t❡ré ♥❡❥s♦✉ ✈②✉➸í✈❛♥é ❥✐♥ý♠✐✱ ❧✐❝❡♥❝♦✈❛♥ý♠✐ s❧✉➸❜❛♠✐✱ ♥❛♣➦í❦❧❛❞
♠♦❜✐❧♥í♠✐ ♦♣❡rát♦r②✳
❼ ❘②❝❤❧♦st ♣➦❡♥♦s✉ ❞❛t ✈ ➦á❞✉ ●❜✴s sr♦✈♥❛t❡❧♥á s ♣➦❡♥♦s❡♠ ♣♦♠♦❝í ♦♣t✐❝❦ý❝❤ ✈❧á❦❡♥ ✲ ♣r♦
❜❡③❞rát♦✈é s②sté♠② ❞♦s✉❞ ♥❡❞♦st✉♣♥á r②❝❤❧♦st✳
❼ ❱②s♦❦á ♠ír❛ ③❛❜❡③♣❡↔❡♥í ❦♦♠✉♥✐❦❛❝❡ ♣❧②♥♦✉❝í ❥❡❞♥❛❦ ③ ♥✉t♥♦st✐ ♣r♦✈♦③♦✈❛t ❥✐ ♥❛ ❦rát❦é
✈③❞á❧❡♥♦st✐✱ ❥❡❞♥❛❦ t❛❦é ❞í❦② ❤✉st♦t➙ ❞❛t♦✈é❤♦ ♣➦❡♥♦s✉✱ ❦t❡rý ❥❡ s❝❤♦♣♥ý s❧♦➸✐t➙❥➨í❤♦ ➨✐❢✲
r♦✈á♥í ❛ ❞❡➨✐❢r♦✈á♥í ✈ ❦rát❦é♠ ✈ý♣♦↔❡t♥í♠ ↔❛s❡✳
❼ ➆í➦❦② ♣ás❡♠ ➦á❞♦✈➙ ✈➙t➨í ♥❡➸ ✉ ♥✐➸➨í❝❤ ❢r❡❦✈❡♥❝í ✭st♦✈❦② ♠❡❣❛❤❡rt③ ♦♣r♦t✐ ❞❡sít❦á♠ ❦✐❧♦✲
❤❡rt③✮ ❬✷❪✳
❩ t➙❝❤t♦✱ ❛❧❡ ✐ ③ ❞❛❧➨í❝❤ ❞➲✈♦❞➲ ❧③❡ ♦↔❡❦á✈❛t✱ ➸❡ ✈ý✈♦❥ ✈ ♦❜❧❛st✐ ♠✐❧✐♠❡tr♦✈ý❝❤ ✈❧♥ ❜✉❞❡ ♣♦❦r❛↔♦✲
✈❛t ✈②s♦❦ý♠ t❡♠♣❡♠✱ ♣r♦t♦➸❡ ❥❡ ✈❡❧✐❝❡ ❧✉❦r❛t✐✈♥í ③ ♣♦❤❧❡❞✉ tr❡♥❞✉ ✈ý✈♦❥❡ ♠♦❞❡r♥í❝❤✱ ③❡❥♠é♥❛
♠♦❜✐❧♥í❝❤ t❡❝❤♥♦❧♦❣✐í✳ Pr❛✈✐❞❧❛ ❦ ✈②✉➸í✈á♥í ❢r❡❦✈❡♥↔♥í❝❤ ♣ás♠❡♠ ❥s♦✉ ✈ ❷❡s❦é r❡♣✉❜❧✐❝❡ ✉❞➙❧♦✲
✈á♥❛ ❷❡s❦ý♠ t❡❧❡❦♦♠✉♥✐❦❛↔♥í♠ ú➦❛❞❡♠ ✭❷❚Ú✮ ❬✾❪✳ ◆❛ ❥❡❤♦ ✐♥t❡r♥❡t♦✈ý❝❤ strá♥❦á❝❤ ❧③❡ ❞♦❤❧❡❞❛t
♠♦➸♥♦st ✈②✉➸✐tí ❞❛♥ý❝❤ ❢r❡❦✈❡♥↔♥í❝❤ ♣ás❡♠ ❛ ❥❡❥✐❝❤ ➨í➦❦②✱ ♣➦í♣❛❞♥➙ ❦ ❥❛❦é♠✉ ú↔❡❧✉ ❥s♦✉ ❞❛♥á
♣ás♠❛ ✈②❤r❛③❡♥❛✳ ◆❛♣➦í❦❧❛❞ ♣ás♠♦ ✻✺ ✲ ✻✻ ●❍③ ❥❡ ♠✐♠♦ ❥✐♥é ✉r↔❡♥♦ ❦ ➨✐r♦❦♦♣ás♠♦✈é♠✉ ♣➦❡♥♦s✉
❞❛t✳
✷✳✷✳✷ ▼✐❧✐♠❡tr♦✈é ✈❧♥② ✈ ♣r♦st➦❡❞í ♠➙st ❛ ❜✉❞♦✈
P♦❦✉❞ s❡ ③❛♠➙➦í♠❡ ❥✐➸ ❦♦♥❦rét♥➙❥✐ ♥❛ ♦❜❧❛st ✈②✉➸✐tí ♠✐❧✐♠❡tr♦✈ý❝❤ ✈❧♥ ❥❛❦♦ ③♣➲s♦❜✉
❜❡③❞rát♦✈é ❦♦♠✉♥✐❦❛❝❡ ♣♦↔ít❛↔♦✈ý❝❤ sítí ✭❲▲❆◆✮✱ ♥❡❜♦ ú↔❛st♥í❦➲ ✈ tét♦ sít✐✱ ❥❡ t➦❡❜❛ ♠ít ♥❛
③➦❡t❡❧✐ ❞❛♥á ♦♠❡③❡♥í✱ ③❡❥♠é♥❛ t♦✱ ➸❡ ✈❧♥❛ ③trá❝í ✈ý❦♦♥ ➨í➦❡♥í♠ ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉ ❛ ❞♦♣❛❞❡♠ ♥❛
♣➦❡❦á➸❦✉ ✈ ❝❡st➙ ➨í➦❡♥í✳ Pr♦✈♦③♦✈á♥í ❲▲❆◆ ♦❜✈②❦❧❡ s♣♦↔í✈á ✈ ♣r♦✈♦③✉ sít➙ ✈ ✐♥t❡r✐ér✉ ❜✉❞♦✈②✳
◆❛➨❧✐ ❜②❝❤♦♠ ✈➨❛❦ ➦❛❞✉ ♣➦í♣❛❞➲✱ ❦❞② ❥❡ ❛❧❡s♣♦➡ ↔ást ❦♦♠✉♥✐❦❛❝❡ r❡❛❧✐③♦✈á♥❛ ♠✐♠♦ ❜✉❞♦✈✉
✈❡♥❦✉✱ ♥❛♣➦í❦❧❛❞ s♣♦❥❡♥í ♠❡③✐ ♣❛✈✐❧♦♥② ❥❡❞♥♦❤♦ ♣r➲♠②s❧♦✈é❤♦ ↔✐ ❛❞♠✐♥✐str❛t✐✈♥í❤♦ ❛r❡á❧✉✳ ❆❜②
t❛❦♦✈á sí➫ ❢✉♥❣♦✈❛❧❛ s♣rá✈♥➙✱ ♠❛❧á ✈❧♥♦✈á ❞é❧❦❛ ❜❡③❞rát♦✈é❤♦ s✐❣♥á❧✉ s✐ ➸á❞á ❦rát❦é ✈③❞á❧❡♥♦st✐
♠❡③✐ ú↔❛st♥í❦② ❦♦♠✉♥✐❦❛❝❡ ✐❞❡á❧♥➙ ♥❛ t③✈✳ ▲✐♥❡ ❖❢ ❙✐❣❤t✱ ♥❡❜♦❧✐ ♣➦í♠♦✉ ✈✐❞✐t❡❧♥♦st✱ ♣rá✈➙ ♣r♦ t♦✱
✶✷
❛❜② s❡ ③❛♠❡③✐❧♦ ③trát➙ ✈ý❦♦♥✉✳ ❚♦ ✈➨❛❦ ↔❛st♦ ③❡❥♠é♥❛ ✈ ♣r♦st➦❡❞í ❜✉❞♦✈ ♥❡♥í ♠♦➸♥é✳ ❱ t❛❦♦✈é♠
♣➦í♣❛❞➙ ❥❡ t➦❡❜❛ ❥❛❦♦ ♣➦❡❦á➸❦✉ ✈ ❝❡st➙ s✐❣♥á❧✉ ✈♦❧✐t ❦♦♥str✉❦❝❡✱ ❦t❡ré ♠❛❥í ❝♦ ♥❡❥♠❡♥➨í ✈❧✐✈ ♥❛
➨í➦❡♥í s✐❣♥á❧✉✱ ③❦rát✐t ✈③❞á❧❡♥♦st✐ ♣➦✐❞á♥í♠ ♣r✈❦✉ sít➙ ♥❡❜♦ ③✈ý➨✐t ✈ý❦♦♥✱ ♣➦í♣❛❞♥➙ ❦♦♠❜✐♥❛❝✐
✉✈❡❞❡♥é❤♦✳ ❩ás❛❞♥í ❢❛❦t♦r②✱ ❦t❡ré ③♣➲s♦❜✉❥í ③trát✉ s✐❣♥á❧✉✱ ♥❡❜♦❧✐ út❧✉♠✱ ❥s♦✉ ❬✷❪✱ ❬✽❪✱ ❬✶✵❪✿
❼ Út❧✉♠ ✈♦❧♥ý♠ ♣r♦st♦r❡♠ ✭❛♥❣❧✐❝❦② ❋r❡❡ s♣❛❝❡ ❧♦ss✱ ❋❙▲✮ s✐❝❡ ♣❧❛tí ♦❜❡❝♥➙ ♣r♦ ❡❧❡❦tr♦✲
♠❛❣♥❡t✐❝❦é ③á➦❡♥í✱ ❥❡ ❛❧❡ ❢✉♥❦❝í ✈③❞á❧❡♥♦st✐ ❛ ✈❧♥♦✈é ❞é❧❦② ✭r♦✈♥✐❝❡ ✷✳✶✸✮✳ ❱ý❦♦♥ ✈❧♥② ❥❡
✈②③❛➦♦✈á♥ ❞♦ ♣r♦st♦r✉ ❛ ❦❧❡sá s ❞r✉❤♦✉ ♠♦❝♥✐♥♦✉ ✈③❞á❧❡♥♦st✐ ♦❞ ③❞r♦❥❡ ✭❩á❦♦♥ ↔t✈❡r❝❡
✈②③❛➦♦✈á♥í✮✳ ❏❞❡ ✈ ③ás❛❞➙ ♦ r♦③♣tý❧❡♥í ✈❧♥② ❞♦ ♣r♦st♦r✉✳
❼ ❆❜s♦r♣❝❡ ✈ ❛t♠♦s❢é➦❡ ❛ t♦ ③❛♣r✈é ♣❧②♥② ✭③❡❥♠é♥❛ O2✮✱ ③❛❞r✉❤é ✈♦❞♥í ♣ár♦✉ ♦❜s❛➸❡♥♦✉ ✈❡
✈③❞✉❝❤✉✳
❼ ❱③❤❧❡❞❡♠ ❦ ♠❛❧ý♠ ✈❧♥♦✈ý♠ ❞é❧❦á♠ ❥❡ s✐❣♥á❧ ③♥❛↔♥➙ ♦✈❧✐✈♥➙♥ ♣♦❞♦❜♥➙ ✈❡❧❦ý♠✐ ↔ást✐❝❡♠✐✱
t②♣✐❝❦② ❞é➨➫ ③♣➲s♦❜✉❥❡ ✈ýr❛③♥ý út❧✉♠ ✈②s♦❦♦❢r❡❦✈❡♥↔♥í❤♦ s✐❣♥á❧✉✳
❼ ❙✐❣♥á❧ ❥❡ ✈ýr❛③♥➙ t❧✉♠❡♥ ✈❡ ♠➙st❡❝❤ ❦♦♥str✉❦❝❡♠✐ st❛✈❡❜✱ ♣♦r♦st❡♠ ❛ t❡ré♥♥í♠✐ ♥❡r♦✈✲
♥♦st♠✐✳
✷✳✷✳✸ Út❧✉♠ ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉
◆❡❥✈ýr❛③♥➙❥➨í ♣♦❞í❧ ♥❛ út❧✉♠✉ s✐❣♥á❧✉ ♠á út❧✉♠ ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉✳ ❇❡③❞rát♦✈♦✉ ❦♦✲
♠✉♥✐❦❛❝✐ ✈ ♣ás♠✉ ♠✐❧✐♠❡tr♦✈ý❝❤ ✈❧♥ t❛❦ ❧③❡ ♣r♦✈♦③♦✈❛t ♥❛ ✈③❞á❧❡♥♦st ♥❡❥✈ý➨❡ ❥❡❞♥♦t❡❦ ❦✐❧♦♠❡tr➲
❬✽❪✳ ❚♦t♦ ♦♠❡③❡♥í ✈➨❛❦ ♥❡✉♠❡♥➨✉❥❡ ✈ý③♥❛♠ ❛♣❧✐❦❛❝í t➙❝❤t♦ t❡❝❤♥♦❧♦❣✐í✱ ✉✈➙❞♦♠í♠❡✲❧✐ s✐✱ ➸❡ sít➙
✈②✉➸í✈❛❥í❝í ♠✐❧✐♠❡tr♦✈ý❝❤ ✈❧♥ ❥s♦✉ ↔❛st♦ ❧♦❦á❧♥í ❜❡③❞rát♦✈é sít➙ ✭❲▲❆◆✮ ✈②✉➸í✈❛♥é ✉✈♥✐t➦ ❜✉❞♦✈
♥❡❜♦ ♠❛❧ý❝❤ ❛r❡á❧➲✳
▼❛t❡♠❛t✐❝❦é ③♥➙♥í út❧✉♠✉ ✈♦❧♥é❤♦ ♣r♦st♦r✉ ❥❡ ♥ás❧❡❞✉❥í❝í
FSL =
(
4πr
λ
)2
✭✷✳✶✸✮
❦❞❡ r ❥❡ ✈③❞á❧❡♥♦st ♦❞ ③❞r♦❥❡ s✐❣♥á❧✉✳ ◆ás❧❡❞✉❥í❝í t❛❜✉❧❦❛ ♣♦s❦②t✉❥❡ ♣➦❡❞st❛✈✉✱ ❥❛❦ s❡ ♠➙♥í út❧✉♠
s✐❣♥á❧✉ ✈ ❞❡❝✐❜❡❧❡❝❤ ♣r♦ ✈③❞á❧❡♥♦st ❛♥té♥ r = 10 ♠ ❛ r➲③♥é ❢r❡❦✈❡♥❝❡ ❬✽❪✳
✶✸
❋r❡❦✈❡♥❝❡ Út❧✉♠
✷✱✹ ●❍③ ✻✵ ❞❇
✺ ●❍③ ✻✻ ❞❇
✻✵ ●❍③ ✽✽ ❞❇
❚❛❜✉❧❦❛ ✷✳✸✿ P♦r♦✈♥á♥í út❧✉♠✉ ✈♦❧♥é❤♦ ♣r♦st♦r✉ ✭❋❙▲✮ ♣r♦ r➲③♥é ❢r❡❦✈❡♥❝❡
❩ t♦❤♦t♦ ❞➲✈♦❞✉ ❥❡ ♥✉t♥é ❜✉❞♦✈❛t ❤✉st♦✉ sí➫ ♣r✈❦➲ ♣r❛❝✉❥í❝í❝❤ s ♠✐❧✐♠❡tr♦✈ý♠✐ ✈❧♥❛♠✐
❛ ♦♠❡③✐t s❡ ♥❛ ♣r♦st♦r♦✈➙ ♠é♥➙ ♥ár♦↔♥é ❛♣❧✐❦❛❝❡✳ ▼✐❧✐♠❡tr♦✈é ✈❧♥② ♥❡❥s♦✉ ✈❤♦❞♥é ♣r♦ ♣➦❡♥♦s
♥❛ ✈❡❧❦♦✉ ✈③❞á❧❡♥♦st✳ P➦✐ ❞♦st❛t❡↔♥é♠ ✈ý❦♦♥✉ ✈➨❛❦ ♠➲➸❡♠❡ ♣♦❦rýt ❛r❡á❧② ❥❛❦♦ ❛❞♠✐♥✐str❛t✐✈♥í
❜✉❞♦✈②✱ ♣r➲♠②s❧♦✈é ♦❜❥❡❦t② ♥❡❜♦ ✐ ↔ást✐ ♠➙st ✭♥❛♣➦í❦❧❛❞ ➨❦♦❧♥í ❦❛♠♣✉s②✮ sítí s ✈②s♦❦ý♠✐ ♣➦❡♥♦✲
s♦✈ý♠✐ r②❝❤❧♦st♠✐ ❛ ✈❡❧❦♦✉ ♠ír♦✉ ③❛❜❡③♣❡↔❡♥í✳
❇♦❞② tý❦❛❥í❝í s❡ st❛✈✉ ✈③❞✉❝❤✉ ❥s♦✉ ❢❛❦t♦r②✱ ❦t❡ré ✈➙t➨✐♥♦✉ ♥❡♠➲➸❡♠❡ ♦✈❧✐✈♥✐t✳ ❩❞❡
t❡❞② ♥❡♥í ♣r♦st♦r ♣r♦ ③❧❡♣➨❡♥í ♣❛r❛♠❡tr➲ sít➙ ♠✐❧✐♠❡tr♦✈ý❝❤ ✈❧♥✱ ♣➦✐ ♥á✈r❤✉ ❥❡ ✈➨❛❦ ♥✉t♥é t②t♦
♦❦♦❧♥♦st✐ ❜rát ✈ ♣♦t❛③ ❛ ③❛❤r♥♦✉t ❥❡ ✈❡ ✈ý♣♦↔t❡❝❤✱ ❝❤❝❡♠❡✲❧✐ ♥❛♣❧♥♦ ✈②✉➸ít ♣♦t❡♥❝✐á❧✉ ③❛♠ý➨❧❡♥é
✐♥❢r❛str✉❦t✉r②✳
❑♦♥❡↔♥➙ ♣♦s❧❡❞♥í ❜♦❞ ✈ s❡③♥❛♠✉ ③ ♣➦❡❞❝❤♦③í ❦❛♣✐t♦❧② ♥❛③♥❛↔✉❥❡ ✈❧✐✈ st❛✈❡❜♥í❝❤ ❦♦♥✲
str✉❦❝í ❛ ♣♦✉➸✐tý❝❤ ♠❛t❡r✐á❧➲ ♥❛ ➨í➦❡♥í ❜❡③❞rát♦✈é❤♦ s✐❣♥á❧✉✳ Út❧✉♠ s✐❣♥á❧✉ ❥❡ ❞á♥ ♠❛t❡r✐á❧❡♠✱
❦t❡rý st♦❥í ✈ ❝❡st➙ ➨í➦❡♥í ❛ ♦ tét♦ ♣r♦❜❧❡♠❛t✐❝❡ ❜✉❞♦✉ ♣♦❥❡❞♥á✈❛t ❞❛❧➨í ❦❛♣✐t♦❧② tét♦ ♣rá❝❡✳
✶✹
❑❛♣✐t♦❧❛ ✸
❙t❛✈❡❜♥í ♠❛t❡r✐á❧② ❥❛❦♦ ❞✐❡❧❡❦tr✐❦❛
❛ ❥❡❥✐❝❤ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é ✈❧❛st♥♦st✐
❇➙➸♥é st❛✈❡❜♥í ♠❛t❡r✐á❧② ❧③❡ ♣♦s✉③♦✈❛t ③ ♥➙❦♦❧✐❦❛ ❤❧❡❞✐s❡❦✳ ❩ ♣♦❤❧❡❞✉ tét♦ ♣rá❝❡ ❥❡ ✈➨❛❦
♥❡❥♣♦❞st❛t♥➙❥➨í ❥❡❥✐❝❤ ✈❧✐✈ ♥❛ ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧♥✳ ❚♦ ❥❡ ♥❡❥✈í❝❡ ♦✈❧✐✈♥➙♥♦ ❝❤❛r❛❦t❡r❡♠
❛ ❢r❡❦✈❡♥❝í ✈❧♥②✱ ❞á❧❡ ♣❛❦ ✈♥✐t➦♥í ✈❧❛st♥♦stí ♠❛t❡r✐á❧✉✳ ❱♥✐t➦♥í str✉❦t✉r❛ ♠❛t❡r✐á❧✉✱ ❝❤❡♠✐❝❦♦✲
❢②③✐❦á❧♥í str✉❦t✉r❛ ❧át❦②✱ ✉r↔✉❥❡✱ ❥❛❦ s❡ ❜✉❞❡ ❞❛♥á ❧át❦❛ ❝❤♦✈❛t ✈ ♣➦ít♦♠♥♦st✐ ✈♥➙❥➨í❤♦ ❡❧❡❦tr✐❝❦é❤♦
↔✐ ♠❛❣♥❡t✐❝❦é❤♦ ♣♦❧❡✳ ❚♦t♦ ❝❤♦✈á♥í ♣❛❦ ✈➙t➨✐♥♦✉ ♣♦♣✐s✉❥í ✈❡❧✐↔✐♥② ♣❡r♠✐t✐✈✐t❛ ε ❛ ♣❡r♠❡❛❜✐❧✐t❛
µ✳ ❚②t♦ ✈❧❛st♥♦st✐ ❥s♦✉ ♥❛t♦❧✐❦ ♣♦❞st❛t♥é✱ ➸❡ ❥✐♠ ❜✉❞❡ ✈➙♥♦✈á♥❛ ❥❡❞♥❛ ③ ♥ás❧❡❞✉❥í❝í❝❤ ❦❛♣✐t♦❧✳
❏❡➨t➙ ♣➦❡❞ tí♠ ❜✉❞❡ ✈➨❛❦ ✈❤♦❞♥é ✈②s✈➙t❧✐t✱ ♦❞❦✉❞ ♣♦❝❤á③í t②t♦ ✈❧❛st♥♦st✐✱ ♣r♦↔ s❡
st❛✈❡❜♥í ♠❛t❡r✐á❧② ❝❤♦✈❛❥í ❞❛♥ý♠ ③♣➲s♦❜❡♠ ❛ ❝♦ ❥❡ s♣♦❥✉❥❡✳
✸✳✶ ❉✐❡❧❡❦tr✐❦❛ ♦❜❡❝♥➙
❇➙➸♥ý♠✐ st❛✈❡❜♥í♠✐ ❦♦♥str✉❦❝❡♠✐ ❥s♦✉ ③❞❡ ♠②➨❧❡♥② ♥❡✈♦❞✐✈é st❛✈❡❜♥í ③❡❥♠é♥❛ ✐♥t❡r✐é✲
r♦✈é ♣r✈❦②✱ ♥❛♣➦í❦❧❛❞ sá❞r♦❦❛rt♦♥✱ s❦❧❡♥➙♥é t❛❜✉❧❡ ❛ ✈ý♣❧♥➙ ♦❦❡♥ ↔✐ ❞✈❡➦í✱ ❞➦❡✈➙♥é ♥❡❜♦ ③ ❞➦❡✈❛
✶✺
✈②r♦❜❡♥é ❦♦♥str✉❦❝❡ ❥❛❦♦ ▼❉❋ ❞❡s❦②✱ ❜❡t♦♥ ✭♥❡❛r♠♦✈❛♥ý✮ ❛ ♣♦❞♦❜♥➙✳ ❱ t✉t♦ ❝❤✈í❧✐ ❧③❡ ✈ý➨❡
③♠í♥➙♥é ❧át❦② ③ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ❤❧❡❞✐s❦❛ ♣♦♣s❛t ❥❛❦♦ ❞✐❡❧❡❦tr✐❦❛✳
❉✐❡❧❡❦tr✐❦✉♠ ❥❡ ❧át❦❛✱ ❥❡❥í➸ ♥❛❜✐té ↔ást✐❝❡ ❥s♦✉ ✈ ♥í ♣❡✈♥➙ ✈á③á♥② ❛ ♣➲s♦❜❡♥í♠ ✈♥➙❥➨í❤♦
❡❧❡❦tr✐❝❦é❤♦ ♣♦❧❡ ✭E 6= 0✮ s❡ ♥❡♠♦❤♦✉ ♣♦❤②❜♦✈❛t✳ ❚í♠t♦ s❡ ③ás❛❞♥➙ ❧✐➨í ♦❞ ✈♦❞✐↔➲✱ ❦❞❡ ♣rá✈➙
♣♦❤②❜ ✈♦❧♥ý❝❤ ↔ást✐❝ ❥❡ tí♠✱ ❝♦ ♥❛③ý✈á♠❡ ❡❧❡❦tr✐❝❦ý ♣r♦✉❞✳ ❱á③❛♥♦st ↔ást✐❝ ✉✈♥✐t➦ ❧át❦② ♥❡③♥❛✲
♠❡♥á✱ ➸❡ ✈♥➙❥➨í ❡❧❡❦tr✐❝❦é ♣♦❧❡ ♥❛ ❞✐❡❧❡❦tr✐❦✉♠ ♥❡♠á ✈❧✐✈✳ ❉✐❡❧❡❦tr✐❦✉♠ s❡ ✈ ♣➦ít♦♠♥♦st✐ ✈♥➙❥➨í❤♦
❡❧❡❦tr✐❝❦é❤♦ ♣♦❧❡ ♣♦❧❛r✐③✉❥❡✳ Prá✈➙ t❛t♦ s❝❤♦♣♥♦st ♣♦❧❛r✐③❛❝❡ ❛ ❥❡❥í t②♣ ❝❤❛r❛❦t❡r✐③✉❥❡ ❥❡❞♥♦t❧✐✈á
❞✐❡❧❡❦tr✐❦❛✱ t❡❞② ✐ st❛✈❡❜♥í ♠❛t❡r✐á❧② ♥❡❜♦ ❦♦♥str✉❦❝❡ ❛ ✉r↔✉❥❡✱ ❥❛❦ ❜✉❞♦✉ ♦✈❧✐✈➡♦✈❛t ♣r➲❝❤♦❞
♥❡❜♦ ♦❞r❛③ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ③á➦❡♥í✳ ❊❧❡❦tr✐❝❦é ✐ ♠❛❣♥❡t✐❝❦é ❞✐♣ó❧② ❛ ♣r✐♥❝✐♣ ♣➲s♦❜❡♥í ❞✐✲
♣ó❧♦✈ý❝❤ ♠♦♠❡♥t➲ s❡ ✈ ♣➦ít♦♠♥♦st✐ ♣➦ís❧✉➨♥é❤♦ ✭❡❧❡❦tr✐❝❦é❤♦ ♥❡❜♦ ♠❛❣♥❡t✐❝❦é❤♦✮ ♣♦❧❡ ❝❤♦✈❛❥í
♣♦❞♦❜♥➙✱ ♣r♦t♦ ❜✉❞❡ ♣r✐♥❝✐♣ ✈②s✈➙t❧❡♥ ♥❛ ❡❧❡❦tr✐❝❦é♠ ❞✐♣ó❧✉ ❬✶✶❪✳
✸✳✶✳✶ P♦❧ár♥í ❞✐❡❧❡❦tr✐❦❛
P♦❧ár♥í ❧át❦② ❥s♦✉ t✈♦➦❡♥② ❡❧❡❦tr✐❝❦ý♠✐ ❞✐♣ó❧② ✐ ❜❡③ ♣➲s♦❜❡♥í ✈♥➙❥➨í❤♦ ❡❧❡❦tr✐❝❦é❤♦ ♣♦❧❡
✭E = 0✮✳ ▲át❦② t✈♦➦❡♥é t➙♠✐t♦ ↔ást✐❝❡♠✐ ♥❡✈②❦❛③✉❥í ❡❧❡❦tr✐❝❦é ✈❧❛st♥♦st✐✱ ♣r♦t♦➸❡ ③ ♠❛❦r♦s❦♦♣✐❝✲
❦é❤♦ ❤❧❡❞✐s❦❛ s❦✉♣✐♥❛ ↔ást✐❝ ♠❡③✐ s❡❜♦✉ ♣➲s♦❜í t❛❦✱ ➸❡ s❡ ✈❧✐✈ ❥❡❥✐❝❤ ❞✐♣ó❧♦✈ý❝❤ ♠♦♠❡♥t➲ ✈②r✉➨í✳
❱ ♣➦ít♦♠♥♦st✐ ✈♥➙❥➨í❤♦ ❡❧❡❦tr✐❝❦é❤♦ ♣♦❧❡ ♠❛❥í ♣❛❦ t❡♥❞❡♥❝✐ s❡ ✉s♣♦➦á❞❛t ♣rá✈➙ ✈❡ s♠➙r✉ ♣➲s♦✲
❜❡♥í t♦❤♦t♦ ♣♦❧❡✱ ↔í♠➸ ❞♦❝❤á③í ❦ ♣♦❧❛r✐③❛❝✐ ❧át❦②✳ P♦❧❛r✐③❛❝❡ ♣♦❧ár♥í❤♦ ❞✐❡❧❡❦tr✐❦❛ ❥❡ s❝❤é♠❛t✐❝❦②
③♥á③♦r♥➙♥❛ ♥❛ ♦❜rá③❦✉ ✸✳✶✳
❖❜rá③❡❦ ✸✳✶✿ P♦❧❛r✐③❛❝❡ ♣♦❧ár♥í❤♦ ❞✐❡❧❡❦tr✐❦❛ ❬✶✷❪
✶✻
✸✳✶✳✷ ◆❡♣♦❧ár♥í ❞✐❡❧❡❦tr✐❦❛
◆❡♣♦❧ár♥í ❞✐❡❧❡❦tr✐❦✉♠ s❡ ✈②③♥❛↔✉❥❡ tí♠✱ ➸❡ ❥❡❤♦ ↔ást✐❝❡ ✭❛t♦♠②✱ ♠♦❧❡❦✉❧②✮ ♠❛❥í ♥✉❧♦✈ý
❞✐♣ó❧♦✈ý ♠♦♠❡♥t✱ ❦t❡rý ♣➦❡st❛♥❡ ❜ýt ♥✉❧♦✈ý ❛➸ ✈ ♣➦ít♦♠♥♦st✐ ✈♥➙❥➨í❤♦ ❡❧❡❦tr✐❝❦é❤♦ ♣♦❧❡ ✭E 6= 0✮✱
❥❛❦ ③❛❝❤②❝✉❥❡ ♦❜rá③❡❦ ✸✳✷✳ P➦✐ ♣♦❧❛r✐③❛❝✐ ♥❡♣♦❧ár♥í❤♦ ❞✐❡❧❡❦tr✐❦❛ ❞♦❝❤á③í ✈❧✐✈❡♠ ♣➦✐t❛➸❧✐✈ý❝❤
❡❧❡❦tr✐❝❦ý❝❤ s✐❧ ❦ ❞❡❢♦r♠❛❝✐ ❛t♦♠✉ ♥❡❜♦ ♠♦❧❡❦✉❧② ❧át❦②✱ ↔í♠➸ s❡ ♣♦r✉➨í ❡❧❡❦tr✐❝❦á r♦✈♥♦✈á❤❛
↔ást✐❝❡ ❛ t❛ s❡ ③❛↔♥❡ ❝❤♦✈❛t ❥❛❦♦ ❞✐♣ó❧✳
❖❜rá③❡❦ ✸✳✷✿ P♦❧❛r✐③❛❝❡ ♥❡♣♦❧ár♥í❤♦ ❞✐❡❧❡❦tr✐❦❛ ❬✶✷❪
❙❝❤♦♣♥♦st ❞✐♣ó❧➲ ③♦r✐❡♥t♦✈❛t s❡ ✈❡ s♠➙r✉ ♣➲s♦❜í❝í❤♦ ❡❧❡❦tr✐❝❦é❤♦ ♣♦❧❡ ❥❡ ③á✈✐s❧á ♥❛
r②❝❤❧♦st✐ ③♠➙♥② t♦❤♦t♦ ♣♦❧❡✱ t❡❞② ♥❛ ❢r❡❦✈❡♥❝✐✳ ❙ r♦st♦✉❝í ❢r❡❦✈❡♥❝í ❛ t❡❞② s r♦st♦✉❝í r②❝❤❧♦stí
③♠➙♥② s♠➙r✉ ♣♦❧❡ ♠➲➸❡ ❞♦❝❤á③❡t ❦ t♦♠✉✱ ➸❡ s❡ ❡❧❡❦tr✐❝❦é ❞✐♣ó❧② ♣➦❡st❛♥♦✉ stí❤❛t ♦r✐❡♥t♦✈❛t ✈
❥❡❤♦ s♠➙r✉✳ ❯ ♥❡♣♦❧ár♥í❝❤ ❞✐❡❧❡❦tr✐❦ ♥❡♥í t❛t♦ ❢r❡❦✈❡♥↔♥í ③á✈✐s❧♦st t❛❦ ✈ýr❛③♥á ❥❛❦♦ ✉ ❞✐❡❧❡❦tr✐❦
♣♦❧ár♥í❝❤✳
✸✳✷ ❑♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t❛ ❛ ❦♦♠♣❧❡①♥í ♣❡r♠❡❛❜✐❧✐t❛
❱ ❦❛♣✐t♦❧❡ ✷✳✶✳✶ ❜②❧♦ ✉❦á③á♥♦✱ ➸❡ ♣r♦ ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ✈❧♥➙♥í ❥s♦✉ ✉r↔✉❥í❝í♠✐
♣❛r❛♠❡tr② ♣❡r♠✐t✐✈✐t❛ ε ❬Fm−1❪ ❛ ♣❡r♠❡❛❜✐❧✐t❛ µ ❬Hm−1❪✳ ◆❛✈í❝ ❥❡ t♦ ❥❡➨t➙ ❞♦s✉❞ ♥❡③♠í♥➙♥á
✈♦❞✐✈♦st σ ❬Sm−1❪✳
P❡r♠❡❛❜✐❧✐t❛ ❧át❦② ❥❡ ③ ♠❛t❡r✐á❧♦✈é❤♦ ❤❧❡❞✐s❦❛ ✉r↔❡♥❛ ❥❛❦♦ s♦✉↔✐♥ ❜❡③r♦③♠➙r♥é r❡❧❛t✐✈♥í
✶✼
♣❡r♠❡❛❜✐❧✐t② µr ❛ ♣❡r♠❡❛❜✐❧✐t② ✈❛❦✉❛ µ0 ❛ ✈②❥❛❞➦✉❥❡ ✈❧✐✈ tét♦ ❧át❦② ♥❛ ú↔✐♥❦② ♠❛❣♥❡t✐❝❦é❤♦ ♣♦❧❡✳
❏❡❧✐❦♦➸ ♣❡r♠❡❛❜✐❧✐t❛ ✈❛❦✉❛ ❥❡ ❦♦♥st❛♥t❛ µ0 = 4π · 10−7 Hm−1✱ ❥❡ ✉r↔✉❥í❝í r❡❧❛t✐✈♥í ♣❡r♠❡❛❜✐✲
❧✐t❛✱ ❥❛❦♦➸t♦ ♠❛t❡r✐á❧♦✈á ❦♦♥st❛♥t❛ r➲③♥á ♣r♦ ❥❡❞♥♦t❧✐✈é ❧át❦②✳ ❱❡❧✐❦♦st✐ r❡❧❛t✐✈♥í ♣❡r♠❡❛❜✐❧✐t② s❡
♣♦❤②❜✉❥í ♦❞ ❥❡❞♥♦t❡❦ ♣r♦ ♥❡♠❛❣♥❡t✐❝❦é ❧át❦② ❛➸ ♣♦ ❞❡s❡t✐t✐sí❝❡ ♣r♦ ❧át❦② s✐❧♥➙ ♠❛❣♥❡t✐❝❦é✳ Pr♦
♥❡♠❛❣♥❡t✐❝❦é st❛✈❡❜♥í ♠❛t❡r✐á❧②✱ ❥❛❦ý♠✐ ❥s♦✉ ♥❛♣➦í❦❧❛❞ s❦❧♦✱ ❞➦❡✈♦t➦ís❦❛ ♥❡❜♦ sá❞r♦❦❛rt♦♥✱ ❦t❡ré
❜✉❞♦✉ ❞á❧❡ ✈ tét♦ ♣rá❝✐ ♣r❡③❡♥t♦✈á♥② ❛ ③❦♦✉♠á♥②✱ ❥s♦✉ ❤♦❞♥♦t② r❡❧❛t✐✈♥í ♣❡r♠❡❛❜✐❧✐t② ♣➦✐❜❧✐➸♥➙
r♦✈♥② ❥❡❞♥é µr ≈ 1✳ ▼②➨❧❡♥❦❛ ❛ ♠❡❝❤❛♥✐s♠✉s ③❛✈❡❞❡♥í ♣❡r♠❡❛❜✐❧✐t② ❥❛❦♦ ❦♦♠♣❧❡①♥í ✈❡❧✐↔✐♥② ❥❡
✈➨❛❦ ❛♥❛❧♦❣✐❝❦ý ❦ ♠❡❝❤❛♥✐s♠✉ ♦❞✈♦③❡♥í ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②✱ ❥❡➸ ♥ás❧❡❞✉❥❡ ✈ ♣➦í➨tí♠ ♦❞st❛✈❝✐✳
P❡r♠✐t✐✈✐t❛ ♦♣r♦t✐ ♣❡r♠❡❛❜✐❧✐t➙ ✈②❥❛❞➦✉❥❡ ♠ír✉ r❡❛❦❝❡ ♠❛t❡r✐á❧✉ ♥❛ ♣➦ít♦♠♥♦st ✈♥➙❥➨í❤♦
❡❧❡❦tr✐❝❦é❤♦ ♣♦❧❡✳ ❖❜❞♦❜♥➙ ❥✐ ♣♦♣✐s✉❥❡♠❡ s♦✉↔✐♥❡♠ r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t② ❛ ♣❡r♠✐t✐✈✐t② ✈❛❦✉❛✳
P❡r♠✐t✐✈✐t❛ ✈❛❦✉❛ ❥❡ ❦♦♥st❛♥t❛ ♦ ❤♦❞♥♦t➙ ε0 = 8, 85 · 10−12 Fm−1 ❛ r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t❛ εr ❥❡
♠❛t❡r✐á❧♦✈á ❦♦♥st❛♥t❛ r➲③♥á ♣r♦ r➲③♥á ❞✐❡❧❡❦tr✐❦❛✳ P♦❦✉❞ ❥❡ ✈♥➙❥➨í ❡❧❡❦tr✐❝❦é ♣♦❧❡ st➦í❞❛✈é✱ ❥❡
r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t❛ ❢✉♥❦❝í ③á✈✐s❧♦✉ ♥❛ ❥❡❤♦ ❢r❡❦✈❡♥❝✐ ❛ ♠➙♥í s❡ s ♥í✳ P♦❞❧❡ t②♣✉ s❡ ❧✐➨í s❝❤♦♣♥♦st
❞✐❡❧❡❦tr✐❦❛ ♣➦✐③♣➲s♦❜♦✈❛t s❡ ③♠➙♥á♠ t♦❤♦t♦ ♣♦❧❡✳ P➦✐ ✈②➨➨í❝❤ ❢r❡❦✈❡♥❝í❝❤ ♥❡❥s♦✉ ❞✐♣ó❧② s❝❤♦♣♥②
s❧❡❞♦✈❛t ③♠➙♥② ❡❧❡❦tr✐❝❦é❤♦ ♣♦❧❡✱ ↔í♠➸ s❡ ♠➙♥í r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t❛ ♠❛t❡r✐á❧✉✳ ❏❡ ✈➨❛❦ ♣❛tr♥é✱ ➸❡
♥❛tá↔❡♥í ❞✐♣ó❧➲ ♥❡♠➲➸❡ ❜ýt s❦♦❦♦✈é ❛ t❡❞② ❛♥✐ ③♠➙♥❛ r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t② ♣➦✐ ③♠➙♥➙ ❢r❡❦✈❡♥❝❡
♥❡♠➲➸❡ ❜ýt s❦♦❦♦✈á✳ ❩ t♦❤♦t♦ ❞➲✈♦❞✉ ❜②❧❛ ③❛✈❡❞❡♥❛ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t❛ εk ❥❛❦♦ ✉♠➙❧á ✈❡❧✐✲
↔✐♥❛ s❧♦✉➸í❝í ❦ ♣♦♣✐s✉ ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ✈❧♥➙♥í ♠❛t❡r✐á❧❡♠✳ ❆♥❛❧♦❣✐❝❦② ❜②❝❤♦♠ ♠♦❤❧✐
♣➦❡♠ý➨❧❡t ♦ ❦♦♠♣❧❡①♥í ♣❡r♠❡❛❜✐❧✐t➙ ❥❛❦♦ ♦ ✈❡❧✐↔✐♥➙ s♦✉✈✐s❡❥í❝í s ♠❛❣♥❡t✐❝❦ý♠ ♣♦❧❡♠✳
❑♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t❛ s❡ ✈②❥❛❞➦✉❥❡ ❥❛❦♦ ❦♦♠♣❧❡①♥í ↔ís❧♦ s r❡á❧♥♦✉ ❛ ✐♠❛❣✐♥ár♥í ↔ástí
❬✶✸❪✿
εk = ε
′(ω) + jε′′(ω) = |ε|e−jω ✭✸✳✶✮
❦❞❡ ω ❬rad s−1❪ ❥❡ ú❤❧♦✈á ❢r❡❦✈❡♥❝❡✱ r❡á❧♥á ↔ást ℜ(εk) = ε′ = εr ♣➦❡❞st❛✈✉❥❡ ❥✐➸ ♠♥♦❤♦❦rát
❞✐s❦✉t♦✈❛♥♦✉ r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t✉ ❛ ✐♠❛❣✐♥ár♥í ↔ást ℑ(εk) = ε′′ ♣➦❡❞st❛✈✉❥❡ ③trát②✱ ❦t❡ré ✈③♥✐❦❛❥í
✈ ❞✐❡❧❡❦tr✐❦✉ ♣♦❞❧❡ ✈③t❛❤✉
ε′′ =
σ
ε0ω
✭✸✳✷✮
✶✽
❏✐♥ý♠✐ s❧♦✈② ③ ♣➦❡❞❝❤♦③í❝❤ ❞✈♦✉ r♦✈♥✐❝ ✈②♣❧ý✈á✱ ➸❡ ✈ ♥❡✈♦❞✐✈é♠ ♣r♦st➦❡❞í ✭σ = 0✮✱ ♣➦❡❝❤á③í
❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t❛ ♣♦✉③❡ ♥❛ r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t✉✱ ♣r♦t♦➸❡ ✐♠❛❣✐♥ár♥í ↔ást ❥❡ r♦✈♥❛ ♥✉❧❡✳
▼➲➸❡♠❡ ❡❦✈✐✈❛❧❡♥t♥➙ ♣sát
εk = εr + j
σ
ε0ω
= εr + j60λσ ✭✸✳✸✮
❩ ❢á③♦r♦✈é❤♦ ❞✐❛❣r❛♠✉ ❧③❡ ✉r↔✐t✱ ➸❡ r❡á❧♥á s❧♦➸❦❛ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②✱ t❡❞② r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t❛
εr✱ ❥❡ ❞➲s❧❡❞❦❡♠ ♣♦❧❛r✐③❛↔♥í❤♦ ✭♣♦s✉✈♥é❤♦✮ ♣r♦✉❞✉✱ ❦t❡rý ✈ ✐❞❡á❧♥í♠ ❞✐❡❧❡❦tr✐❦✉ ♣➦❡❞❜í❤á ♥❛♣➙tí
♦ π2 ❬✶✹❪✳ ❱ ❞✐❡❧❡❦tr✐❦✉ s ♥❡♥✉❧♦✈♦✉ ✈♦❞✐✈♦stí ❥❡ ✐♠❛❣✐♥ár♥í ↔ást ✈❡ ❢á③✐ s ♥❛♣➙tí♠ ❛ ③♣➲s♦❜✉❥❡
↔✐♥♥é ③trát② ❛ ♦❤➦í✈á♥í ❞✐❡❧❡❦tr✐❦❛✳ ❈❡❧❦♦✈ý ♣r♦✉❞ ✈ ❞✐❡❧❡❦tr✐❦✉ ❥❡ t❡❞② s❧♦➸❡♥í♠ ❞✈♦✉ ♥❛ s❡❜❡
❦♦❧♠ý❝❤ ❢á③♦r➲✳ ❱ ❜❡③❡③trát♦✈é♠ ❞✐❡❧❡❦tr✐❦✉✱ t❡❞② ♥❡✈♦❞✐✈é♠ ♣r♦st➦❡❞í✱ ♣r♦té❦á ❥❡♥ ♣♦s✉✈♥ý
♣r♦✉❞ ③♣♦➸❞➙♥ý ♦ π2 ❛ ♣r♦✉❞ ✈❡ ❢á③✐ s ♥❛♣➙tí♠ ❥❡ ♥✉❧♦✈ý✳ ❱ r❡á❧♥é♠ ❞✐❡❧❡❦tr✐❦✉ s❡ ✈➨❛❦ ✈②s❦②t✉❥í
♦❜➙ s❧♦➸❦②✱ ❛ ♣r♦t♦ ❥❡ ✈ýs❧❡❞♥ý ❝❡❧❦♦✈ý ♣r♦✉❞ ❞á♥ ❥❛❦♦ ✈❡❦t♦r♦✈ý s♦✉↔❡t ♦❜♦✉ ③♠í♥➙♥ý❝❤ ❢á③♦r➲✳
Ú❤❡❧✱ ❦t❡rý s✈írá ❝❡❧❦♦✈ý ❛ ♣♦❧❛r✐③❛↔♥í ♣r♦✉❞ ✭♥❡❜♦ ❞♦♣❧♥➙❦ ❦ ú❤❧✉ ♠❡③✐ ↔✐♥♥ý♠ ❛ ❝❡❧❦♦✈ý♠
♣r♦✉❞❡♠✮ s❡ ♦❜✈②❦❧❡ ③♥❛↔í δ ❛ ❥❡❤♦ t❛♥❣❡♥s tan δ ❥❡ t③✈✳ ③trát♦✈ý ↔✐♥✐t❡❧ ❞✐❡❧❡❦tr✐❦❛✳ ❩ ♣♦♣✐s✉ ❥❡
t❡❞② ♣❛tr♥é✱ ➸❡ ③trát♦✈ý ↔✐♥✐t❡❧ ❧③❡ ✈②❥á❞➦✐t ❥❛❦♦ ♣♦♠➙r ✐♠❛❣✐♥ár♥í ❦✉ r❡á❧♥é s❧♦➸❝❡ ❦♦♠♣❧❡①♥í
♣❡r♠✐t✐✈✐t②
tan δ =
ε′′
ε′
=
σ
εω
✭✸✳✹✮
❆❧t❡r♥❛t✐✈♥➙ ❧③❡ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t✉ ✈②❥á❞➦✐t ♣♦♠♦❝í ③trát♦✈é❤♦ ú❤❧✉ δ ❥❛❦♦ ❦♦♠♣❧❡①♥í ❢✉♥❦❝✐
εk = |ε|(cos δ + j sin δ) ✭✸✳✺✮
✸✳✸ P➦❡❤❧❡❞ ♥➙❦t❡rý❝❤ st❛✈❡❜♥í❝❤ ❦♦♥str✉❦❝í ❛ ♠❛t❡r✐á❧➲
❙t❛✈❡❜♥í ❦♦♥str✉❦❝❡✱ ❧át❦② ❛ ♠❛t❡r✐á❧② ♣♦✉➸✐té ♥❛ ❥❡❥✐❝❤ ✈ýr♦❜✉ ❧③❡ ♣♦s✉③♦✈❛t ③ r➲③♥ý❝❤
❤❧❡❞✐s❡❦ ❛ ✈❧✐✈ ♥❛ ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ✈❧♥➙♥í ❥❡ ❥❡❞♥í♠ ③ ♥✐❝❤✳ ❩➦❡❥♠é ✈➨❛❦ ❥❡✱ ➸❡ ♣r✐♠ár♥í
❤❧❡❞✐s❦♦ ♣♦s✉③♦✈á♥í ❥❡❥✐❝❤ ✈❧❛st♥♦stí ❥❡ ❤❧❡❞✐s❦♦ st❛✈❡❜♥í✳ ❙t❛✈❡❜♥í ♣r✈❦② ❧③❡ t❡❞② r♦③❞➙❧✐t ♥❛✲
♣➦í❦❧❛❞ ♣♦❞❧❡ t②♣✉ ❛ ú↔❡❧✉ ♣♦✉➸✐tí✱ ♣♦❞❧❡ ♣➲✈♦❞✉ ♠❛t❡r✐á❧✉✱ ♣♦❞❧❡ t❡♣❡❧♥➙ ✐③♦❧❛↔♥í❝❤ ✈❧❛st♥♦stí✱
✶✾
♣♦❞❧❡ ♣❡✈♥♦st✐✱ ♣♦❞❧❡ ❝❤❡♠✐❝❦é❤♦ s❧♦➸❡♥í ❛ ♣♦❞♦❜♥➙✳ ❚♦t♦ ❞➙❧❡♥í ❥❡ ✈❡❧♠✐ ✐♥t✉✐t✐✈♥í ❛ ú↔❡❧❡♠
tét♦ ♣rá❝❡ ♥❡♥í ❞❡t❛✐❧♥➙ r♦③❡❜ír❛t st❛✈❡❜♥í ✈❧❛st♥♦st✐ ✈②❜r❛♥ý❝❤ ♠❛t❡r✐á❧➲✱ ♣r♦ ❤❧✉❜➨í ♣♦❝❤♦♣❡♥í
❦♦♥t❡①t✉ ❝❡❧é ♣r♦❜❧❡♠❛t✐❦② ❥❡ ✈➨❛❦ ❞♦❜ré ♠ít ✉r↔✐t♦✉ ♣➦❡❞st❛✈✉✳
❙t❛✈❡❜♥í ❦♦♥str✉❦❝❡ ❥s♦✉ t♦t✐➸ ✈♦❧❡♥② ♣r✐♠ár♥➙ t❛❦✱ ❛❜② ✈②❤♦✈➙❧② ③❡ st❛✈❡❜♥í❤♦ ❤❧❡❞✐s❦❛
❛ ❥s♦✉ t❡❞② ♣♦s✉③♦✈á♥② ♣♦❞❧❡ t♦❤♦✱ ❥❡st❧✐ ♣r♦ ❞❛♥ý ú↔❡❧ st❛✈❡❜♥➙ ✈②❤♦✈✉❥í✱ ↔✐ ♥✐❦♦❧✐✈✳ Prá✈➙ ③❞❡
♠➲➸❡ ♥❛st❛t r♦③♣♦r ♠❡③✐ ♣➦íst✉♣❡♠ st❛✈❡❜♥í♠ ❛ ♣♦❤❧❡❞❡♠ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý♠✱ ♣r♦t♦➸❡ ♥➙❦t❡ré
♠❛t❡r✐á❧② ♥❡❜♦ ❦♦♥str✉❦❝❡✱ ❦t❡ré ❥s♦✉ ♥❡✈❤♦❞♥é ③ ❤❧❡❞✐s❦❛ ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧♥✱ ❥s♦✉
♣r♦ r❡❛❧✐③❛❝✐ st❛✈❜② ♥❡③❜②t♥é ❛ ♥❡♥❛❤r❛❞✐t❡❧♥é✱ ♥❡❜♦ ♥❛❜í③❡♥á ❛❧t❡r♥❛t✐✈❛ ♥❡❞á✈á ❡❦♦♥♦♠✐❝❦②
s♠②s❧✳ ❚②♣✐❝❦② s❡ ❥❡❞♥á ♦ ♥♦s♥é ♣r✈❦②✱ ➸❡❧❡③♦❜❡t♦♥ ❝✐❤❧② ❛ ♣♦❞♦❜♥➙✳
◆ás❧❡❞✉❥í❝í t❛❜✉❧❦❛ ✸✳✶ ③♦❜r❛③✉❥❡ ♥➙❦t❡ré st❛✈❡❜♥í ♠❛t❡r✐á❧②✱ ❦t❡ré ♠❛❥í ❞❧❡ ❞♦st✉♣✲
♥ý❝❤ ③❞r♦❥➲ ③♥á♠♦✉ ♣❡r♠✐t✐✈✐t✉✳ ◆➙❦t❡ré ③ ♥✐❝❤ ❜✉❞❡ r♦✈♥➙➸ ♠♦➸♥é ♣♦r♦✈♥❛t s ♠➙➦❡♥í♠ ❛
s✐♠✉❧❛❝❡♠✐ ✈ ❞❛❧➨í❝❤ ❦❛♣✐t♦❧á❝❤ tét♦ ♣rá❝❡✳ ❖ ♥❡❥❜➙➸♥➙❥➨í❝❤ st❛✈❡❜♥í❝❤ ♠❛t❡r✐á❧❡❝❤ ❜✉❞❡ ✈ ♥á✲
s❧❡❞✉❥í❝í❝❤ ♦❞st❛✈❝í❝❤ ♣♦❤♦✈♦➦❡♥♦ ♣♦❞r♦❜♥➙❥✐✱ ❛ t♦ ❥❛❦ ③ ❤❧❡❞✐s❦❛ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦✱ t❛❦ ✐
st❛✈❡❜♥➙✲❢②③✐❦á❧♥í❤♦✳
▼❛t❡r✐á❧ εk ❬Fm−1❪ λp ❬Wm−1K−1❪ ρ ❬kgm−3❪
sá❞r♦❦❛rt♦♥ 2, 7− j0, 03 ✵✱✷✷ ✼✺✵
s❦❧♦ 6, 5 0, 76 2600
❜❡t♦♥ ❤✉t♥ý ✹✱✺ ✶✱✷✸✲✶✱✸✻ ✷✶✵✵✲✷✸✵✵
➸❡❧❡③♦❜❡t♦♥ ✲ ✶✱✹✸✲✶✱✼✹ ✷✸✵✵✲✷✺✵✵
❞➦❡✈♦t➦ís❦♦✈é ❞❡s❦② 1, 85− j0, 15 ✵✱✶✶ ✽✵✵
▼❉❋ ❞❡s❦❛ 2, 4− j0, 15 ✲ ✲
P❱❈ ✷✱✾ ✵✱✷ ✶✸✽✵
❚❛❜✉❧❦❛ ✸✳✶✿ ❚❛❜✉❧❦❛ ♣❡r♠✐t✐✈✐t ❜➙➸♥ý❝❤ st❛✈❡❜♥í❝❤ ♠❛t❡r✐á❧➲ ❬✶✺❪✕❬✶✼❪
✷✵
✸✳✸✳✶ ❙❦❧♦
❙❦❧♦ ❥❡ ❜➙➸♥ý st❛✈❡❜♥í ♠❛t❡r✐á❧ ✈②✉➸í✈❛♥ý ♣➦❡❞❡✈➨í♠ ♣r♦ ♦❦❡♥♥í ♥❡❜♦ ❞✈❡➦♥í ✈ý♣❧♥➙✱
♥❡❜♦ ♣r♦ ♦❜✈♦❞♦✈é ♣❧á➨t➙ ❜✉❞♦✈✳ ❱ ❛❞♠✐♥✐str❛t✐✈♥í❝❤ ❜✉❞♦✈á❝❤ ♠➲➸♦✉ s❦❧❡♥➙♥é t❛❜✉❧❡ ✈ r➲③♥ý❝❤
ú♣r❛✈á❝❤ t✈♦➦✐t ♣➦í↔❦② ♠❡③✐ ❥❡❞♥♦t❧✐✈ý♠✐ ↔ást♠✐ ♣♦❞❧❛➸í✳ Pr♦ ♦❦❡♥♥í ✈ý♣❧♥➙ s❡ ♣♦✉➸í✈❛❥í s❦❧❛
↔❛st♦ ♣➦✐③♣➲s♦❜❡♥á ♣r♦✈♦③✉ ✉✈♥✐t➦ ❜✉❞♦✈②✳ P♦✉➸í✈❛❥í s❡ ♣♦❦♦✈❡♥á s❦❧❛ s ♥❛♣❛➦❡♥♦✉ t❡♥❦♦✈rst✈♦✉
str✉❦t✉r♦✉ ♣r♦ s♥í➸❡♥í s♦❧ár♥í❝❤ ③✐s❦➲ ✈ ❧❡t♥í❝❤ ♦❜❞♦❜í❝❤ ♥❛ ❥❡❞♥é str❛♥➙ ❛ ♥❛♦♣❛❦ s♥í➸❡♥í t❡♣❡❧♥é
③trát② ✈ ③✐♠➙ ♥❛ str❛♥➙ ❞r✉❤é✳ ❩❡❥♠é♥❛ ❛♣❧✐❦❛❝❡ ❦♦✈♦✈é ✈rst✈② ♥❛ ♦❦❡♥♥í t❛❜✉❧✐ ♠➲➸❡ ③ás❛❞♥í♠
③♣➲s♦❜❡♠ ♦✈❧✐✈♥✐t ❦✈❛❧✐t✉ s✐❣♥á❧✉ ✉✈♥✐t➦ ❜✉❞♦✈②✱ ❦t❡rý ❥❡ ❦♦✈♦✈♦✉ ✈rst✈♦✉ ♦❞rá➸❡♥✳
❙❦❧♦ ❥❡ ♣❡✈♥ý✱ ❥❛❦♦ ✈ý♣❧➡ st❛✈❡❜♥í❝❤ ♦t✈♦r➲ ✈➙t➨✐♥♦✉ ↔✐rý ❛ ✈❡❧♠✐ ❤❧❛❞❦ý ♠❛t❡r✐á❧✳ ❚②t♦
✈❧❛st♥♦st✐ ♠✉ ♣r♦♣➲❥↔✉❥í ♣♦♠➙r♥➙ ❞♦❜ré ♦❞r❛③✐✈é s❝❤♦♣♥♦st✐✳ ❏❡❤♦ r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t❛ s❡ ♣♦❤②✲
❜✉❥❡ ♦❦♦❧♦ ❤♦❞♥♦t② εr = 6, 5 ❛ ❥❡ ③❝❡❧❛ ♥❡✈♦❞✐✈é✱ t❛❦➸❡ ✐♠❛❣✐♥ár♥í ↔ást ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② ❥❡
♥✉❧♦✈á✳ ❍✉st♦t❛ s❦❧❛ ❥❡ ❛s✐ ρ = 2600 kgm−3 ❛ s♦✉↔✐♥✐t❡❧ t❡♣❡❧♥é ✈♦❞✐✈♦st✐ λp = 0, 76 Wm−1K−1✳
■ ↔✐rá✱ ♥❡♣♦❦♦✈❡♥á s❦❧❛ s✐ ③❛s❧♦✉➸í ♣♦③♦r♥♦st✱ ③✈❧á➨t➙ ✈ ❦♦♥t❡①t✉ ✈❧♥♦✈ý❝❤ ❞é❧❡❦ sr♦✈♥❛t❡❧♥ý❝❤
s t❧♦✉➨➫❦♦✉ ③❛s❦❧❡♥í✳ P♦❦✉❞ ❥s♦✉ t❛❦♦✈é s❦❧❡♥➙♥é ❞❡s❦② ✐♥st❛❧♦✈á♥② ❥❛❦♦ ❞✈♦❥s❦❧❛ ♥❡❜♦ tr♦❥s❦❧❛✱
♠♦❤♦✉ ♦✈❧✐✈♥✐t ♣r♦♣❛❣❛❝✐ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧♥ ❞♦ ♥❡❜♦ ✉✈♥✐t➦ ❜✉❞♦✈② ✐ ❜❡③ ❞❛❧➨í❝❤ ♦♣❛t➦❡♥í✳
Pr♦ ③❛s❦❧❡♥í st❛✈❡❜♥í❝❤ ♦t✈♦r➲ ❥❡ t❛❦♦✈ý❝❤ ✈í❝❡✈rst✈ý❝❤ ③❛s❦❧❡♥í ↔❛st♦ ✈②✉➸í✈á♥♦ ❛ t♦ ♥❛✈í❝ ❥❡➨t➙
✈ ❦♦♠❜✐♥❛❝✐ s ➸❛❧✉③✐❡♠✐✳ ➎❛❧✉③✐❡ ❥s♦✉ ✈➙t➨✐♥♦✉ ✈②rá❜➙♥② ③ t❡♥❦é❤♦ ♣❧❡❝❤✉ ❛ ♣♦❦✉❞ ♠❛❥í ♣❧♥✐t s✈➲❥
ú↔❡❧✱ ✈②t✈♦➦í ♣r♦ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é ③á➦❡♥í t➙➸❦♦ ♣r♦♥✐❦♥✉t❡❧♥♦✉ ❜❛r✐ér✉ ♥❛ ♣❧♦➨❡ ❝❡❧é❤♦ ♦t✈♦r✉✳
✸✳✸✳✷ ❙á❞r♦❦❛rt♦♥
❙á❞r♦❦❛rt♦♥ s❡ ✈②✉➸í✈á ✈ ♣♦❞♦❜➙ ❞❡s❡❦ ✻ ♠♠ ❛➸ ✶✽ ♠♠ s✐❧♥ý❝❤✳ ❏❡❞♥á s❡ ♦ t③✈✳ s❡♥❞✈✐✲
↔♦✈♦✉ ❦♦♥str✉❦❝✐ t✈♦➦❡♥♦✉ sá❞r♦✈♦✉ ❤♠♦t♦✉✱ ❦t❡rá ❥❡ ❧✐s♦✈❛♥á ♠❡③✐ ❞✈❛ ♣❛♣ír♦✈é ❦❛rt♦♥②✳ ❉♦
sá❞r♦✈é s♠➙s✐ s❡ ↔❛st♦ ♣➦✐❞á✈❛❥í r➲③♥é ♣➦í♠➙s✐✱ ❛❜② s❡ ③❧❡♣➨✐❧② ✈❧❛st♥♦st✐ sá❞r♦❦❛rt♦♥♦✈é ❞❡s❦②
✭♥❡❥↔❛st➙❥✐ t❡♣❡❧♥➙ ♥❡❜♦ ③✈✉❦♦✈➙ ✐③♦❧❛↔♥í✱ ♠❡❝❤❛♥✐❝❦é ↔✐ ♣♦➸ár♥í✮✳ ❱❡ st❛✈❡❜♥✐❝t✈í ❥s♦✉ sá❞r♦❦❛r✲
t♦♥♦✈é ❞❡s❦② ♣♦✉➸í✈á♥② ❥❛❦♦ ♣➦í↔❦②✱ ♣♦❞❤❧❡❞②✱ t❡♣❡❧♥é ✐ ③✈✉❦♦✈é ✐③♦❧❛❝❡ ❬✶✽❪✳ ❏s♦✉ ✈❡❧♠✐ ❜➙➸♥é
✈❡ ✈♥✐t➦♥í st❛✈❜➙✱ ♣r♦t♦➸❡ ❥s♦✉ ♣♦♠➙r♥➙ ♣❡✈♥é✱ ✈❡❧♠✐ s♥❛❞♥♦ s❡ s ♥✐♠✐ ♠❛♥✐♣✉❧✉❥❡ ❛ s♥❛❞♥♦
s❡ t✈❛r✉❥í ✭➦❡➸♦✉✮ ♥❛ ♣♦t➦❡❜♥é t✈❛r② ❛ r♦③♠➙r②✳ ❏❛❦♦ ♣➦í↔❦② ❥s♦✉ ♣❛❦ ❥❡❞♥♦t❧✐✈é sá❞r♦❦❛rt♦♥♦✈é
✷✶
❞❡s❦② ♠♦♥t♦✈á♥② ♥❛ ♥♦s♥ý ♣r♦✜❧ ③ ♦❜♦✉ str❛♥ ❛ ❞♦ ✈③♥✐❦❧é ❞✉t✐♥② ❥❡ ✉♠✐s➫♦✈á♥❛ ✐③♦❧❛↔♥í ❧át❦❛
✭♠✐♥❡rá❧♥í ✈❧á❦♥❛✮✳
❩ ❤❧❡❞✐s❦❛ ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧♥ ❥❡ ♣♦❞st❛t♥é✱ ➸❡ sá❞r♦✈á ❤♠♦t❛ ❥❡ ✈ tét♦
❢♦r♠➙ té♠➙➦ ✐③♦tr♦♣♥í ❛ ❤♦♠♦❣❡♥♥í ♠❛t❡r✐á❧✱ ❛ ➸❡ ❝❡❧á ❦♦♥str✉❦❝❡ ♣❛♣ír✲sá❞r❛✲♣❛♣ír ♠á ❥❛s♥➙
❞❡✜♥♦✈❛♥é r♦③♠➙r② ❛ ❧③❡ ❥✐ t❛❦ ❞♦❜➦❡ ♠♦❞❡❧♦✈❛t✳ ❯r↔✐t♦✉ ❦♦♠♣❧✐❦❛❝✐ ♣➦✐ ♠♦❞❡❧♦✈á♥í ➨í➦❡♥í ✈❧♥
♠➲➸❡ ③♣➲s♦❜♦✈❛t ❦♦♥str✉❦❝❡ ♣➦í↔❦② s ✈í❝❡ ✈rst✈❛♠✐ ♠❛t❡r✐á❧✉ ❛ ♥♦s♥♦✉✱ ❜➙➸♥➙ ❦♦✈♦✈♦✉ ✭t②♣✐❝❦②
♣♦③✐♥❦♦✈❛♥á ♦❝❡❧✮ ❦♦♥str✉❦❝í✳
✸✳✸✳✸ ❇❡t♦♥
❆s✐ ♥❡❥❜➙➸♥➙❥➨í ♠❛t❡r✐á❧ ♣♦✉➸í✈❛♥ý ✈❡ st❛✈❡❜♥✐❝t✈í ❥❡ ❜❡t♦♥✱ r❡s♣❡❦t✐✈❡ ❜❡t♦♥②✳ ❇❡t♦♥
❥❡ s♠➙s ❧át❡❦✱ t✉❞í➸ ❡①✐st✉❥❡ ♣♦♠➙r♥➙ ➨✐r♦❦á s❦✉♣✐♥❛ ❜❡t♦♥➲✱ ❦❛➸❞ý s r♦③❞í❧♥ý♠✐ ✈❧❛st♥♦st♠✐✱ ❛
t❡❞② ✈❤♦❞♥ý ♣r♦ r➲③♥é ♣♦✉➸✐tí✳ ◆❡❥❜➙➸♥➙❥➨í♠✐ s❧♦➸❦❛♠✐ ❜❡t♦♥✉ ❥s♦✉ ❝❡♠❡♥t✱ ♣ís❡❦ ♥❡❜♦ ➨t➙r❦
❛ ✈♦❞❛✳ P➦✐❞á✈á♥í♠ ❞❛❧➨í❝❤ ♣➦í♠➙sí ❛ ✉♣r❛✈♦✈á♥í♠ ♣♦♠➙r➲ ♠❡③✐ ♥✐♠✐ ❧③❡ ♦✈❧✐✈♥✐t ♠❡❝❤❛♥✐❝❦é✱
t❡♣❡❧♥é ♥❡❜♦ ✈ýr♦❜♥í ♣❛r❛♠❡tr② ❜❡t♦♥✉ ❬✶✽❪✳
❇❡t♦♥ ❥❡ ↔❛st♦ ✈②✉➸í✈á♥ ♣r♦ s✈é ✈②♥✐❦❛❥í❝í ♠❡❝❤❛♥✐❝❦é ✈❧❛st♥♦st✐ ✲ ③❡❥♠é♥❛ ✈②s♦❦♦✉
♣❡✈♥♦st ✈ t❧❛❦✉✳ P❡✈♥♦st ✈ ❥✐♥ý❝❤ s♠➙r❡❝❤ ♥❛♠á❤á♥í ✭✈ t❛❤✉✱ ♦❤②❜✉✮ ❥❡ ♣♦❞st❛t♥➙ ❤♦r➨í ❛ ♣r♦t♦
s❡ ❜❡t♦♥ ↔❛st♦ ✉♣r❛✈✉❥❡ ♣➦✐❞á✈á♥í♠ ❛r♠❛t✉r✳ ❇❡t♦♥ s❡ ✈➙t➨✐♥♦✉ ❛r♠✉❥❡ ♦❝❡❧♦✈ý♠✐ ♣r✉t② ❛ ♣❛❦
❤♦✈♦➦í♠❡ ♦ t③✈✳ ➸❡❧❡③♦❜❡t♦♥✉✳ ❘♦③❞í❧ ♠❡③✐ t➙♠✐t♦ ❞✈➙♠❛ ✈❛r✐❛❝❡♠✐ ③ ❤❧❡❞✐s❦❛ ➨í➦❡♥í ❡❧❡❦tr♦✲
♠❛❣♥❡t✐❝❦ý❝❤ ✈❧♥ ❥❡ ♣♦♠➙r♥➙ ✈❡❧❦ý✱ ♣r♦t♦➸❡ ✈♦❞✐✈é ❛r♠❛t✉r② ♣r❛✈✐❞❡❧♥➙ r♦③♠íst➙♥é ✈ ♦❜❥❡♠✉
❜❡t♦♥♦✈é ❞❡s❦② ♠♦❤♦✉ ✭♣r♦ ✉r↔✐té ✈❧♥♦✈é ❞é❧❦②✮ ❢✉♥❣♦✈❛t ❥❛❦♦ ✈♦❞✐✈á ♠➦í➸ ❛ ③ás❛❞♥í♠ ③♣➲s♦❜❡♠
③❤♦r➨♦✈❛t ↔✐ ♣➦í♠♦ ③❛♠❡③♦✈❛t ♣r♦st✉♣✉ s✐❣♥á❧✉✳
❘➲③♥♦r♦❞♦st t②♣➲ ❜❡t♦♥✉ s s❡❜♦✉ ♥❡s❡ ✐ r➲③♥é ❢②③✐❦á❧♥í ✈❧❛st♥♦st✐ ❥❡❞♥♦t❧✐✈ý❝❤ t②♣➲✳
▼➙r♥á ❤♠♦t♥♦st ♥❡✈②③t✉➸❡♥é❤♦ ❜❡t♦♥✉ s❡ ♣♦❤②❜✉❥❡ ✈ r♦③♠❡③í ✷✶✵✵✲✷✸✵✵ kgm−3✱ ➸❡❧❡③♦❜❡t♦♥✉
♣❛❦ ✷✸✵✵✲✷✺✵✵ kgm−3✳ ❙t❡❥♥➙ t❛❦ s❡ ♠➙♥í ✐ s♦✉↔✐♥✐t❡❧ t❡♣❡❧♥é ✈♦❞✐✈♦st✐✱ r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t❛ ❛
❞♦❦♦♥❝❡ ✐ ♣❡r♠❡❛❜✐❧✐t❛✳
✷✷
✸✳✸✳✹ ❉➦❡✈♦✱ ❞➦❡✈♦t➦ís❦♦✈é ❛ ❞➦❡✈♦✈❧á❦♥✐té ❦♦♥str✉❦❝❡
❉➦❡✈♦ ❥❛❦♦ st❛✈❡❜♥í ♠❛t❡r✐á❧ ❥❡ ❤✐st♦r✐❝❦② ✈②✉➸í✈á♥♦ ❥✐➸ ♦❞ ♣r❛✈➙❦✉ ❛ ✈ s♦✉↔❛s♥é ❞♦❜➙
③❛➸í✈á ✉r↔✐t♦✉ r❡♥❡s❛♥❝✐ ✈ ♠♦❞❡r♥í❝❤ ❞➦❡✈♦st❛✈❜á❝❤✳ ❉➦❡✈♦ ♠á ❞♦❜ré ✐③♦❧❛↔♥í ✈❧❛st♥♦st✐✱ ❥❡ ❧❡❤❦é ❛
❞♦❜➦❡ s❡ s ♥í♠ ♠❛♥✐♣✉❧✉❥❡✳ ❱ ♥❡♣♦s❧❡❞♥í ➦❛❞➙ r♦✈♥➙➸ ♥❛♣❧➡✉❥❡ ❡❦♦❧♦❣✐❝❦é tr❡♥❞② ❥❛❦♦ ♦❜♥♦✈✐t❡❧♥ý
st❛✈❡❜♥í ♠❛t❡r✐á❧✳ ❉➦í✈❡ ✈❡❧♠✐ ❤♦❥♥➙ ✈②✉➸í✈❛♥é ♠❛s✐✈♥í ❞➦❡✈♦ ❥❡ ↔ást❡↔♥➙ ♥❛❤r❛③♦✈á♥♦ ❧✐s♦✈❛♥ý♠✐
♥❡❜♦ ❧❡♣❡♥ý♠✐ ❞➦❡✈➙♥ý♠✐ ❦♦♠♣♦③✐t♥í♠✐ ❦♦♥str✉❦❝❡♠✐✳ ❋②③✐❦á❧♥í ✈❧❛st♥♦st✐ ❞➦❡✈❛ ✈❡❧♠✐ ③á✈✐sí ♥❛
❥❡❤♦ t②♣✉ ❛ t❛❦é ♥❛ s♠➙r✉✱ ✈❡ ❦t❡ré♠ ❥❡ ♠➙➦í♠❡✳ ❉➦❡✈♦ ❥❡ ❛♥✐③♦tr♦♣♥í ♠❛t❡r✐á❧ ❛ ✈②❦❛③✉❥❡ ③ás❛❞♥➙
♦❞❧✐➨♥é ♠❡❝❤❛♥✐❝❦é ❛❧❡ ✐ t❡r♠♦✐③♦❧❛↔♥í ✈❧❛st♥♦st✐ ✈ ❦♦❧♠é♠ ❛ ♣♦❞é❧♥é♠ s♠➙r✉ ✈③❤❧❡❞❡♠ ❦ r➲st✉
✈❧á❦❡♥✳ ❚❛t♦ ❛♥✐③♦tr♦♣✐❡ s❡ ♣r♦❥❡✈✉❥❡ ✐ ♣➦✐ ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧♥ s❦r③ ❞➦❡✈♦ ❬✶✾❪✳ ◆❛
✈❧❛st♥♦st❡❝❤ ❞➦❡✈❛ ♠á r♦✈♥➙➸ ✈❡❧❦ý ♣♦❞í❧ ♦❜s❛❤ ✈♦❞② ✲ ✈②s❝❤❧é ❞➦❡✈♦ ♠á ✈❡❧♠✐ ♦❞❧✐➨♥é ❢②③✐❦á❧♥í
✈❧❛st♥♦st✐ ♦❞ ❞➦❡✈❛ ♠♦❦ré❤♦✳
▼❛s✐✈♥í ❞➦❡✈♦ ❥❡ ✈➨❛❦ ♣♦♠➙r♥➙ ❞r❛❤é✱ ♥❛✈í❝ s❡ ♥❛ ✈ýr♦❜❦② ③ ♥➙❥ ❞❛❥í ♣♦✉➸ít ❥❡♥ ❦✈❛❧✐t♥í ❛
✈❡❧❦é ↔ást✐ str♦♠➲✳ ❩♣➲s♦❜❡♠✱ ❥❛❦ ✈②✉➸ít ✐ ♠❡♥➨í ↔ást✐✱ ❥❛❦♦ ❥s♦✉ ✈➙t✈❡ ♥❡❜♦ ③❜②t❦② ♣♦ ③♣r❛❝♦✈á♥í
❞➦❡✈❛ ♥❛ ♣✐❧❡ ❛ ③ár♦✈❡➡ ♦❞str❛♥✐t ✈❛❞②✱ ❦t❡ré s❡ ♠♦❤♦✉ ♥❛❝❤á③❡t ✈ ♠❛s✐✈❡❝❤✱ ❥❡ r♦③❞➙❧❡♥í ❞➦❡✈♥í
❤♠♦t② ♥❛ ♠❛❧é ↔ást✐❝❡ ❛ t② ♦♣➙t s♣♦❥✐t ❞♦❤r♦♠❛❞②✳ ❚②t♦ ♠❛t❡r✐á❧② ♠❛❥í ③♥❛↔♥é ✈ý❤♦❞②✱ ❥s♦✉
❧❡✈♥➙❥➨í ❛ ↔❛st♦ ♠❛❥í ✐ ❧❡♣➨í ❢②③✐❦á❧♥í ✈❧❛st♥♦st✐ ♥❡➸ ♣➲✈♦❞♥í ♠❛s✐✈ ✲ ❥s♦✉ ♣❡✈♥➙❥➨í ❛ ♣➦✐t♦♠ ❧❡❤↔í✱
♠❛❥í ♣r❛✈✐❞❡❧♥ý t✈❛r ❛ str✉❦t✉r✉✳ ❘➲③♥á t❡❝❤♥♦❧♦❣✐❡ ✈ýr♦❜② ❛ t②♣② ♣➦í♠➙sí ❞➙❧í ✈ýr♦❜❦② ♥❛ ❜á③✐
❞➦❡✈❛ ♥❛ ❞❡s❦② ✭♣➦❡❦❧✐➸❦②✱ ✈rst✈❡♥é✱ ✈❧á❦♥✐té✱ ❖❙❇✮ ❛ ❦♦♠♣♦③✐t♥í ♠❛t❡r✐á❧②✱ ❦t❡ré ❦♦♠❜✐♥✉❥í
❞➦❡✈♦ ❛ ❥✐♥é st❛✈❡❜♥í ♠❛t❡r✐á❧② ❬✶✽❪✳
P➦✐ ✈ýr♦❜➙ t➙❝❤t♦ ❞❡s❡❦ s❡ ↔❛st♦ ♣♦st✉♣✉❥❡ t❛❦✱ ➸❡ s❡ ❥❡❞♥♦t❧✐✈é ✈rst✈② t✈♦➦❡♥é t➦ís❦❛♠✐
r➲③♥➙ ✈❡❧❦ý♠✐ ♥❡❜♦ ✐ ❞í❧↔í♠✐ ❞❡s❦❛♠✐ ✭♣➦❡❦❧✐➸❦②✮ ❧❡♣í ❛ ❧✐s✉❥í ♥❛ s❡❜❡ t❛❦✱ ➸❡ ❥❡❞♥♦t❧✐✈é ✈rst✈②
❥s♦✉ ♥❛ s❡❜❡ ❦♦❧♠é✳ ❚í♠ s❡ ❞♦❝í❧í ③✈ý➨❡♥é ♠❡❝❤❛♥✐❝❦é ♦❞♦❧♥♦st✐ ✈❡ ✈➨❡❝❤ s♠➙r❡❝❤ ❞❡s❦②✳ ❉❛❧➨í♠
t②♣❡♠ ❞❡s❡❦ ❥s♦✉ ❞❡s❦② ③ ❤♦❜❧✐♥ ❛ ♣✐❧✐♥✱ ❦t❡ré ❥s♦✉ r♦✈♥➙➸ ❧❡♣❡♥② ❛ ❧✐s♦✈á♥②✳ ❷ást✐❝❡✱ ❦t❡ré ❞❡s❦✉
t✈♦➦í ❥s♦✉ ✈➨❛❦ t❛❦ ♠❛❧é✱ ➸❡ s❡ ♥❡✈rst✈í ♥❛ s❡❜❡✱ ❛❧❡ ❢✉♥❣✉❥í ❥❛❦♦ ❤♦♠♦❣❡♥♥í ♠❛t❡r✐á❧✳
❩ ♣♦❤❧❡❞✉ ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧♥ ❥s♦✉ ❦♦♥str✉❦❝❡ t✈♦➦❡♥é ♣❡r✐♦❞✐❝❦② s❡ ♦♣❛❦✉✲
❥í❝í♠✐ ✈rst✈❛♠✐ ♦ t❧♦✉➨➫❝❡ ♣♦❞♦❜♥é ✈❧♥♦✈é ❞é❧❝❡ ③á➦❡♥í ♥❡✈②③♣②t❛t❡❧♥é ❛ ♠♦❤♦✉ ❜ýt ♥ár♦↔♥é ♥❛
♠➙➦❡♥í✳ ❖r❣❛♥✐❝❦é ♠❛t❡r✐á❧② ♦❜❡❝♥➙ ♣♦❞❧é❤❛❥í ♠♥♦❤❛ ❢❛❦t♦r➲♠✱ ❦t❡ré ♦✈❧✐✈➡✉❥í ❥❡❥✐❝❤ ❡❧❡❦tr✐❝❦é ❛
✷✸
♣➦í♣❛❞♥é ♠❛❣♥❡t✐❝❦é ✈❧❛st♥♦st✐✱ t②♣✐❝❦② ❥✐➸ ③♠í♥➙♥á ✈❧❤❦♦st✳ ❉❛❧➨í♠✐ ♣r♦❜❧é♠② ✈ ♣➦❡s♥é♠ ✉r↔❡♥í
♣❡r♠✐t✐✈✐t② ❞➦❡✈❛ ❥s♦✉ ❥❡❞♥❛❦ ❥❡❤♦ ❛♥✐③♦tr♦♣✐❡✱ t❛❦é ✐ ♥❡❤♦♠♦❣❡♥✐t② ✈♥✐t➦♥í str✉❦t✉r②✳ ❖r❣❛♥✐❝❦é
♠❛t❡r✐á❧② ❛ ❞➦❡✈♦ ✭③❡❥♠é♥❛ ♠❛s✐✈♥í✮ ♠➲➸❡ ♦❜s❛❤♦✈❛t ✈❛❞②✱ ❞✉t✐♥② ❛ ❥✐♥é ♥❡❤♦♠♦❣❡♥✐t②✱ ❦t❡ré
❥s♦✉ ❜❡③ ❞❡str✉❦❝❡ ♠❛t❡r✐á❧✉ ❥❡♥ t➙➸❦♦ ♦❞❤❛❧✐t❡❧♥é✳ ▼➙➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧❛st♥♦stí ❞➦❡✈❛
❥❡ ♣r♦t♦ ③❛tí➸❡♥♦ ♣♦♠➙r♥➙ ✈❡❧❦♦✉ ♥❡❥✐st♦t♦✉✳
✷✹
❑❛♣✐t♦❧❛ ✹
▼➙➦❡♥í ✈③♦r❦➲ st❛✈❡❜♥í❝❤ ♠❛t❡r✐á❧➲
❏❡❞♥í♠ ③ ❝í❧➲ tét♦ ♣rá❝❡ ❥❡ r❡❛❧✐③♦✈❛t ♠➙➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❡❧✐↔✐♥ ✈②❜r❛♥ý❝❤
st❛✈❡❜♥í❝❤ ♠❛t❡r✐á❧➲ ♥❡❜♦ ↔ástí ❦♦♥str✉❦❝í ✈❡ ❢r❡❦✈❡♥↔♥í♠ ♣ás♠✉ ✺ ✲ ✺✵ ●❍③✳ ❩ís❦❛♥á ❞❛t❛
❜✉❞♦✉ ♥ás❧❡❞♥➙ ♣♦↔ít❛↔♦✈➙ ③♣r❛❝♦✈á♥❛ ❛ ✈②❤♦❞♥♦❝❡♥❛✳ ◆❛ ❦♦♥❝✐ ❝❡❧é❤♦ ♣r♦❝❡s✉ ❜② ♠➙❧❛ ❜ýt
♣♦✉➸✐t❡❧♥á ✐♥❢♦r♠❛❝❡ ♦ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ♣❛r❛♠❡tr❡❝❤ ❞❛♥é❤♦ ✈③♦r❦✉ ✈ ✉✈❡❞❡♥é♠ ❢r❡❦✈❡♥↔♥í♠
♣ás♠✉✳ ❈í❧❡♠ ♠➙➦❡♥í ❥❡ ♥❡❥❡♥ ③ís❦❛t ❦✈❛❧✐t♥í ❞❛t❛ ♣♦✉➸✐t❡❧♥á ♣r♦ ♥ás❧❡❞♥é ✈ý♣♦↔t②✱ ❛❧❡ ✐ ③ís❦á♥í
✉r↔✐té ③❦✉➨❡♥♦st✐ ❛ ❝♦ ♠♦➸♥á ♥❡❥✈➙t➨í ③❥❡❞♥♦❞✉➨❡♥í ♣♦st✉♣✉ t❛❦✱ ❛❜② ❜②❧♦ ♠➙➦❡♥í ♦♣❛❦♦✈❛t❡❧♥é ❛
r♦❜✉st♥í ♣r♦ r➲③♥é ♠❛t❡r✐á❧②✱ ❛❧❡ stá❧❡ ♣➦❡s♥é✳ ❙ tí♠ s♦✉✈✐sí ✐ ♦❞str❛♥➙♥í ❝❤②❜ ♣r♦❝❡s✉ ♠➙➦❡♥í ♦❞
s❡st❛✈② ♠➙➦í❝í ❛♣❛r❛t✉r② ❛➸ ♣♦ s❛♠♦t♥♦✉ r❡❛❧✐③❛❝✐ ♠➙➦❡♥í ✈❡❦t♦r♦✈ý♠ ❛♥❛❧②③át♦r❡♠✳ ❱③❤❧❡❞❡♠ ❦
♣♦✉➸✐té♠✉ ❦♠✐t♦↔t♦✈é♠✉ ♣ás♠✉ ❥❡ t❛❦♦✈é ♠➙➦❡♥í ✈❡❧♠✐ ❝✐t❧✐✈é ❛ ♥á❝❤②❧♥é ♥❛ ❥❛❦é❦♦❧✐ ♥❡♣➦❡s♥♦st✐
♥❡❜♦ ③♠➙♥② ♠➙➦í❝í s❡st❛✈②✳ ◆ás❧❡❞✉❥í❝í ❦❛♣✐t♦❧② ♣➦❡❞st❛✈í ♥❡❥♣r✈❡ r➲③♥é ♠❡t♦❞② ♣♦✉➸í✈❛♥é ♣r♦
♠➙➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❡❧✐↔✐♥ ♣❡✈♥ý❝❤ ❧át❡❦✱ ♥ás❧❡❞♥➙ ♣♦♣í➨í ♣r✐♥❝✐♣ ♠➙➦❡♥í ✈❡ ✈♦❧♥é♠
♣r♦st♦r✉ ❛ ♥❛❦♦♥❡❝ ✐ ❦♦♥❦rét♥í r❡❛❧✐③❛❝✐ ♠➙➦❡♥í ♣r♦ ú↔❡❧② tét♦ ♣rá❝❡✳
✷✺
✹✳✶ ❙✲♣❛r❛♠❡tr②
P♦❥❡♠ ❙✲♣❛r❛♠❡tr② ❜✉❞❡ ✈ ♥ás❧❡❞✉❥í❝í❝❤ ❦❛♣✐t♦❧á❝❤ ❤♦❥♥➙ ✈②✉➸í✈á♥✱ ♣r♦t♦➸❡ ♣rá✈➙ ♦♥②
❥s♦✉ ✈ýst✉♣❡♠ ③ ♠➙➦❡♥í ✈❡❦t♦r♦✈ý♠ ❛♥❛❧②③át♦r❡♠✳ ❱➨❡❝❤♥② ❞❛❧➨í ♣♦↔ít❛↔♦✈é ú♣r❛✈② ❥s♦✉ ✈ ③ás❛❞➙
❥❡♥ ♣rá❝❡ s t➙♠✐t♦ ❙✲♣❛r❛♠❡tr② ❛ ❥❡ t❛❦ ❞➲❧❡➸✐té ♠ít ❛❧❡s♣♦➡ rá♠❝♦✈♦✉ ♣➦❡❞st❛✈✉✱ ❝♦ ❙✲♣❛r❛♠❡tr②
❥s♦✉✳
❙✲♣❛r❛♠❡tr②✱ ♥➙❦❞② t❛❦é ♣r✈❦② ❙✲♠❛t✐❝❡✱ ♥❡s♦✉ s✈é ♣♦❥♠❡♥♦✈á♥í ♣♦❞❧❡ ❛♥❣❧✐❝❦é❤♦ ❙❝❛t✲
t❡r✐♥❣ ♣❛r❛♠❡t❡rs ♥❡❜♦❧✐ r♦③♣t②❧♦✈é ♣❛r❛♠❡tr②✳ P♦♣✐s✉❥í t♦❦ ✈ý❦♦♥✉ ♠❡③✐ ❥❡❞♥♦t❧✐✈ý♠✐ ❜r❛♥❛♠✐
✭♣♦rt②✮ ♦❜❡❝♥➙ ♥✲❜r❛♥✉ ❬✷✵❪✳ ❘❛❞✐♦❢r❡❦✈❡♥↔♥í s✐❣♥á❧ ✈②st✉♣✉❥í❝í ③ ❥❡❞♥♦❤♦ ♣♦rt✉ s❡ ↔ást❡↔♥➙ ♦❞✲
r❛③í ③♣➙t ♦❞❦✉❞ ✈③❡➨❡❧✱ ↔ást❡↔♥➙ ✈st♦✉♣í ✭r♦③♣tý❧í ✲ ♣r♦t♦ r♦③♣t②❧♦✈é ♣❛r❛♠❡tr②✮ ❞♦ ❞❛❧➨í❝❤ ♣♦rt➲
❬✷✶❪✳ ❙✲♣❛r❛♠❡tr② ✉r↔✉❥í ♣♦♠➙r ♥❛♣➙➫♦✈ý❝❤ ✈❧♥ ✈st✉♣✉❥í❝í❝❤ ❞♦ ❛ ✈②st✉♣✉❥í❝í❝❤ ③ ♣♦rt✉ ♥✲❜r❛♥✉✳
❱ ③ás❛❞➙ ❥❞❡ t❡❞② ♦ ♣♦♠➙r ✈ý❦♦♥➲ ✈③t❛➸❡♥ý❝❤ ❦❡ ③❞r♦❥✐ ❛ ♣➦í❥❡♠❝✐✱ ❝♦➸ ♠➲➸❡ ❜ýt ❥❡❞❡♥ ♥❡❜♦
♦❜❡❝♥➙ n ♣♦rt➲ ❬✷✷❪✳
❖❞✈♦③❡♥í ❛ ♠✐❦r♦✈❧♥♥á t❡♦r✐❡ ✈ ♣♦③❛❞í ♣r♦❜❧❡♠❛t✐❦② ❙✲♣❛r❛♠❡tr➲ ❥❡ ♣♦♠➙r♥➙ ♦❜sá❤❧á ❛
♥❡♥í ú↔❡❧❡♠ tét♦ ♣rá❝❡ s❡ ❥í ③❛❜ý✈❛t ❞♦♣♦❞r♦❜♥❛✳ Pr♦ ③❥❡❞♥♦❞✉➨❡♥í s✐ t❡❞② ♣➦❡st❛✈♠❡ ✶✲♣♦rt♦✈ý
s②sté♠✳ ❏❡ ③➦❡❥♠é✱ ➸❡ ❡♥❡r❣✐❡ ♣♦rt❡♠ ✈②s❧á♥❛ ❥❡ ❜✉↕ ♣➦❡♠➙♥➙♥❛ ✈ t❡♣❧♦ ❛ ③tr❛❝❡♥❛ ❛ ♥❡❜♦
③❛❝❤②❝❡♥❛ ③♣➙t tí♠ st❡❥♥ý♠ ♣♦rt❡♠✳ ❱ t♦♠t♦ ♣➦í♣❛❞➙ ❜✉❞❡ ♠ít ♠❛t✐❝❡ ❙✲♣❛r❛♠❡tr✉ ❥❡❞❡♥ ♣r✈❡❦
S11✳
❱❡ ✷✲♣♦rt♦✈é♠ s②sté♠✉ ✭❞✈♦❥❜r❛♥✉✮ ❜✉❞❡ s✐t✉❛❝❡ ♣♦♥➙❦✉❞ s❧♦➸✐t➙❥➨í✳ ❱ý❦♦♥ ♣r♦❝❤á③❡❥í❝í
♣r✈♥í♠ ♣♦rt❡♠ s❡ ♠➲➸❡ ♦❞r❛③✐t ❛ ✈rát✐t ③♣➙t ❛ ♥❡❜♦ ✈st♦✉♣✐t ❞♦ ❞r✉❤é❤♦ ♣♦rt✉ ✭❛ ❛♥❛❧♦❣✐❝❦②
♣r♦ ❞r✉❤ý ♣♦rt✮✳ ▼á♠❡ ♣r♦ ❦❛➸❞ý ♣♦rt ❞✈➙ ♠♦➸♥♦st✐✱ ❝❡❧❦♦✈➙ t❡❞② ↔t②➦✐ ❛ ❞♦stá✈á♠❡ ♥ás❧❡❞✉❥í
❙✲♠❛t✐❝✐✿ 
S11 S12
S21 S22


■♥❞❡①② ♣r✈❦➲ ♠❛t✐❝❡ r♦③♣t②❧♦✈ý❝❤ ♣❛r❛♠❡tr➲ ✉r↔✉❥í ✈③t❛❤ ♠❡③✐ ♣➲✈♦❞❝❡♠ ❛ ♣➦í❥❡♠❝❡♠ ♣➦❡♥á➨❡✲
♥é❤♦ ✈ý❦♦♥✉✳ Pr✈❡❦ S11 ❥❡ ♣♦♠➙r ✈ý❦♦♥✉ ✈②st✉♣✉❥í❝í❤♦ ❦✉ ✈st✉♣✉❥í❝í♠✉ ③ ❛ ❞♦ ♣♦rt✉ ✶✱ ❥✐♥ý♠✐
s❧♦✈② ♦❞r❛③ ♣♦rt✉ ✶✳ ❆♥❛❧♦❣✐❝❦② S22 r❡♣r❡③❡♥t✉❥❡ ✈ý❦♦♥ ♦❞r❛➸❡♥ý ♦❞ ♣♦rt✉ ✷ ♣➦✐ ❥❡❤♦ ❜✉③❡♥í✳
❖❜❞♦❜♥➙ ❜②❝❤♦♠ ♠♦❤❧✐ ♣♦♣s❛t ✈➨❡❝❤♥② ♣r✈❦② ♥❛ ❤❧❛✈♥í ❞✐❛❣♦♥á❧❡ ♠❛t✐❝❡ n×n✳ Pr✈❦② s ♥❡st❡❥✲
✷✻
♥ý♠✐ ❦♦❡✜❝✐❡♥t② ♣❛❦ r❡♣r❡③❡♥t✉❥í ♣➦❡♥♦s ✈ý❦♦♥✉ ③ ❥❡❞♥♦❤♦ ♣♦rt✉ ❞♦ ❞r✉❤é❤♦✳ ◆❛♣➦í❦❧❛❞ S12
♣➦❡❞st❛✈✉❥❡ s✐❣♥á❧ ✈②③á➦❡♥ý ♣♦rt❡♠ ✷ ❛ ♣➦✐❥❛tý ♣♦rt❡♠ ✶✳ ❆♥❛❧♦❣✐❝❦② ♣❛❦ S21✳
P➦✐ ♣♦♣✐s✉ ✈í❝❡♣♦rt♦✈ý❝❤ s②sté♠➲ ❜② ❜②❧ ♣♦st✉♣ ♦❜❞♦❜♥ý✳ ❏❛❦ ❜✉❞❡ ♣♦♣sá♥♦ ✈ ♥ás❧❡✲
❞✉❥í❝í❝❤ ♦❞st❛✈❝í❝❤✱ ♠➙➦í❝í s♦✉st❛✈❛ ♣♦✉➸✐tá ✈ tét♦ ♣rá❝✐ ♣➦❡❞st❛✈✉❥❡ ♣rá✈➙ ③♠í♥➙♥ý ❞✈♦❥❜r❛♥ ❛
t❛❦ ③❞❡ ♥❡❜✉❞♦✉ ♣♦✉➸✐t② ❥✐♥é✱ ♥❡➸ ✉✈❡❞❡♥é ✹ r♦③♣t②❧♦✈é ♣❛r❛♠❡tr②✳ ▲❡♣➨í ♣➦❡❞st❛✈✉ ♦ ✈ý③♥❛♠✉
❙✲♣❛r❛♠❡tr➲ ❥❡ ♠♦➸♥é ✉❞➙❧❛t s✐ ♣♦♠♦❝í ♦❜rá③❦✉ ✹✳✶✳
❙✲♣❛r❛♠❡tr② ✈➨❛❦ ♥❡❥s♦✉ ❥❡❞✐♥ý♠ ③♣➲s♦❜❡♠✱ ❥❛❦ý♠ ❧③❡ ♣♦♣s❛t ❝❤♦✈á♥í ❘❋ ♦❜✈♦❞✉✳
▼❡③✐ ❞❛❧➨í ♣♦✉➸í✈❛♥é ♣❛t➦í ♠❛t✐❝❡ ✭❛ ♣➦ís❧✉➨♥é ♣❛r❛♠❡tr②✮ ✐♠♣❡❞❛♥↔♥í [Z]✱ ❛❞♠✐t❛♥↔♥í [Y ] ♥❡❜♦
t③✈✳ ❆❇❈❉✲♣❛r❛♠❡tr② ❬✷✸❪✳ ❉á❧❡ ❡①✐st✉❥í ✐ t❛❦③✈❛♥é ❤②❜r✐❞♥í ♣❛r❛♠❡tr② ✭❍✲♣❛r❛♠❡t❡rs✮ ♥❡❜♦
♣➦❡♥♦s♦✈é ♣❛r❛♠❡tr② ✭❚✲♣❛r❛♠❡t❡rs✮✱ t② ❥s♦✉ ✈➨❛❦ ✈②✉➸í✈á♥② ♣♦♠➙r♥➙ ③➦í❞❦❛✳
✹✳✷ ▼❡t♦❞② ♠➙➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧❛st♥♦stí ♠❛t❡r✐✲
á❧➲
❩ ♣➦❡❞❝❤♦③í❝❤ ❦❛♣✐t♦❧✱ ❦t❡ré ♣♦❥❡❞♥á✈❛❥í ♦ ❡❧❡❦tr✐❝❦ý❝❤ ✈❧❛st♥♦st❡❝❤ ❞✐❡❧❡❦tr✐❦✱ ❥✐♠✐➸
❥s♦✉ ✐ st❛✈❡❜♥í ♠❛t❡r✐á❧②✱ ❥❡ ♣❛tr♥á ❞➲❧❡➸✐t♦st ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② εk✳ ▼➙➦❡♥í ❛ ③❦♦✉♠á♥í
❡❧❡❦tr✐❝❦ý❝❤ ✈❧❛st♥♦stí ♠❛t❡r✐á❧➲ s❡ t❡❞② ③✉➸✉❥❡ ♥❛ ③❥✐➨➫♦✈á♥í ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②✳ ❱③❤❧❡❞❡♠ ❦
✈❡❧❦é r➲③♥♦r♦❞♦st✐ st❛✈❡❜♥í❝❤ ♠❛t❡r✐á❧➲ ❛ ③❡❥♠é♥❛ ❦♦♥str✉❦❝í✱ ✉ ♥✐❝❤➸ ③á❧❡➸í ♥❛ ❦♦♥❦rét♥í ❛♣❧✐❦❛❝✐
❛ ③♣r❛❝♦✈á♥í ✈❡ s♠②s❧✉ ❤♦♠♦❣❡♥✐t② ❛ ✐③♦tr♦♣✐❡✱ ❥❡ ✈❡❧♠✐ t➙➸❦é ✈②t✈♦➦✐t s♣♦❧❡❤❧✐✈ý ✈ý♣♦↔❡t♥í
❛❧❣♦r✐t♠✉s ♣r♦ ✉r↔❡♥í εk✳ ◆❡❥❥❡❞♥♦❞✉➨➨í ③♣➲s♦❜ ❥❡❥í❤♦ ③❥✐➨t➙♥í t❛❦ stá❧❡ s♣♦↔í✈á ✈ ♠➙➦❡♥í ♥❛
❦♦♥❦rét♥í❝❤ ✈③♦r❝í❝❤ st❛✈❡❜♥í❝❤ ❦♦♥str✉❦❝í✳ ▼➙➦❡♥í ❛ ③♥❛❧♦st ❡❧❡❦tr✐❝❦ý❝❤ ♣❛r❛♠❡tr➲ ♠❛t❡r✐á❧➲
❥❡ ❞➲❧❡➸✐té✱ ♥❡❜♦➫ ♥❛ ❥❡❤♦ ③á❦❧❛❞➙ ❥❡ ♠♦➸♥é ✈②t✈á➦❡t ♠♦❞❡❧② ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧♥✳
P♦❞r♦❜♥ý ♣➦❡❤❧❡❞ ③♣➲s♦❜➲ ♠➙➦❡♥í ❦♦♠♣❧❡①♥í❝❤ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❡❧✐↔✐♥ ❥❡ ✉✈❡❞❡♥ ✈
❬✷✹❪✳ ▼♥♦❤♦ ③ ♥✐❝❤ r❡✢❡❦t✉❥❡ ❢❛❦t✱ ➸❡ ♣r♦ ♣♦t➦❡❜② ♠➙➦❡♥í ♥❛ r➲③♥ý❝❤ ✈③♦r❝í❝❤ ❥❡ ♣♦✉➸✐t❛ ♦❞❧✐➨♥á
t❡❝❤♥♦❧♦❣✐❡✱ ♥❛♣➦í❦❧❛❞ ✐ ❦✈➲❧✐ r♦③♠➙r➲♠ ③❦♦✉♠❛♥é❤♦ ✈③♦r❦✉✳ ❱ý↔❡t ③á❦❧❛❞♥í❝❤ ❛ ♥❡❥♣♦✉➸í✈❛✲
♥➙❥➨í❝❤ ♠❡t♦❞ ❥❡ ✉✈❡❞❡♥ ✈ ❬✷✺❪ ❛ ♥❛ ③á❦❧❛❞➙ ♥➙❤♦ ♣♦♣í➨✐ ♥❡❥❜➙➸♥➙❥➨í ♠❡t♦❞② ♠➙➦❡♥í ❦♦♠♣❧❡①♥í
♣❡r♠✐t✐✈✐t②✳
✷✼
✹✳✷✳✶ ❘❡③♦♥❛♥↔♥í ♠❡t♦❞❛
❘❡③♦♥❛♥↔♥í ♠➙➦❡♥í ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② ❥❡ ③❛❧♦➸❡♥♦ ♥❛ ③❥✐➨t➙♥í r❡③♦♥❛♥↔♥í❝❤ ❢r❡❦✈❡♥❝í
✈②❜✉③❡♥ý❝❤ ✈✐❞➲ ❛ ↔✐♥✐t❡❧❡ ❥❛❦♦st✐ r❡③♦♥át♦r✉✳ ◆❛ ③á❦❧❛❞➙ t➙❝❤t♦ ✈❡❧✐↔✐♥ ❥❡ ♣❛❦ ✈②♣♦↔ítá♥❛ ❦♦♠✲
♣❧❡①♥í ♣❡r♠✐t✐✈✐t❛ ❛ ③trát♦✈ý ↔✐♥✐t❡❧ tan δ✳ ❚❛t♦ ♠➙➦❡♥í s❡ ✈②③♥❛↔✉❥í ✈②s♦❦♦✉ ♣➦❡s♥♦stí ✉r↔❡♥í
✈❡❧✐↔✐♥✱ ❛❧❡ ❥❡❥✐❝❤ ♣♦✉➸✐tí ❥❡ ♦♠❡③❡♥é ♣rá✈➙ ♣r♦t♦✱ ➸❡ s❡ ✈③♦r❡❦ ♠✉sí ✈❦❧á❞❛t ❞♦ r❡③♦♥át♦r✉✱ ❝♦➸
❦❧❛❞❡ ♣➦ís♥➙❥➨í ♣♦➸❛❞❛✈❦② ♥❛ ❥❡❤♦ ✈❡❧✐❦♦st ❛ t✈❛r✳
❱③♦r❦② s❡ ✈❦❧á❞❛❥í ❞♦ ③❦❛❧✐❜r♦✈❛♥é❤♦ r❡③♦♥át♦r✉✱ ❦❛❧✐❜r♦✈❛♥é❤♦ ✈③♦r❦❡♠ s❡ ③♥á♠ý♠✐
❤♦❞♥♦t❛♠✐ ♣❡r♠✐t✐✈✐t② ❛ ③trát♦✈é❤♦ ↔✐♥✐t❡❧❡✳ P♦ ✈❧♦➸❡♥í ❞♦ r❡③♦♥át♦r✉ s❡ ③♠➙♥í r❡③♦♥❛♥↔♥í ❢r❡❦✲
✈❡♥❝❡ ❦❛❧✐❜r♦✈❛♥é❤♦ r❡③♦♥át♦r✉ ✐ ❥❡❤♦ ↔✐♥✐t❡❧ ❥❛❦♦st✐✳ ◆❛ ③á❦❧❛❞➙ t➙❝❤t♦ ③❥✐➨t➙♥ý❝❤ ❤♦❞♥♦t ❧③❡
♣♦↔ít❛t ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t✉ ❛ ③trát♦✈ý ↔✐♥✐t❡❧✳
✹✳✷✳✷ ▼➙➦❡♥í ♥❛ ✈❡❞❡♥í
P➦✐ t♦♠t♦ ✉r↔♦✈á♥í ♣❡r♠✐t✐✈✐t② s❡ ✈②✉➸í✈á ✈❧♥♦✈♦❞➲ ♥❡❜♦ ❦♦❛①✐á❧♥í❝❤ ✈❡❞❡♥í✳ ❱③♦r❡❦ ❥❡
✉♠íst➙♥ ♥❛ ❦♦♥❡❝ ✈❡❞❡♥í ❛ ♣♦♠♦❝í ✈❡❦t♦r♦✈é❤♦ ❛♥❛❧②③át♦r✉ s❡ ♠➙➦í ❙✲♣❛r❛♠❡tr② ❛ ♣♦r♦✈♥á✈❛❥í
s❡ s❡ st❛✈❡♠✱ ❦❞② ♥❛ ❦♦♥❝✐ ✈❡❞❡♥í ✈③♦r❡❦ ♥❡♥í✳ ❏❡ ③➦❡❥♠é✱ ➸❡ t❛t♦ ♠❡t♦❞❛ ❥❡ ♥á❝❤②❧♥á ♥❛ s♣♦❥❡♥í
✈③♦r❦✉ s ✈❡❞❡♥í♠✱ ❛ ✈②➸❛❞✉❥❡ ♣r♦t♦ ♣❡↔❧✐✈♦✉ ú♣r❛✈✉ ♠➙➦❡♥é❤♦ ✈③♦r❦✉✳ ❙♣❡❝✐á❧♥í♠ ♣➦í♣❛❞❡♠ ❥❡
♠➙➦❡♥í ③❛ ♣♦✉➸✐tí ❦♦❛①✐á❧♥í❤♦ ✈❡❞❡♥í✱ ❦t❡ré ❥❡ ♥❛ ❦♦♥❝✐ ✉♣r❛✈❡♥♦ ❞♦ r♦✈✐♥②✳ ❚♦t♦ ♠❡➦➙♥í ❥❡ ✈
♣r❛①✐ ↔❛sté ❛ ♣r❛❝✉❥❡ ♥❛ st❡❥♥é♠ ♣r✐♥❝✐♣✉ ❥❛❦♦ ✈ý➨❡ ♣♦♣s❛♥é✳ ❱③♦r❡❦ ❥❡ ✉♠íst➙♥ ♥❛ ❦♦♥❡❝ ✈❡❞❡♥í
❛ ♣♦♠♦❝í ❛♥❛❧②③át♦r✉ ❥s♦✉ ✈②❤♦❞♥♦❝♦✈á♥② ♠➙➦❡♥é ✈❡❧✐↔✐♥②✳
✹✳✷✳✸ ▼➙➦❡♥í ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉
❱ t♦♠t♦ ♣➦í♣❛❞➙ ♥❡♥í ✈③♦r❡❦ ✉③❛✈➦❡♥ ✈❡ s♣❡❝✐á❧♥í♠ ♣➦í♣r❛✈❦✉✱ ❛♥✐ s♣♦❥❡♥ s❡ ③❞r♦❥❡♠
❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ✈❧♥➙♥í✳ ▼➙➦❡♥í ♣r♦❜í❤á ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉✱ ❝♦➸ ❥❡ ✈❡❧♠✐ ♣➦í③♥✐✈é ❝♦ s❡
tý↔❡ ♣♦➸❛❞❛✈❦➲ ♥❛ t✈❛r ❛ ✈❡❧✐❦♦st ✈③♦r❦✉✳ ❏❡❧✐❦♦➸ ♣rá✈➙ t❛t♦ ♠❡t♦❞❛ ❜②❧❛ ♣♦✉➸✐t❛ ♣➦✐ ③❦♦✉♠á♥í
❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧❛st♥♦stí st❛✈❡♥í❝❤ ♠❛t❡r✐á❧➲✱ ❜✉❞❡ s❡ ❥í ✈➙♥♦✈❛t ♣♦❞r♦❜♥➙❥✐ ♥ás❧❡❞✉❥í❝í
❦❛♣✐t♦❧❛ ✹✳✸✳
✷✽
✹✳✸ ▼➙➦❡♥í ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉
▼➙➦❡♥í ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉ ✭❛♥❣❧✐❝❦② ❋r❡❡ s♣❛❝❡ ♠❡❛s✉r❡♠❡♥t✮ ❥❡ ❥❡❞♥❛ ③ ♥❡❞❡str✉❦✲
t✐✈♥í❝❤ ♠❡t♦❞ ③❦♦✉♠á♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧❛st♥♦stí ❧át❡❦✳ ❙ ✈ý❤♦❞♦✉ ♠➲➸❡ ❜ýt ✈②✉➸✐t❛ ✈
♥❡♣➦í③♥✐✈ý❝❤ ♣♦❞♠í♥❦á❝❤✱ ♥❛♣➦í❦❧❛❞ ♣➦✐ ♠➙➦❡♥í ♠❛t❡r✐á❧➲✱ ❦t❡ré ♠❛❥í ✈②s♦❦♦✉ t❡♣❧♦t✉ ❬✷✻❪✳ ❆♣❛✲
r❛t✉r❛ ♣r♦ t❛❦♦✈é ♠➙➦❡♥í s♣♦↔í✈á ✈❡ ✈②sí❧❛❝í ❛ ♣➦✐❥í♠❛❝í ❛♥té♥➙✱ ♠❡③✐ ❦t❡ré ❥❡ ✉♠íst➙♥ ③❦♦✉♠❛♥ý
✈③♦r❡❦✳ Pr♦ t♦t♦ ♠➙➦❡♥í ❥❡ ③ás❛❞♥í s♣rá✈♥á ❦❛❧✐❜r❛❝❡ ❛♣❛r❛t✉r② ❛ t❛❦é s♣rá✈♥á ✈♦❧❜❛ ❛♥té♥ ♣r♦
❦♦♥❦rét♥í ❦♠✐t♦↔t②✳ ❚❛t♦ ♠❡t♦❞❛ ❥❡ ✈ý❤♦❞♥á ✐ ♣➦✐ ♠➙➦❡♥í ✈③♦r❦➲ ✈➙t➨í❝❤ r♦③♠➙r➲ ❦❞② ♥❡♥í ♥✉t♥á
❥❡❥✐❝❤ s♣❡❝✐á❧♥í ú♣r❛✈❛✳ ▼➙➦í❝í ❛♣❛r❛t✉r❛ ♣♦✉➸í✈❛♥á ♣r♦ t❡♥t♦ t②♣ ♠➙➦❡♥í ❥❡ s♥❛❞♥♦ ✐♥st❛❧♦✈❛t❡❧♥á✱
♣➦í♣❛❞♥➙ ❥✐ ❧③❡ s♥❛❞♥♦ tr❛♥s♣♦rt♦✈❛t ❛ ♠♦❞✐✜❦♦✈❛t✳ ◆❛ ❞r✉❤♦✉ str❛♥✉ ❥❡ t❛t♦ ♠❡t♦❞❛ ♥á❝❤②❧♥á
♥❛ ✈♥➙❥➨í r✉➨❡♥í✱ ❦❞② ♠➲➸❡ ❞♦❝❤á③❡t ❦❡ ③❦r❡s❧❡♥í ✈ýs❧❡❞❦➲ ♦❦♦❧♥í♠✐ ✈❧✐✈②✳
❱ý❤♦❞② ♠➙➦❡♥í ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉ ♦♣r♦t✐ ♦st❛t♥í♠ ♣➦íst✉♣➲♠✿
❼ ♠♦➸♥♦st ♠➙➦✐t ✐ ♣➦✐ ✈②s♦❦ý❝❤ ❢r❡❦✈❡♥❝í❝❤
❼ ♥❡❞❡str✉❦t✐✈♥í ♠❡t♦❞❛
❼ ♠➙➦❡♥í ✈③♦r❦✉ ✈ ♥❡♣➦í③♥✐✈ý❝❤ ♣♦❞♠í♥❦á❝❤
❼ ♠♦➸♥♦st ③ís❦á♥í ❡❧❡❦tr✐❝❦ý❝❤ ✐ ♠❛❣♥❡t✐❝❦ý❝❤ ♣❛r❛♠❡tr➲ ✈③♦r❦✉
◆❡✈ý❤♦❞②✿
❼ ✈②➸❛❞✉❥❡ r♦③♠➙r♥ý✱ ♣❧♦❝❤ý ❛ ❤❧❛❞❦ý ✈③♦r❡❦
❼ ❞❛t❛ ❥s♦✉ ③❛tí➸❡♥❛ ✈í❝❡❝❡st♥ý♠ ➨í➦❡♥í♠ s✐❣♥á❧✉ ♠❡③✐ ❛♥té♥❛♠✐ ❛ ♥➙❦♦❧✐❦❛♥ás♦❜♥ý♠✐ ♦❞r❛③②
♠❡③✐ ❛♥té♥♦✉ ❛ s❛♠♦t♥ý♠ ✈③♦r❦❡♠✱ ❥❡ t➦❡❜❛ ✉♣r❛✈✐t ♠➙➦í❝í ♣r❛❝♦✈✐➨t➙✱ ❡❧✐♠✐♥♦✈❛t ♦❞r❛③②
♣♦♠♦❝í ❛❜s♦r❜ér➲ ❛ ♥ás❧❡❞♥➙ ✐ ♣♦↔ít❛↔♦✈➙ ✉♣r❛✈✐t ❛ ✜❧tr♦✈❛t
❼ ♠➲➸❡ ❞♦❝❤á③❡t ❦ ❞✐❢r❛❦❝✐ ♥❛ ❤r❛♥á❝❤ ✈③♦r❦✉
Pr♦ ♠➙➦❡♥í ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉ ③❛ ♣♦✉➸✐tí ✈❡❦t♦r♦✈é❤♦ ❛♥❛❧②③át♦r✉ ❥❡ t➦❡❜❛ ❦❧ást ❞➲✲
r❛③ ♥❛ ♦❞str❛♥➙♥í ✈➙t➨✐♥② s②st❡♠❛t✐❝❦ý❝❤ ❝❤②❜ ③ ♠➙➦í❝í❤♦ s②sté♠✉ ✈❤♦❞♥♦✉ ❦❛❧✐❜r❛↔♥í ♠❡t♦❞♦✉✱
✷✾
♥❛♣➦í❦❧❛❞ t③✈✳ ❚❖❙▼ ✭❚❤r♦✉❣❤✲❖♣❡♥✲❙❤♦rt✲▼❛t❝❤✮✳ ❩ís❦❛♥á ❞❛t❛ ❥❡ ♣❛❦ t➦❡❜❛ ❥❡➨t➙ ♣♦↔ít❛↔♦✈➙
✉♣r❛✈✐t ❛ ✈②✜❧tr♦✈❛t✱ ♥❡➸ ③ ♥✐❝❤ ❜✉❞❡ ♠♦➸♥é ③❥✐st✐t ❛ ✈②♣♦↔ít❛t ➸á❞❛♥é ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é ♣❛r❛✲
♠❡tr②✳ ❚❡♥t♦ ✈❡ ③❦r❛t❝❡ ♣♦♣s❛♥ý ♣r♦❝❡s ❜✉❞❡ ♥②♥í ♣♦❞♦❜♥➙ ♣♦♣sá♥ ❛ ♦❜❥❛s♥➙♥✳
✹✳✸✳✶ ▼➙➦í❝í st❛♥♦✈✐➨t➙
Pr♦ ③ís❦á♥í ❞♦st❛t❡↔♥é❤♦ ♠♥♦➸st✈í ❞❛t ❜②❧♦ t➦❡❜❛ ♥❛✈r❤♥♦✉t ❛ s❡st❛✈✐t ♠➙➦í❝í ❛♣❛r❛t✉r✉✱
❦t❡rá ❜✉❞❡ ✈②❤♦✈♦✈❛t ❥❡❞♥❛❦ ③ ❤❧❡❞✐s❦❛ r♦③s❛❤✉ ③❛♠ý➨❧❡♥ý❝❤ ❢r❡❦✈❡♥❝í✱ ❞á❧❡ ❜✉❞❡ ♣♦s❦②t♦✈❛t
❦✈❛❧✐t♥í ❛ ♦♣❛❦♦✈❛t❡❧♥é ③á③♥❛♠②✳ ❱ ♥❡♣♦s❧❡❞♥í ➦❛❞➙ ❜②❧♦ t➦❡❜❛ ❜rát ③➦❡t❡❧ ♥❛ ♠♦➸♥♦st✐ ❦❛t❡❞r②
str❛♥ ✈②❜❛✈❡♥í ❛ ♣r♦st♦r✉✳
❈❡❧á s❡st❛✈❛ ❜②❧❛ ✉♠íst➙♥❛ ♥❛ ♦♣t✐❝❦é♠ st♦❧❡ ✈ ❧❛❜♦r❛t♦➦✐ ❇✷✲✻✷✻ ♥❛ ❢❛❦✉❧t➙ ❡❧❡❦tr♦✲
t❡❝❤♥✐❝❦é ✈ ♣r❛➸s❦ý❝❤ ❉❡❥✈✐❝í❝❤✳ ❩á❦❧❛❞♥í♠ ❦❛♠❡♥❡♠ ❜②❧ ✹✲♣♦rt♦✈ý ✈❡❦t♦r♦✈ý ❛♥❛❧②③át♦r ✭❱◆❆
✲ ❱❡❝t♦r ◆❡t✇♦r❦ ❆♥❛❧②③❡r✮ ❩❱❆ ✻✼ ♦❞ ❘♦❤❞❡ ✫ ❙❝❤✇❛r③ ❬✷✼❪✱ ❦t❡rý ✉♠♦➸➡✉❥❡ ♠➙➦❡♥í ✈ r♦③✲
s❛❤✉ ✶✵ ▼❍③ ✲ ✻✼ ●❍③✳ ❱❡❦t♦r♦✈ý ❛♥❛❧②③át♦r ❜②❧ ♣r♦♣♦❥❡♥ ❦❛❜❡❧② s ❞✈♦❥✐❝í tr②❝❤tý➦♦✈ý❝❤ ❛♥té♥
✉r↔❡♥ý❝❤ ♣r♦ ❢r❡❦✈❡♥❝❡ ③❤r✉❜❛ ✹ ●❍③ ✲ ✺✵ ●❍③✳ ❚②t♦ ❛♥té♥② ❜②❧② ✉♠íst➙♥② ♥❛ ❧✐➨t➙ ✈ ♣♦s✉✈✲
♥ý❝❤ ú❝❤②t❡❝❤✱ ❛❜② s❡ ❞❛❧❛ ✈❡❧♠✐ ♣➦❡s♥➙ ♥❛st❛✈✐t ❥❡❥✐❝❤ ✈③❞á❧❡♥♦st ♦❞ ♦❜♦✉ str❛♥ ✈③♦r❦✉✳ ▼❡③✐
❛♥té♥❛♠✐ ❜②❧ ✈❡ s♣❡❝✐á❧♥í♠ ❞r➸á❦✉ ✉♠íst➙♥ ✈③♦r❡❦ ♠❛t❡r✐á❧✉ t❛❦✱ ❛❜② s❡ ♥❛❝❤á③❡❧ ♣➦❡s♥➙ ♠❡③✐
❛♥té♥❛♠✐ ❛ ❜②❧ ❦♦♠♦ ♥❛ ❞♦♣❛❞❛❥í❝í r♦✈✐♥♥♦✉ ✈❧♥✉✳ ❖❜rá③❡❦ ✹✳✶ ✉❦❛③✉❥❡ s❝❤é♠❛ ♠➙➦í❝í ❛♣❛r❛t✉r②
✈↔❡t♥➙ ♠➙➦❡♥ý❝❤ ❙✲♣❛r❛♠❡tr➲✳
✸✵
❖❜rá③❡❦ ✹✳✶✿ ❙❝❤é♠❛ ♠➙➦í❝í❤♦ st❛♥♦✈✐➨t➙
✹✳✸✳✷ Pr✐♥❝✐♣ ♠➙➦❡♥í ❛ ♣♦✉➸✐té ♣➦ístr♦❥❡
Pr✐♥❝✐♣ s❛♠♦t♥é❤♦ ♠➙➦❡♥í ❥❡ ♣♦♠➙r♥➙ ❥❡❞♥♦❞✉❝❤ý✳ ❖❜➙ ❛♥té♥② ✈②➨❧♦✉ s✐❣♥á❧ ❛ ❱◆❆
✈②❤♦❞♥♦tí ♦❞r❛③ ✈❧❛st♥í❤♦ s✐❣♥á❧✉ ❦❛➸❞é ❛♥té♥② ♦❞ ♠❛t❡r✐á❧✉ ✭❙✶✶ ❛ ❙✷✷✮ ❛ t❛❦é ✈②❤♦❞♥♦tí s✐❣♥á❧✱
❦t❡rý ♣➦✐❥♠❡ ❥❡❞♥❛ ❛♥té♥❛ ♦❞ ❞r✉❤é ✭❙✶✷ ❛ ❙✷✶✮✳ ❚❡♥t♦ ♣r✐♥❝✐♣ ♥á♠ t❡❞② ♣♦s❦②t♥❡ ❞❛t❛ ♦ ♦❞r❛③✉
❛ út❧✉♠✉ s✐❣♥á❧✉ ✈ ♠❛t❡r✐á❧✉✳
❆↔❦♦❧✐✈ ❥❡ ♣r✐♥❝✐♣ ♠➙➦❡♥í tr✐✈✐á❧♥í✱ ♣r❛❦t✐❝❦á r❡❛❧✐③❛❝❡ s s❡❜♦✉ ♥❡s❡ r➲③♥á ús❦❛❧í✳ ❱
♣r✈♥í ➦❛❞➙ ♠✉sí ❜ýt ✈③♦r❡❦ ✉❝❤②❝❡♥ t❛❦✱ ❛❜② ♥❛ ♥➙❥ ✈❧♥➙♥í ❞♦♣❛❞❛❧♦ ❦♦❧♠♦✳ Pr➲❤②❜✱ ➨♣❛t♥é
✉❝❤②❝❡♥í ♥❡❜♦ ♥❡r♦✈♥♦st ♠❛t❡r✐á❧✉ ✈♥❡s❡ ♥❡♣➦❡s♥♦st ❞♦ ③♠➙➦❡♥ý❝❤ ❞❛t✳ ❱③♦r❦② ♠✉sí ❜ýt t❛❦é
❞♦st❛t❡↔♥➙ ✈❡❧✐❦é ❛ ✈ ❞♦st❛t❡↔♥é ✈③❞á❧❡♥♦st✐ ♦❞ ❛♥té♥✱ ❛❜② s❡ ❝♦ ♥❡❥✈í❝❡ ❡❧✐♠✐♥♦✈❛❧❛ ❞✐❢r❛❦❝❡ ✈❧♥②
♥❛ ❤r❛♥á❝❤ ♠❛t❡r✐á❧✉✱ ③❡❥♠é♥❛ ♥❛ ♥✐➸➨í❝❤ ❢r❡❦✈❡♥❝í❝❤✳ ❏❛❦♦ ♠✐♥✐♠á❧♥í r♦③♠➙r② ❞❡s❦② ♠➙➦❡♥é❤♦
✈③♦r❦✉ ✭✈ý➨❦❛✱ ➨í➦❦❛✮ R s❡ ♣♦✈❛➸✉❥❡ R = 10λ ❬♠❪✳
✸✶
❱ ♥❡♣♦s❧❡❞♥í ➦❛❞➙ ❥❡ t➦❡❜❛ ❞➲❦❧❛❞♥➙ ③❛♣❧♥✐t ♣r♦st♦r ✈ ♦❦♦❧í ❛♥té♥ ❛❜s♦r❜ér②✱ ♥❡❜♦➫ ❦
♦❞r❛③➲♠ ❞♦❝❤á③í ♥❡❥❡♥ ♦❞ s❛♠♦t♥é❤♦ ✈③♦r❦✉✱ ❛❧❡ ♣r❛❦t✐❝❦② ♦❞ ✈➨❡❝❤ ♣➦❡❞♠➙t➲ ♦❦♦❧♦✱ t❡❞② ♦❞
st♦❧✉ ❛ ♦❞ ✉♣í♥❛❝í❤♦ ♠❡❝❤❛♥✐s♠✉ ♥❡❜♦ ♦❞ ✈❡❦t♦r♦✈é❤♦ ❛♥❛❧②③át♦r✉✳ ❚♦ ♠á ③❛ ♥ás❧❡❞❡❦ ✈③♥✐❦
✈í❝❡❝❡st♥é❤♦ ➨í➦❡♥í s✐❣♥á❧✉ ❛ ♣❛r❛③✐t♥í❝❤ ♦❞r❛③➲✱ ❦t❡ré s❡ s✉♣❡r♣♦♥✉❥í ♥❛ ✉➸✐t❡↔♥ý s✐❣♥á❧ ❛ ✈♥á➨í
t❛❦ ❞❛❧➨í ♥❡♣➦❡s♥♦st✐ ❞♦ ♠➙➦❡♥í✳ ❉♦❞❛t❡↔♥♦✉ ♠♦➸♥♦stí✱ ❥❛❦ ❡❧✐♠✐♥♦✈❛t ♥❡➸á❞♦✉❝í ♦❞r❛③② ❥❡ ♣♦✲
✉➸✐tí ♣♦↔ít❛↔♦✈é❤♦ ♣♦st✲♣r♦❝❡s✐♥❣✉ ❦ ú♣r❛✈➙ ❛ ✜❧tr❛❝✐ ❞❛t✳ P➦í♣r❛✈❛ st❛♥♦✈✐➨t➙ ③ t➙❝❤t♦ ❞➲✈♦❞➲
✈②➸❛❞✉❥❡ ③✈ý➨❡♥♦✉ ♦str❛➸✐t♦st ❛ ③❛❜❡r❡ ♣♦❞st❛t♥♦✉ ↔ást ↔❛s✉ ❝❡❧é❤♦ ♠➙➦❡♥í✳ ◆ás❧❡❞✉❥í❝í ♦❜rá③❦②
✹✳✷ ③❛❝❤②❝✉❥í s❡st❛✈❡♥♦✉ ❛♣❛r❛t✉r✉ ✈❡ ➨❦♦❧♥í ❧❛❜♦r❛t♦➦✐✳ ❱❡❦t♦r♦✈ý ❛♥❛❧②③át♦r ❥❡ ✉♠íst➙♥ ❜❧í③❦♦
♠➙➦í❝í♠✉ st❛♥♦✈✐➨t✐ ❦✈➲❧✐ ❞é❧❝❡ ♣♦✉➸✐tý❝❤ ❦❛❜❡❧➲✳ ❙♥❛❤❛ ❜②❧❛ t♦t✐➸ ♠ít ♣➦í✈♦❞♥í ❦❛❜❡❧② ❝♦ ♥❡❥✲
❦r❛t➨í ❦✈➲❧✐ ❥❡❥✐❝❤ út❧✉♠✉ ❛ ❢á③♦✈é ♥❡stá❧♦st✐✳ ▼➙➦❡♥í ❜②❧♦ ♥➙❦♦❧✐❦rát ♥✉t♥é ♦♣❛❦♦✈❛t✱ ♣r♦t♦➸❡ ♣➦✐
♣♦❤♥✉tí s ❦❛❜❡❧② s❡ ♠➙♥✐❧❛ ❢á③❡ ❛ ♠➙➦❡♥í t❛❦ ❜②❧♦ ③♥❡❤♦❞♥♦❝❡♥♦✳ ❑❛t❛❧♦❣♦✈ý ❧✐st s t②♣✐❝❦ý♠✐
s♣❡❝✐✜❦❛❝❡♠✐✱ út❧✉♠② ❛ ❢á③♦✈ý♠✐ ♣♦s✉♥② ❦❛❜❡❧➲ ❥❡ ❦ ❞✐s♣♦③✐❝✐ ✈ ❬✷✽❪✳
❖❜rá③❡❦ ✹✳✷✿ ▼➙➦í❝í st❛♥♦✈✐➨t➙
✸✷
✹✳✸✳✷✳✶ ❱❡❦t♦r♦✈ý ❛♥❛❧②③át♦r ❘♦❤❞❡ ✫ ❙❝❤✇❛r③ ❩❱❆✻✼
❱❡❦t♦r♦✈ý ❛♥❛❧②③át♦r ❥❡ ③❛➦í③❡♥í ✉r↔❡♥é ♣r✐♠ár♥➙ ❦ ♠➙➦❡♥í r♦③♣t②❧♦✈ý❝❤ ♣❛r❛♠❡tr➲
③❦♦✉♠❛♥é❤♦ s②sté♠✉✳ ❚②t♦ ✈❡❧✐↔✐♥② ♦③♥❛↔✉❥❡♠❡ ❙✲♣❛r❛♠❡tr② ❛ ✈➙♥♦✈❛❧❛ s❡ ❥✐♠ ❝❡❧á ❦❛♣✐t♦❧❛ ✹✳✶✳
❉❛❧➨í ♦❞✈♦③❡♥í ❛ ➨✐r➨í ✈②s✈➙t❧❡♥í ❧③❡ ♥❛❧é③t ♥❛♣➦í❦❧❛❞ ✈ ❬✷✵❪ ♥❡❜♦ ❬✷✾❪✳ ❱ý③♥❛♠ ❙✲♣❛r❛♠❡tr➲ ✈
s♦✉✈✐s❧♦st✐ s ♠➙➦❡♥í♠ ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉ ✐❧✉str✉❥❡ ♦❜rá③❡❦ ✹✳✶✳
❱❡❦t♦r♦✈ý ❛♥❛❧②③át♦r ✉♠♦➸➡✉❥❡ ♠➙➦✐t s♣❡❦tr✉♠ ♥➙❦♦❧✐❦❛ ❞❡❦á❞ ❛ ③❥✐➨➫♦✈❛t t❛❦ ♦❞r❛③ ❛
út❧✉♠ ✈ ➨✐r♦❦é♠ ❢r❡❦✈❡♥↔♥í♠ ♣ás♠✉✳ ❱❡❦t♦r♦✈ý ❛♥❛❧②③át♦r ❘♦❤❞❡ ✫ ❙❝❤✇❛r③ ❩❱❆✻✼ ❥❡ ✹ ❦❛✲
♥á❧♦✈ý ✈❡❦t♦r♦✈ý ❛♥❛❧②③át♦r✱ ❦t❡rý ❜❡③ ❞♦❞❛t❡↔♥é❤♦ ✈②❜❛✈❡♥í ✉♠♦➸➡✉❥❡ ♠➙➦❡♥í ❛➸ ❞♦ ✻✼ ●❍③✳
❩❱❆✻✼ r❡❛❧✐③✉❥❡ ✈❡❧♠✐ ♣♦❦r♦↔✐❧á ♠➙➦❡♥í ❛ ❞í❦② ✉➸✐✈❛t❡❧s❦é♠✉ ♣r♦st➦❡❞í ♥❛ ❜á③✐ ❲✐♥❞♦✇s ♣♦s❦②✲
t✉❥❡ ✐♥t✉✐t✐✈♥í ♠♦➸♥♦st✐ ♦✈❧á❞á♥í✳
P➦❡❞ ♠➙➦❡♥í♠ ❥❡ ♥✉t♥é ✈❡❦t♦r♦✈ý ❛♥❛❧②③át♦r ③❦❛❧✐❜r♦✈❛t s❛❞♦✉ r❡❢❡r❡♥↔♥í❝❤ ❦❛❧✐❜r❛↔✲
♥í❝❤ st❛♥❞❛r❞➲✳ ❙❛❞♦✉ st❛♥❞❛r❞➲ ❥❡ ♥✉t♥é ❱◆❆ ③❦❛❧✐❜r♦✈❛t ♣➦❡❞ ❦❛➸❞ý♠ ♠➙➦❡♥í♠ ❛ ♣♦t❧❛↔✐t
t❛❦ ➦❛❞✉ s②st❡♠❛t✐❝❦ý❝❤ ❝❤②❜✳ ❱ýst✉♣❡♠ ♠➙➦❡♥í ❥s♦✉ ❢♦r♠át♦✈❛♥á ♥❡❜♦ ♥❡❢♦r♠át♦✈❛♥á ❞❛t❛✳
◆❡❢♦r♠át♦✈❛♥á ❞❛t❛ ❥s♦✉ s✉r♦✈á ❞❛t❛ ❜❡③ ❥❛❦ý❝❤❦♦❧✐ ú♣r❛✈✱ t❡❞② ③♠➙➦❡♥é ❙✲♣❛r❛♠❡tr②✳ ❋♦r♠á✲
t♦✈❛♥á ❞❛t❛ ❥s♦✉ ❙✲♣❛r❛♠❡tr②✱ ✉♣r❛✈❡♥é ❛♥❛❧②③át♦r❡♠ ♣♦♠♦❝í r➲③♥ý❝❤ ♠❛t❡♠❛t✐❝❦ý❝❤ ♦♣❡r❛❝í✱
♥❛♣➦í❦❧❛❞ ✜❧tr♦✈á♥í ✲ ❣❛t✐♥❣✱ ✈②❤❧❛③❡♥í ✲ s♠♦♦t❤✐♥❣✱ ❋♦✉r✐❡r♦✈❛ tr❛♥s❢♦r♠❛❝❡ ❛ ❞❛❧➨í✳ ▼♦➸♥ý♠✐
✈ýst✉♣♥í♠✐ ❢♦r♠át② ❥s♦✉ t♦✉❝❤st♦♥❡ ✭✳s♥♣ ✲ ♥❛♣➦✳ ✳s✶♣✱ ✳s✷♣ ✲ ❞❧❡ t♦❤♦✱ ♥❛ ❦♦❧✐❦❛ ♣♦rt❡❝❤ s❡
♠➙➦í✮ ♥❡❜♦ ✳❝s✈✱ ❞♦ ❦t❡ré❤♦ ❥❡ ♠♦➸♥é ✉❦❧á❞❛t ❢♦r♠át♦✈❛♥á ❞❛t❛✳ ❖❜❛ ❢♦r♠át② ♣♦s❦②t✉❥í ✐♥❢♦r✲
♠❛❝❡ ♦ ❛♠♣❧✐t✉❞➙ ✐ ❢á③✐ s✐❣♥á❧➲ ✈❡ ❢r❡❦✈❡♥↔♥í ♦❜❧❛st✐✳ ❩ís❦❛♥á ❞❛t❛ ♦❜s❛❤✉❥í ❞♦st❛t❡❦ ✐♥❢♦r♠❛❝í
❛ ❥s♦✉ t❛❦ ❞♦❜rý♠ ③á❦❧❛❞❡♠ ♣r♦ ❞❛❧➨í ✈ý③❦✉♠✳
✹✳✸✳✷✳✷ ❆♥té♥②
Pr♦ ♠➙➦❡♥í ❜②❧❛ ♣♦✉➸✐t❛ ❞✈♦❥✐❝❡ st❡❥♥ý❝❤ ❛♥té♥ ❉❘❍✺✵ ♦❞ ✜r♠② ❘❋s♣✐♥✳ ❚②t♦ ❛♥té♥②
❥s♦✉ ✉r↔❡♥② ♣r♦ ♠➙➦❡♥í ✈ ♣ás♠✉ ✹✱✺ ●❍③ ✕ ✺✵ ●❍③✳ ❈❡❧ý ❦❛t❛❧♦❣♦✈ý ❧✐st ❥❡ ❦ ♥❛❤❧é❞♥✉tí ✈
❬✸✵❪✳ ❩ás❛❞♥í ❥❡ ❦r♦♠➙ r♦③s❛❤✉ t❛❦é ✈②③❛➦♦✈❛❝í ❝❤❛r❛❦t❡r✐st✐❦❛✱ ❦t❡rá s❡ ♥❛ r➲③♥ý❝❤ ❢r❡❦✈❡♥❝í❝❤
♠➲➸❡ ③♥❛↔♥➙ ❧✐➨✐t✳ ❉➲❧❡➸✐tá ❥❡ ③❡❥♠é♥❛ ✈ s♦✉✈✐s❧♦st✐ s r♦③♠➙r② ♠➙➦❡♥é❤♦ ✈③♦r❦✉✳ ❏❛❦ ❥❡ t♦t✐➸
✈✐❞➙t ♥❛ ♦❜rá③❦✉ ✹✳✸✱ s ✈②➨➨í ❢r❡❦✈❡♥❝í s❡ ✈②③❛➦♦✈❛❝í s✈❛③❡❦ ③✉➸✉❥❡✳ ◆❛ ♥✐➸➨í❝❤ ❢r❡❦✈❡♥❝í❝❤ t❛❦
✸✸
❡①✐st✉❥❡ r✐③✐❦♦✱ ➸❡ ❤❧❛✈♥í s✈❛③❡❦ ❜✉❞❡ ♣➦❡③❛➦♦✈❛t ♣➦❡s ♦❦r❛❥❡ ✈③♦r❦✉✱ ❛ ③❦r❡s❧í ♠➙➦❡♥í✳ ❆♥té♥② ❜②❧②
✉♠íst➙♥② ✈❡ st❡❥♥é ✈ý➨❝❡ ♥❛❞ ♣r❛❝♦✈♥í ♣❧♦❝❤♦✉ ❛ ❜②❧② ♦❜➙ st❡❥♥➙ ✈③❞á❧❡♥é ♦❞ ♣➦✐❧é❤❛❥í❝í str❛♥②
r❡❢❡r❡♥↔♥í ❞❡s❦②✱ ♣♦♠♦❝í ❦t❡ré s❡ ✈③❞á❧❡♥♦st st❛♥♦✈♦✈❛❧❛✳ ❏❡❞♥❛ ③ ❛♥té♥ ❜②❧❛ ♣➦✐❝❤②❝❡♥❛ ♣❡✈♥➙
♥❛ ♠íst➙✱ ❞r✉❤á ❜②❧❛ ✉♣❡✈♥➙♥❛ ✈ ♠❡❝❤❛♥✐s♠✉✱ ❦t❡rý ✉♠♦➸➡♦✈❛❧ ❥❡♠♥ý ♣♦s✉✈ ❦✈➲❧✐ ❞♦❧❛❞➙♥í
st❡❥♥ý❝❤ ✈③❞á❧❡♥♦stí✳
❖❜rá③❡❦ ✹✳✸✿ P➦í❦❧❛❞② ✈②③❛➦♦✈❛❝í❝❤ ❝❤❛r❛❦t❡r✐st✐❦ ❛♥té♥② ❉❘❍✺✵ ♣r♦ ✺ ●❍③ ❛ ✺✵ ●❍③ ❬✸✵❪
✹✳✸✳✸ ❚❖❙▼ ❦❛❧✐❜r❛❝❡
❚❖❙▼ ③ ❛♥❣❧✐❝❦é❤♦ ❚❤r♦✉❣❤✲❖♣❡♥✲❙❤♦rt✲▼❛t❝❤ ❥❡ ♠❡t♦❞❛ ❦❛❧✐❜r❛❝❡ ❱◆❆ ❛ ✈❡❞❡♥í ❞❡✲
✜♥♦✈❛♥ý♠✐ ❦❛❧✐❜r❛↔♥í♠✐ st❛♥❞❛r❞②✳ ❚②t♦ st❛♥❞❛r❞② s❡ ✐♥st❛❧✉❥í ♥❛ ❦♦♥❡❝ ❦♦❛①✐á❧♥í❤♦ ✈❡❞❡♥í ✈
úr♦✈♥✐ ③❛♠ý➨❧❡♥ý❝❤ r❡❢❡r❡♥↔♥í❝❤ r♦✈✐♥✳ ❑❛❧✐❜r❛❝❡ ❥❡ ↔ást❡↔♥➙ ❛✉t♦♠❛t✐③♦✈á♥❛ ✈❡ ❋✐r♠✇❛r✉ ❱◆❆✳
◆❛ ③á❦❧❛❞➙ ③♥❛❧♦st✐ ❛♥❛❧②t✐❝❦ý❝❤ ♠♦❞❡❧➲ ❥❡❞♥♦t❧✐✈ý❝❤ st❛♥❞❛r❞➲ ❛ ♠➙➦❡♥í ❞❛♥ý❝❤ ❡❧❡❦tr♦♠❛❣✲
♥❡t✐❝❦ý❝❤ ❝❤❛r❛❦t❡r✐st✐❦ ✉♠íst➙♥ý❝❤ ♥❛ ❦♦♥❝✐ ✈❡❞❡♥í✱ ♠➲➸❡ ❱◆❆ ✈②♣♦↔ít❛t ❝❤②❜♦✈ý ♠♦❞❡❧ ❝❡❧é
❦❛❧✐❜r♦✈❛♥é tr❛s② ❛ ♣r♦✈ést ❦♦r❡❦❝✐ ♠➙➦❡♥ý❝❤ ❞❛t t❛❦✱ ❛❜② ❜②❧❛ ♦❞str❛♥➙♥❛ ♣♦❞st❛t♥á ✈➙t➨✐♥❛ s②s✲
t❡♠❛t✐❝❦ý❝❤ ❝❤②❜ ♠➙➦❡♥í✳ Pr♦✈❡❞❡♥í♠ ❚❖❙▼ ❦❛❧✐❜r❛❝❡ s❡ ♣♦s✉♥❡ r❡❢❡r❡♥↔♥í r♦✈✐♥❛ ♥❛ ❦❛➸❞é♠
♣♦rt✉ ♥❛ ❦♦♥❡❝ ✈❡❞❡♥í✱ r❡s♣❡❦t✐✈❡ ❞♦ ❜♦❞✉✱ ❦❞❡ ❥❡ ✉♠íst➙♥ ❦❛❧✐❜r❛↔♥í st❛♥❞❛r❞✳ ❱ ♣➦í♣❛❞➙ ♠➙➦❡♥í
✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉ ❞♦❥❞❡ ♣♦s✉♥✉tí r❡❢❡r❡♥↔♥í r♦✈✐♥② ❞♦ ❦♦♥❡❦t♦r➲ ❛♥té♥②✳ ❑❛❧✐❜r❛↔♥í st❛♥❞❛r❞②
❥s♦✉ ❞❡✜♥♦✈á♥② ③❥❡❞♥♦❞✉➨❡♥➙ t❛❦t♦ ❬✷✻❪✿
✸✹
❼ ❙❤♦rt ♣➦❡❞st❛✈✉❥❡ ❦♦♥❡❝ ✈❡❞❡♥í s ❦♦❡✜❝✐❡♥t❡♠ ♦❞r❛③✉ R = −1✳
❼ ❖♣❡♥ ♣➦❡❞st❛✈✉❥❡ ♦t❡✈➦❡♥ý ❦♦♥❡❝ s ❦♦❡✜❝✐❡♥t❡♠ ♦❞r❛③✉ R = 1✳
❼ ▼❛t❝❤ s✐♠✉❧✉❥❡ ✐♠♣❡❞❛♥↔♥➙ ❞♦❦♦♥❛❧❡ ♣➦✐③♣➲s♦❜❡♥ý ❦♦♥❡❝ ✈❡❞❡♥í✳
❼ ❚❤r♦✉❣❤ ❥❡ ♣❛❦ s♣♦❥❡♥í ✈❡❞❡♥í s ♣➦❡s♥➙ ❞❡✜♥♦✈❛♥ý♠ út❧✉♠❡♠ ❛ ❡❧❡❦tr✐❝❦♦✉ ❞é❧❦♦✉✳
❩❡ ③♥❛❧♦st✐ t➙❝❤t♦ ♠➙➦❡♥í ❞♦❦á➸❡ ❱◆❆ ♣♦t❧❛↔✐t ✈❧✐✈ ✈❡❞❡♥í ❛ ❦♦♥❡❦t♦r➲ ❛ ♣♦s✉♥♦✉t r❡❢❡r❡♥↔♥í
r♦✈✐♥② ♥❛ ♠íst♦✱ ❦❛♠ s❡ ♣➦✐♣♦❥✉❥í ❦❛❧✐❜r❛↔♥í st❛♥❞❛r❞②✱ t❡❞② ♥❛ ❦♦♥❡❝ ❦♦❛①✐á❧♥í❤♦ ✈❡❞❡♥í✳
✹✳✹ ▼➙➦❡♥é ✈③♦r❦② st❛✈❡❜♥í❝❤ ♠❛t❡r✐á❧➲
Pr♦ ♠➙➦❡♥í ❜②❧② ③✈♦❧❡♥② ❜➙➸♥é st❛✈❡❜♥í ♣r✈❦②✳ ❚♦ ③❡❥♠é♥❛ ③ ❞➲✈♦❞✉ ❥❡❥✐❝❤ ↔❛sté❤♦
✈ýs❦②t✉ ❛ t❡❞② s✐❧♥é ♠♦t✐✈❛❝❡ ③♥át ❥❡❥✐❝❤ ❡❧❡❦tr✐❝❦é ♣❛r❛♠❡tr②✳ ❩❛❞r✉❤é ❥s♦✉ t②t♦ ✈③♦r❦② ♣♦♠➙r♥➙
❦♦♠♣❛❦t♥í ❛ ♠♦❜✐❧♥í ❛ ❧③❡ ❥❡ s♥❛❞♥♦ ♣➦❡♥á➨❡t ❛ s♥❛❞♥♦ ❥❡ ✉♠íst✐t ♠❡③✐ ❛♥té♥②✳
❱ ❧❛❜♦r❛t♦➦✐ ❜②❧♦ ③♠➙➦❡♥♦ ❛s✐ ❞❡s❡t ✈③♦r❦➲ st❛✈❡❜♥í❝❤ ♠❛t❡r✐á❧➲✳ ❱③♦r❦② ♠❛❥í ❦✈➲❧✐
♣♦r♦✈♥❛t❡❧♥♦st✐ st❡❥♥é r♦③♠➙r② ❛ t♦ ✻✵ ❝♠ × ✻✵ ❝♠ ❛ r➲③♥é t❧♦✉➨➫❦②✳ ❏❛❦♦ r❡❢❡r❡♥↔♥í r♦✈✐♥❛ ♣r♦
✈③❞á❧❡♥♦st ❛♥té♥ ❜②❧ ❜rá♥ st➦❡❞ r❡❢❡r❡♥↔♥í ❦♦✈♦✈é ❞❡s❦②✱ r❡s♣❡❦t✐✈❡ ♣r♦ ❦❛➸❞♦✉ ❛♥té♥✉ ♣➦✐❧é❤❛❥í❝í
str❛♥❛ ❞❡s❦②✳
▼➙➦❡♥í ❜②❧♦ ♣r♦✈❡❞❡♥♦ ♣r♦ t➦✐ r➲③♥é ✈③❞á❧❡♥♦st✐ ❛♥té♥✱ ✈ýs❧❡❞❦② ✈➨❛❦ ❜②❧② t♦t♦➸♥é
❛ ③ ❤❧❡❞✐s❦❛ ✈ý❦♦♥♦✈é ❜✐❧❛♥❝❡✱ ♦❞r❛③➲ ❛ ③❛❝❤♦✈á♥í r♦✈✐♥♥é❤♦ ❝❤❛r❛❦t❡r✉ ✈❧♥② ❜②❧❛ ③✈♦❧❡♥❛ ❥❛❦♦
③á❦❧❛❞♥í ✈③❞á❧❡♥♦st ✷✵ ❝♠ ♦❞ ❤r❛♥ ✈③♦r❦✉✳ ❱③♦r❦② ❜②❧② ✉❝❤②❝❡♥② ❦❡ st♦❧✉ ♣♦♠♦❝í ú❤❡❧♥í❦➲✱ ❦t❡ré
③❛❥✐st✐❧② ❞♦st❛t❡↔♥♦✉ sí❧✉ ❛ ❦♦❧♠♦st ✉♣♥✉tí✳ ▼➙➦❡♥í♠ r➲③♥ý❝❤ ♠❛t❡r✐á❧➲ ✈ r➲③♥ý❝❤ ❦♦♥✜❣✉r❛❝í❝❤
❛♥té♥ ❜②❧♦ ③ís❦á♥♦ ✈❡❧✐❦é ♠♥♦➸st✈í ❞❛t✱ ❦t❡ré ③ ❞➲✈♦❞✉ ♣➦❡❤❧❡❞♥♦st✐ ❛ r♦③s❛❤✉ tét♦ ♣rá❝❡ ♥❡♥í
♠♦➸♥é ③♣r❛❝♦✈á✈❛t ❝❡❧é✳ Pr❡③❡♥t♦✈á♥② ❜✉❞♦✉ ✈ýs❧❡❞❦② ♠➙➦❡♥í s❦❧❡♥➙♥é t❛❜✉❧❡✱ sá❞r♦❦❛rt♦♥♦✈é
❞❡s❦② ❛ t➦❡❝❤ ♥❛ ❜á③✐ ❞➦❡✈❛ ③❛❧♦➸❡♥ý❝❤ ♠❛t❡r✐á❧➲ ✲ ▼❉❋ ❞❡s❦②✱ ❞➦❡✈♦t➦ís❦② ❛ ♣➦❡❦❧✐➸❦②✳ ❚②t♦
✈③♦r❦② ❥s♦✉ ♠❛t❡r✐á❧♦✈➙ ❞♦st❛t❡↔♥é r➲③♥é ❛ ❧③❡ ♥❛ ♥✐❝❤ ❞♦❜➦❡ ✉❦á③❛t ♣r✐♥❝✐♣② ❛ ✈ýs❧❡❞❦② ♠➙➦❡♥í✳
▼❡③✐ ❞❛❧➨í♠✐ ♠➙➦❡♥ý♠✐ ✈③♦r❦② ❜②❧❛ ♦st❛t♥í s❦❧❛ r➲③♥ý❝❤ t❧♦✉➨t➙❦✱ ♥➙❦♦❧✐❦ t②♣➲ sá❞r♦❦❛rt♦♥➲✱
✐③♦❧❛↔♥í ❧át❦② ❥❛❦♦ ♣♦❧②st②r❡♥ ❛ ❞❛❧➨í✳
✸✺
✹✳✹✳✶ ❑♦✈♦✈á r❡❢❡r❡♥↔♥í ❞❡s❦❛
❖③♥❛↔❡♥í ❚❧♦✉➨➫❦❛
✲ ✺ ♠♠
❏❛❦♦ r❡❢❡r❡♥↔♥í ♠❛t❡r✐á❧ ❜②❧❛ ♣♦✉➸✐t❛ ❦♦✈♦✈á ❞❡s❦❛✱ ♣➦❡s♥➙❥✐ ➦❡↔❡♥♦ s❦❧❡♥➙♥á ♣♦❦♦✈❡♥á
❞❡s❦❛✱ ❦t❡rá ♠➲➸❡ ❜ýt ✈ ❦♦♥t❡①t✉ ♦st❛t♥í❝❤ ✈③♦r❦➲ ♣♦✈❛➸♦✈á♥❛ ③❛ ❞♦❦♦♥❛❧❡ ♦❞r❛③✐✈♦✉✳ ❙❦❧❡♥➙♥á
♣♦❦♦✈❡♥á ❞❡s❦❛ ❜②❧❛ ♣♦✉➸✐t❛ ♣r♦t♦✱ ➸❡ ❞♦st✉♣♥é ♣❧❡❝❤♦✈é ❞❡s❦② ♥❡❜♦ ❦♦✈♦✈é ♣❧át② ♥❡❜②❧② ❞♦st❛✲
t❡↔♥➙ r♦✈♥é✱ ♥❡❜♦ s❡ ♦❤ý❜❛❧② ✈❧❛st♥í ✈❛❤♦✉ ♣➦✐ ✉❝❤②❝❡♥í ✈ ❞r➸á❦✉✳ ❙❦❧❡♥➙♥á t❛❜✉❧❡✱ ♥❛ ❦t❡ré ❥❡
③ ♦❜♦✉ str❛♥ ♥❛♥❡s❡♥❛ ✈♦❞✐✈á ✈rst✈❛✱ ❥❡ ❞♦❦♦♥❛❧❡ r♦✈♥á✱ ♣❡✈♥á ❛ ❧③❡ ❥✐ ♣r♦t♦ ♣♦✉➸ít ❥❛❦♦ ♣➦❡s✲
♥♦✉ r❡❢❡r❡♥❝✐✳ ❱ r❡á❧♥é♠ ♣r♦st➦❡❞í st❛✈❡❜♥í❝❤ ♣r✈❦➲ t❛❦♦✈á ❞❡s❦❛ ♠➲➸❡ ♣➦❡❞st❛✈♦✈❛t ♣❧❡❝❤♦✈é
♥❡❜♦ ♣❧❡❝❤❡♠ ♣♦❜✐té ❞✈❡➦❡✱ t❛❦➸❡ ✈ýs❦②t ♣♦❞♦❜♥é❤♦ ♠❛t❡r✐á❧✉ ♥❡♥í ✈ ♣r♦st➦❡❞í ❜✉❞♦✈ ♥❡r❡á❧♥ý✳
❑♦✈♦✈á ❞❡s❦❛ ❥❡ ❞♦ ✈ý❜➙r✉ ✈③♦r❦➲ ③❛➦❛③❡♥❛ ♣r♦t♦✱ ➸❡ s❡ s✈ý♠✐ ❡❧❡❦tr✐❝❦ý♠✐ ♣❛r❛♠❡tr② ③ás❛❞♥➙
♦❞❧✐➨✉❥❡ ♦❞ ♦st❛t♥í❝❤ ✈③♦r❦➲ ❛ ❧③❡ ❞í❦② ♥í ♣♦r♦✈♥❛t r♦③❞í❧② ♠❡③✐ ❜➙➸♥ý♠✐ ♠❛t❡r✐á❧②✱ ✈❡ ❦t❡rý❝❤
♣r♦❜í❤á ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧♥ ♦❜➙♠❛ s♠➙r② ✭♣r➲❝❤♦❞ ✐ ♦❞r❛③✮✳
❉r✉❤ý♠ ♥❡♠é♥➙ ♣♦❞st❛t♥ý♠ ❞➲✈♦❞❡♠ ❥❡ ●❘▲ ❦❛❧✐❜r❛❝❡✱ ❦t❡rá ✈②➸❛❞✉❥❡ ♣➦❡s♥♦✉ ③♥❛✲
❧♦st ♣❛r❛♠❡tr➲ st❛♥❞❛r❞✉ ♦❞r❛③✉✱ t❡❞② r♦✈♥é ❦♦✈♦✈é ❞❡s❦②✳ ●❘▲ ❦❛❧✐❜r❛❝❡ ❜✉❞❡ ❞á❧❡ ♣♦♣sá♥❛
♣♦❞r♦❜♥➙❥✐ ✭❦❛♣✐t♦❧❛ ✺✳✸✱ ♥✐❝♠é♥➙ ♣r♦ ❥❡❥í s♣rá✈♥♦✉ ✐♠♣❧❡♠❡♥t❛❝✐ ❥❡ ♠➙➦❡♥í ♦❞r❛③✐✈é ❞❡s❦② ♥❡✲
③❜②t♥é✳
✹✳✹✳✷ ❙❦❧♦
❖③♥❛↔❡♥í ❚❧♦✉➨➫❦❛
●✷ ✽ ♠♠
❙❦❧♦ ❥❡ ♣r♦ r❡❛❧✐③❛❝✐ t♦❤♦t♦ t②♣✉ ♠➙➦❡♥í ✈❡❧♠✐ ❛ ♣♦s❦②t✉❥❡ ❞♦❜ré ✈ýs❧❡❞❦② ❤♥❡❞ ③ ♥➙❦♦✲
❧✐❦❛ ❞➲✈♦❞➲✳ ❩ ♣r❛❦t✐❝❦é❤♦ ♣♦❤❧❡❞✉ ❥❡ ✈❡❧♠✐ ♣❡✈♥é✱ r♦✈♥é ❛ ❤❧❛❞❦é✱ ❝♦➸ ✉s♥❛❞➡✉❥❡ ♠❛♥✐♣✉❧❛❝✐ ❛
③❛❜❡③♣❡↔✉❥❡ ♣➦❡s♥é ❛ ❦♦❧♠é ✉♠íst➙♥í ✈➲↔✐ ❛♥té♥á♠✳ ❩ ❤❧❡❞✐s❦❛ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ❥❡ t♦ ❞✐❡❧❡❦✲
tr✐❦✉♠ ③❝❡❧❛ ❤♦♠♦❣❡♥♥í ❛ ✈❡ ✈➨❡❝❤ s♠➙r❡❝❤ ✐③♦tr♦♣♥í✱ t❛❦➸❡ ❧③❡ ♣➦❡❞♣♦❦❧á❞❛t✱ ➸❡ ③♠➙➦❡♥á ❞❛t❛
❜✉❞♦✉ ♦♣r♦t✐ ❥✐♥ý♠✱ ♠é♥➙ ❤♦♠♦❣❡♥♥í♠ ♠❛t❡r✐á❧➲♠ ♣➦❡s♥➙❥➨í✳
✸✻
✹✳✹✳✸ ❙á❞r♦❦❛rt♦♥
❖③♥❛↔❡♥í ❚❧♦✉➨➫❦❛
✸✵✷ ✶✷✱✺ ♠♠
✻✵✷ ✾✱✺ ♠♠
❙á❞r♦❦❛rt♦♥ ♠á ③ ♣r❛❦t✐❝❦é❤♦ ❤❧❡❞✐s❦❛ ♣♦❞♦❜♥é ✈ý❤♦❞② ❥❛❦♦ s❦❧♦✱ ❥❡ ❞♦❜➦❡ ❞♦st✉♣♥ý
❛ ♣r♦t♦ ❜②❧ ③❛➦❛③❡♥ ♠❡③✐ ③❦♦✉♠❛♥é ♠❛t❡r✐á❧②✳ ❏❡ r♦✈♥➙➸ ❤♦♠♦❣❡♥♥í✱ ❜②➫ ♠é♥➙ ♥❡➸ s❦❧♦✱ ♣r♦t♦➸❡
sá❞r♦✈é ❥á❞r♦ ♠➲➸❡ ♦❜s❛❤♦✈❛t ✈③❞✉❝❤♦✈é ❜✉❜❧✐♥❦②✱ ♥❡❜♦ ♥❡❞♦❦♦♥❛❧❡ ❤♦♠♦❣❡♥✐③♦✈❛♥é ↔ást✐❝❡✳
❑❛➸❞♦♣á❞♥➙ s❡ ❛❧❡ ❥❡❞♥á ♦ ✈rst✈❡♥♦✉ str✉❦t✉r✉ ♣❛♣ír✲sá❞r❛✲♣❛♣ír✱ t❡❞② s❡ ❞á ♦↔❡❦á✈❛t✱ ➸❡ ❜✉❞❡
❞♦❝❤á③❡t ❦ ✈í❝❡♥ás♦❜♥ý♠ ♦❞r❛③➲♠ ♥❛ r♦③❤r❛♥í ♣r♦st♦r✲♣❛♣ír ❛ ❞á❧❡ ♥❛ r♦③❤r❛♥í ♣❛♣ír✲sá❞r❛✱
t❛❦➸❡ ❜✉❞❡ ③❛♣♦t➦❡❜í ♣❡↔❧✐✈➙❥➨í ♣rá❝❡ s❡ ③ís❦❛♥ý♠✐ ❞❛t②✳ ❙á❞r♦❦❛rt♦♥➲ ❜②❧♦ ❦ ❞✐s♣♦③✐❝✐ ❛s✐ ♣➙t
✈❛r✐❛♥t✱ ♠➙➦❡♥í ❜②❧♦ ♣r♦✈❡❞❡♥♦ ♥❛ ❞✈♦✉✳
✹✳✹✳✹ ▼❛t❡r✐á❧② ♥❛ ❜á③✐ ❞➦❡✈❛
❖③♥❛↔❡♥í ❉r✉❤ ❚❧♦✉➨➫❦❛
❇✷ ▼❉❋ ❞❡s❦❛ ✻ ♠♠
❇✹ P➦❡❦❧✐➸❦❛ ✽✱✸ ♠♠
❇✺ ❉➦❡✈♦t➦ís❦❛ ✶✷✱✷ ♠♠
❏❛❦ ❜②❧♦ ➦❡↔❡♥♦ ✈ ❦❛♣✐t♦❧❡ ✸✳✸✳✹✱ st❛✈❡❜♥í❝❤ ♠❛t❡r✐á❧➲ ✈②✉➸í✈❛❥í❝í❝❤ ❞➦❡✈♦ ✈ r➲③♥é ♣♦✲
❞♦❜➙ ❥❡ ❝❡❧á ➦❛❞❛✳ ❩ t♦❤♦t♦ ❞➲✈♦❞✉ ❥s❡♠ ③✈♦❧✐❧ r➲③♥é ♠❛t❡r✐á❧② ✐ ♣➦❡s t♦✱ ➸❡ ✈ýs❧❡❞❦② ♠♦❤♦✉ ❜ýt
✈ ✉r↔✐tý❝❤ ♣➦í♣❛❞❡❝❤ ♥❡❥✐sté✱ ③ ❞➲✈♦❞✉ ↔❡t♥ý❝❤ ✈rst❡✈ ♠❛t❡r✐á❧✉ ❛ ♥❡❜♦ ♥❡❤♦♠♦❣❡♥✐t②✳
▼❉❋ ✭▼❡❞✐✉♠✲❞❡♥s✐t② ✜❜r❡❜♦❛r❞✮ ❥❡ ❞❡s❦❛ t✈♦➦❡♥á ❧✐s♦✈❛♥ý♠✐ ❛ s②♥t❡t✐❝❦ý♠✐ ❧❡♣✐❞❧②
❧❡♣❡♥ý♠✐ ❞➦❡✈➙♥ý♠✐ ✈❧á❦♥② ✭♥❛♣➦í❦❧❛❞ ❬✸✶❪✮✳ ❆♥❣❧✐❝❦ý ♥á③❡✈ ♥❛♣♦✈í❞á st➦❡❞♥í ❤✉st♦t✉ ✈❧á❦❡♥✱
❝♦➸ ❥❡ ♣♦♠➙r♥➙ ✈á❣♥í ♣♦❥❡♠✱ ❛❧❡ ❧③❡ ③ ♥➙❥ ♦❞t✉➨✐t✱ ➸❡ ✈❧á❦♥❛ ❥s♦✉ ♣♦♠➙r♥➙ ❥❡♠♥á ❛ ♠❛❧á✱ ❜②➫
❡①✐st✉❥í ✐ ❥❡♠♥➙❥➨í✳ P♦♠♦❝í t❧❛❦✉ ❛ t❡♣❧♦t② s❡ ❥❡♠♥é ♣✐❧✐♥② ❧✐s✉❥í ❞♦ ♣♦❞♦❜② ❞❡s❡❦✳ ❩ ❤❧❡❞✐s❦❛
♠➙➦❡♥í s❡ ❥❡❞♥á ♦ ❞➦❡✈❡♥♦✉ ❞❡s❦✉ s ♥❡❥♠❡♥➨í♠✐ ↔ást✐❝❡♠✐ r♦③❧♦➸❡♥ý♠✐ ✈ ❝❡❧é♠ ♦❜❥❡♠✉ st❡❥♥➙✱
t❛❦➸❡ ❥❡ ♥❡❥✈í❝❡ ❤♦♠♦❣❡♥♥í✳
✸✼
❉➦❡✈♦t➦ís❦❛ ❥❡ ♣♦❞♦❜♥á ▼❉❋ ❞❡s❝❡✱ ❥❡♥ ❥í t✈♦➦í ✈➙t➨í ❛ ♣❡✈♥➙❥➨í ↔ást✐❝❡ ✲ t➦ís❦②✳ ❩❛tí♠❝♦
▼❉❋ ❞❡s❦❛ ❥❡ t✈♦➦❡♥❛ ✈❡❧♠✐ ❥❡♠♥ý♠✐ ✈❧á❦②✱ ❞➦❡✈♦t➦ís❦❛ ❥❡ ✈②rá❜➙♥❛ ♥❛ ♣♦❞♦❜♥é♠ ♣r✐♥❝✐♣✉✱ ❥❡♥
❥s♦✉ ③❞❡ ♣♦✉➸✐t② ✈➙t➨í ❛ t❡❞② t✈r❞➨í ↔ást✐❝❡✳
P➦❡❦❧✐➸❦❛ ❥❡ ♠✐♥✐♠á❧♥➙ t➦í✈rst✈á ❞❡s❦❛ t✈♦➦❡♥á ♥❛ s❡❜❡ ❦♦❧♠♦ ❧❡♣❡♥ý♠✐ ❞ý❤❛♠✐✱ ❝♦➸
❥s♦✉ t❡♥❦é ❞➦❡✈➙♥é ❧✐st② ❬✸✷❪✳ ❉ý❤② t❡❞② t✈♦➦í ❥❡❞♥♦t❧✐✈é ♥❛ s❡❜❡ ❦♦❧♠é ✈rst✈② ❧❡♣❡♥é ♣➦❡❦❧✐➸❦②✱
❦t❡rá t❛❦ ③ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ❤❧❡❞✐s❦❛ ♣➦❡❞st❛✈✉❥í ♣♦♠➙r♥➙ s❧♦➸✐tý ♣r♦❜❧é♠✳ ❏❡❞♥❛❦ s❡ ❥❡❞♥á ♦
♠♥♦❤♦✈rst✈♦✉ ❦♦♥str✉❦❝✐✱ ❥❡❞♥❛❦ ❥s♦✉ ✈rst✈② ♥❡❤♦♠♦❣❡♥♥í ❛ ❛♥✐③♦tr♦♣♥í✳ ❏s♦✉ ❧❡♣❡♥é ♣r②s❦②➦✐❝í
❛ ❧✐s♦✈❛♥é✳ ❱ýs❧❡❞❦② ♠➙➦❡♥í ❛ ❡①tr❛❦❝❡ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② ♣r♦t♦ ♠♦❤♦✉ ❜ýt ③ t➙❝❤t♦ ❞➲✈♦❞➲
♥❡♣➦❡s♥é✳
✹✳✺ P♦↔ít❛↔♦✈á s✐♠✉❧❛❝❡
Pr♦ ❧❡♣➨í ♣♦❝❤♦♣❡♥í ♣r♦❜❧❡♠❛t✐❦② ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧♥ ✈ ♠❛t❡r✐á❧✉ ❛ ♣r♦
♠♦➸♥♦st ♣♦r♦✈♥❛♥í ③♠➙➦❡♥ý❝❤ ❛ ✈②♣♦↔t❡♥ý❝❤ ✈ýs❧❡❞❦➲ s r❡❧❡✈❛♥t♥í♠✐ ❞❛t②✱ ❜②❧❛ ♣♦♠♦❝í s♦❢t✇❛r✉
❈❙❚ ❙t✉❞✐♦ ❙✉✐t❡ ✷✵✶✾ ❬✸✸❪ ♣➦✐♣r❛✈❡♥❛ s✐♠✉❧❛❝❡ ✈ ♣r❛①✐ ♣r♦✈á❞➙♥é❤♦ ♠➙➦❡♥í✳ P♦♠♦❝í ♣r♦❣r❛♠✉
❜②❧ ♥❛♠♦❞❡❧♦✈á♥ ❞✈♦✉♣♦rt♦✈ý s②sté♠ s ♠❛t❡r✐á❧❡♠ ♠❡③✐ ♣♦rt②✳
❏❛❦♦ ③❞r♦❥❡ ③❞❡ ♥❡❥s♦✉ ✉✈❛➸♦✈á♥② ♣➦í♠♦ r♦✈✐♥♥é ✈❧♥②✱ ♥❡❜♦➫ t② ♥❡✉♠♦➸➡✉❥í ♣➦í♠ý ✈ý✲
♣♦↔❡t ❙✲♣❛r❛♠❡tr➲ ✈ ♣♦➸❛❞♦✈❛♥ý❝❤ r♦✈✐♥á❝❤✳ ▼íst♦ t♦❤♦ ❜②❧♦ ✈②♠②➨❧❡♥♦ ♣r❛❦t✐❝❦é ③❥❡❞♥♦❞✉➨❡♥í
♣♦✉➸✐tí♠ ✈❧♥♦✈♦❞♥ý❝❤ ♣♦rt➲ s ✉r↔✐t♦✉ ♠♦❞✐✜❦❛❝í s✐♠✉❧♦✈❛♥é❤♦ ♣r♦st♦r✉✳ ❱ t♦♠t♦ ♣➦í♣❛❞➙ ❥s♦✉
✈ýst✉♣❡♠ s♦❢t✇❛r♦✈é❤♦ s♦❧✈❡r✉ ♣➦í♠♦ ❙✲♣❛r❛♠❡tr② ✈②♣♦↔ít❛♥é ✈ ♣♦➸❛❞♦✈❛♥ý❝❤ r♦✈✐♥á❝❤ ♣♦rt➲✳
❱❧♥♦✈♦❞♥é ♣♦rt② ❥s♦✉ ✉♠íst➙♥② ✈❡ ✈❤♦❞♥é ✈③❞á❧❡♥♦st✐ ♦❞ ♦❜♦✉ str❛♥ ♠➙➦❡♥é❤♦ ✈③♦r❦✉✳ ❏❡❥✐❝❤ r❡✲
❢❡r❡♥↔♥í r♦✈✐♥❛ ❥❡ ♣❛❦ ♣♦s✉♥✉t❛ ✭❞❡✲❡♠❜❡❞✐♥❣✮ ♥❛ ❛♥❛❧②③♦✈❛♥ý ✈③♦r❡❦✳ ◆ás❧❡❞♥➙ ❥❡ ♥✉t♥é ③❛❥✐st✐t
r♦✈✐♥♥♦st ❜✉③❡♥é ✈❧♥②✱ ♥❡❜♦➫ ♣♦rt ❥❛❦♦ t❛❦♦✈ý ✉✈❛➸✉❥❡ ✈❧♥♦✈♦❞♥é ❜✉③❡♥í✳
❇✉③❡♥í r♦✈✐♥♥♦✉ ✈❧♥♦✉ ♣♦♠♦❝í ✈❧♥♦✈♦❞♥é❤♦ ♣♦rt✉ ❥❡ ③❛❥✐➨t➙♥♦ ✈❤♦❞♥ý♠ ♥❛st❛✈❡♥í♠
♦❦r❛❥♦✈ý❝❤ ♣♦❞♠í♥❡❦ s✐♠✉❧♦✈❛♥é❤♦ ♣r♦st♦r✉✳ P➦❡❞♣♦❦❧❛❞❡♠ ❥❡ ✈❧♥❛✱ ❦t❡rá s❡ ❜✉❞❡ ➨í➦✐t ♣♦❞é❧
♦s② ❩ ❛ ❜✉❞❡ ♠ít ✐♥t❡♥③✐t✉ ❡❧❡❦tr✐❝❦é❤♦ ♣♦❧❡ ♦r✐❡♥t♦✈❛♥♦✉ ✈❡ s♠➙r✉ ❨✱ ✈✐③ ♦❜r✳ ✹✳✹✳ ❖❦r❛❥♦✈é
♣♦❞♠í♥❦② ❥s♦✉ ♣❛❦ ♥❛st❛✈❡♥② t❛❦✱ ➸❡ st➙♥② ❨✲❩ ❜✉❞♦✉ t✈♦➦✐t ♠❛❣♥❡t✐❝❦♦✉ st➙♥✉ ✭Ht = 0✱ t❡❞②
✸✽
t❡↔♥á s❧♦➸❦❛ ✐♥t❡♥③✐t② ♠❛❣♥❡t✐❝❦é❤♦ ♣♦❧❡ ❜✉❞❡ ♥✉❧♦✈á✮ ❛ st➙♥② ❳✲❩ ❜✉❞♦✉ t✈♦➦✐t ❡❧❡❦tr✐❝❦♦✉
st➙♥✉ ✭Et = 0✱ t❡↔♥á s❧♦➸❦❛ ❡❧✳ ♣♦❧❡ ❜✉❞❡ ♥✉❧♦✈á✮✳ ❯ s♦✉st❛✈② ❜②❧♦ ♠♦➸♥é ❧✐❜♦✈♦❧♥➙ ♠♦❞✐✜❦♦✈❛t
❛ ♠➙♥✐t ❥❡❥í ♣❛r❛♠❡tr② ❥❛❦♦ ➨í➦❦❛ ✈③♦r❦✉✱ ✈③❞á❧❡♥♦st ♣♦rt➲ ✭❝♦➸ ♦✈➨❡♠ ♥❡❤r❛❥❡ r♦❧✐ ✲ r❡❢❡r❡♥↔♥í
r♦✈✐♥② ❥s♦✉ ♥❛ ❤r❛♥➙ ✈③♦r❦✉✮ ❛ ❜②❧♦ r♦✈♥➙➸ ♠♦➸♥é s✐ ♣➦í♠♦ ③ ❦♥✐❤♦✈♥② s♦❢t✇❛r✉ ✈②❜r❛t ③ ➨✐r♦❦é
♥❛❜í❞❦② ♣➦❡❞❞❡✜♥♦✈❛♥ý❝❤ ♠❛t❡r✐á❧➲✳ ❙✐♠✉❧❛❝❡ ❛❧❡ ♣➦❡❞♣♦❦❧á❞❛❧❛ ✐❞❡á❧♥í ♣♦❞♠í♥❦②✱ ♣r♦t♦ ❜②❧❛
❡❧❡❦tr♦♠❛❣♥❡t✐❝❦á ✈❧♥❛ ❞❡✜♥♦✈á♥❛ ❥❛❦♦ r♦✈✐♥♥á ✈❧♥❛ ❛ ♠❛t❡r✐á❧ s❡ ❥❡✈✐❧ ❥❛❦♦ ♥❡❦♦♥❡↔♥➙ r♦③❧❡❤❧ý✳
◆❛ ③á❦❧❛❞➙ s✐♠✉❧❛❝❡ ❜②❧♦ ♠♦➸♥é ③❥✐st✐t ♣➦í♠♦ ❦♦♠♣❧❡①♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é ✈❡❧✐↔✐♥② ♠❛t❡r✐á❧✉✱ t♦
❛❧❡ ♥❡❜②❧♦ ❝í❧❡♠✳ ❈í❧❡♠ ❜②❧♦ ③ís❦❛t ❙✲♣❛r❛♠❡tr② ✭st❡❥♥é ❥❛❦♦ ♣➦✐ ♠➙➦❡♥í ✈❡❦t♦r♦✈ý♠ ❛♥❛❧②③át♦r❡♠✮
❛ ♦✈➙➦✐t✱ ③❞❛❧✐ ❢✉♥❣✉❥❡ ✈ý♣♦↔❡t♥í ❛❧❣♦r✐t♠✉s ❛ ③❥✐st✐t✱ ❥❡st❧✐ s❡ ✈ýs❧❡❞❦② s❤♦❞✉❥í✳
❖❜rá③❡❦ ✹✳✹✿ ▼♦❞❡❧♦✈á♥í ✷✲♣♦rt♦✈é❤♦ s②sté♠✉ ♣r♦ ♠➙➦❡♥í ❙✲♣❛r❛♠❡tr➲ ♠❛t❡r✐á❧✉ ✈ ♣r♦❣r❛♠✉
❈❙❚ ❙t✉❞✐♦ ❙✉✐t❡ ✷✵✶✾
❖❜rá③❡❦ ✹✳✹ ✉❦❛③✉❥❡ s✐♠✉❧♦✈❛♥ý ♣r♦❜❧é♠ ♠➙➦❡♥í ❙✲♣❛r❛♠❡tr➲ ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉✳ ◆❛
♦❜rá③❦✉ ❥❡ ✈✐❞➙t ♣♦✉③❡ ♣♦rt ✶✱ ❞r✉❤ý s❡ ♥❛❝❤á③í ③r❝❛❞❧♦✈➙ ✉ ♣r♦t✐❧❡❤❧é str❛♥② ✈③♦r❦✉✳ ❖❜❛ ♣♦rt②
❥s♦✉ ♦❞ ♣➦✐❧❡❤❧é str❛♥② ✈③♦r❦✉ st❡❥♥➙ ❞❛❧❡❦♦✳ ❱③❞á❧❡♥♦st ♦❜♦✉ ♣♦rt➲ ♦❞ ✈③♦r❦✉ ❥❡ ❧✐❜♦✈♦❧♥á✱
♣r♦t♦➸❡ ❥❡ ❥❡❞♥❛❦ ✉✈❛➸♦✈á♥❛ r♦✈✐♥♥á ✈❧♥❛✱ ❥❡❞♥❛❦ ❥s♦✉ r❡❢❡r❡♥↔♥í r♦✈✐♥② ❞❡✜♥♦✈á♥② ♥❛ r♦③❤r❛♥í
✸✾
✈③♦r❡❦✲✈③❞✉❝❤ ❛ ♥❛ ♦❜rá③❦✉ ❥s♦✉ ③♥á③♦r♥➙♥② ↔❡r✈❡♥♦✉ ❧✐♥❦♦✉✳
❚❛❦t♦ ❞❡✜♥♦✈❛♥ý ♠♦❞❡❧ ❥❡ s♦❢t✇❛r❡♠ r♦③❧♦➸❡♥ ♥❛ ❡❧❡♠❡♥tár♥í ♦❜❧❛st✐ ❛ ✈ ❦❛➸❞é ③ ♥✐❝❤ ❥❡
♥ás❧❡❞♥➙ ♣♦↔ítá♥♦ r♦③❧♦➸❡♥í ❡❧❡❦tr✐❝❦é❤♦ ❛ ♠❛❣♥❡t✐❝❦é❤♦ ♣♦❧❡✳ Pr♦ ③r②❝❤❧❡♥í ✈ý♣♦↔t✉ ❧③❡ ❞❡✜♥♦✈❛t
♠♦❞❡❧ ❥❛❦♦ s②♠❡tr✐❝❦ý✱ t❛❦➸❡ ✈ý♣♦↔❡t ♣r♦❜í❤á ♣♦✉③❡ ✈ ♣♦❧♦✈✐♥➙ ✭r❡s♣❡❦t✐✈❡ ↔t✈rt✐♥➙✮ ♦❜❥❡♠✉
✈③♦r❦✉✳ ▼❛t❡r✐á❧ ❧③❡ ✈②❜r❛t ③ ♣➦❡❞❞❡✜♥♦✈❛♥ý❝❤ ♠♦➸♥♦st✐ ③ ❦♥✐❤♦✈♥② ✈③♦r❦➲✱ ♥❡❜♦ ❧③❡ ❞❡✜♥♦✈❛t
✈❧❛st♥í ❛ ♥❛st❛✈✐t ♠✉ ❧✐❜♦✈♦❧♥é ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é ❛ ❥✐♥é ❢②③✐❦á❧♥í ❝❤❛r❛❦t❡r✐st✐❦②✳
❱ýs❧❡❞❦② s✐♠✉❧❛❝❡ s❧♦✉➸í ♥❡❥❡♥ ♣r♦ ♦t❡st♦✈á♥í s❛♠♦t♥ý❝❤ s❦r✐♣t➲ ♣r♦ ✈ý♣♦↔❡t ❦♦♠♣❧❡①♥í
♣❡r♠✐t✐✈✐t②✱ ❛❧❡ ❥❛❦♦ ❦♦♥tr♦❧❛ s❛♠♦t♥é❤♦ ♠➙➦❡♥í✳ Pr♦t♦ ❜②❧♦ ➸á❞♦✉❝í ♠♦❞❡❧♦✈❛t s❦✉t❡↔♥é ♠❛t❡✲
r✐á❧②✱ ❦t❡ré ❜②❧② ♥ás❧❡❞♥➙ ♣♦❞r♦❜❡♥② ♠➙➦❡♥í ✈ ❧❛❜♦r❛t♦➦✐✳ P➦❡s♥é s❧♦➸❡♥í ❛ ❢②③✐❦á❧♥➙✲❝❤❡♠✐❝❦é
✈❧❛st♥♦st✐ ❥❡❞♥♦t❧✐✈ý❝❤ ♠➙➦❡♥ý❝❤ ♠❛t❡r✐á❧➲ ♥❡❥s♦✉ ✈➸❞② ③❝❡❧❛ ③♥á♠②✱ t❛❦➸❡ ❜②❧② ✈♦❧❡♥② ♠❛t❡r✐✲
á❧② ③ ❦♥✐❤♦✈♥② ❞❡✜♥♦✈❛♥ý❝❤ ✈③♦r❦➲✳ ❚❧♦✉➨➫❦② ✈③♦r❦➲ ❜②❧② ♣❛❦ ❞❡✜♥♦✈á♥② t❛❦✱ ❛❜② ❜②❧② s❤♦❞♥é
s ✈③♦r❦② ♠❛t❡r✐á❧➲ ❞♦st✉♣♥ý♠✐ ♣r♦ ♠➙➦❡♥í✳
❱ýs❧❡❞❦② s✐♠✉❧❛❝❡ ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é ✈❧♥② s❦❧❡♥➙♥♦✉ t❛❜✉❧í ✉❦❛③✉❥❡ ♦❜rá③❡❦ ✹✳✺✳
❏❡❞♥á s❡ ♦ ✈ý➦❡③ ♦❜r❛③♦✈❦② ♣r♦st➦❡❞í ❈❙❚ ❙t✉❞✐♦ ❙✉✐t❡ ✷✵✶✾✳ ▼❛t❡r✐á❧ ❥❡ ❞❡✜♥♦✈á♥ s❤♦❞♥➙ s
♠➙➦❡♥ý♠ ✈③♦r❦❡♠ ♦ t❧♦✉➨➫❝❡ ✽ ♠♠ ❛ ♥ás❧❡❞✉❥í❝í♠✐ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý♠✐ ♣❛r❛♠❡tr②✿ ε′ = 6✱
ε′′ = 0✳ ❩ ♦❜rá③❦✉ ♣r➲❜➙❤✉ ❙✲♣❛r❛♠❡tr➲ ❥❡ ✈✐❞➙t✱ ➸❡ ♥❛ ❢r❡❦✈❡♥❝í❝❤✱ ❥❡❥✐❝❤➸ ♥ás♦❜❡❦ ♣♦❧♦✈✐♥②
✈❧♥♦✈é ❞é❧❦② ❥❡ t❧♦✉➨➫❦❛ ♠❛t❡r✐á❧✉✱ ❞♦❝❤á③í ❦ ♥❡❥♠❡♥➨í♠✉ ♦❞r❛③✉ S12 ❛ S21 ❛ s♦✉↔❛s♥➙ ♥❡❥✈➙t➨í♠✉
♣➦❡♥♦s✉✳ ❚❡♥t♦ ❢❛❦t ✈②❝❤á③í ③❡ ③♥á♠é❤♦ ✈③t❛❤✉ ✭✈②s✈➙t❧❡♥ ♥❛♣➦í❦❧❛❞ ✈ ❬✸✹❪✮✿
λ =
c0
f
√
εr
✭✹✳✶✮
P♦ ú♣r❛✈á❝❤ ❛ ♣♦❦✉❞ ♣➦✐❥♠❡♠❡ ♣➦❡❞♣♦❦❧❛❞✱ ➸❡ ♣♦❧♦✈✐♥❛ ✈❧♥♦✈é ❞é❧❦② ❥❡ t❧♦✉➨➫❦❛ ♠❛t❡r✐á❧✉✱ ♥❡❜♦❧✐
λ = 2d ❞♦st❛♥❡♠❡ ✈③t❛❤✱
f = n
c0
2dεr
✭✹✳✷✮
❦❞❡ n = 1, 2, 3, ...✳ ❆ s❦✉t❡↔♥➙ ♣r♦ d = 8 ♠♠ ❛ εr = ε′ = 6 ❞♦st❛♥❡♠❡ ❢r❡❦✈❡♥❝✐ f = 7, 65 ●❍③✱
❥❡❥í➸ ❝❡❧♦↔ís❡❧♥ý ♥ás♦❜❡❦ ♦❞♣♦✈í❞á ♣♦❦❧❡s✉ ♦❞r❛③✉✳
✹✵
❖❜rá③❡❦ ✹✳✺✿ ◆❛❤♦➦❡✿ ❙✲♣❛r❛♠❡tr② ✽ ♠♠ t❧✉sté❤♦ s❦❧❛✱ ❞♦❧❡✿ r❡á❧♥á ✭ε′✮ ❛ ✐♠❛❣✐♥ár♥í ✭ε′′✮ s❧♦➸❦❛
❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②
❙❤♦❞♥ý ♣♦st✉♣ ❜②❧ ❛♣❧✐❦♦✈á♥ ✐ ♥❛ ❞❛❧➨í ♠❛t❡r✐á❧②✳ ❙✐♠✉❧♦✈á♥② ❜②❧② ③❡❥♠é♥❛ st❛✈❡❜♥í
♣r✈❦②✱ ❦t❡ré ❜②❧② s♦✉↔❛s♥➙ ✐ ♠➙➦❡♥②✱ ❛❧❡ ✐ ♠♥♦❤é ❞❛❧➨í✳ Pr❡③❡♥t♦✈❛t ✈➨❡❝❤♥② s✐♠✉❧♦✈❛♥é ✈ýs❧❡❞❦②
❥❡ ♥❛❞ rá♠❡❝ tét♦ ♣rá❝❡✱ t② ♥❡❥❞➲❧❡➸✐t➙❥➨í ③ ♥✐❝❤ ✈➨❛❦ ❜✉❞♦✉ ♣♦r♦✈♥á♥② s ✈ýs❧❡❞❦② ♠➙➦❡♥í ❛ ❜✉❞❡
♥❛ ♥✐❝❤ ✈ ♥ás❧❡❞✉❥í❝í❝❤ ❦❛♣✐t♦❧á❝❤ r♦✈♥➙➸ ✉❦á③á♥ ♣r✐♥❝✐♣ ✈ý♣♦↔t➲ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❡❧✐↔✐♥✳
✹✶
❑❛♣✐t♦❧❛ ✺
❩♣r❛❝♦✈á♥í ③ís❦❛♥ý❝❤ ❞❛t
Pr♦ ③♣r❛❝♦✈á♥í ❞❛t ❥❡ ❞➲❧❡➸✐tý♠ ♣➦❡❞♣♦❦❧❛❞❡♠ s♣rá✈♥á ❦❛❧✐❜r❛❝❡ ❱◆❆ s❛❞♦✉ r❡❢❡r❡♥↔✲
♥í❝❤ st❛♥❞❛r❞➲ ✉♠íst➙♥ý❝❤ ♥❛ ❦♦♥❝❡ ♣➦í✈♦❞♥í❝❤ ❦❛❜❡❧➲ ♥❛ ♠íst♦✱ ❦❛♠ ❜✉❞♦✉ ♣♦③❞➙❥✐ ♣➦✐♣♦❥❡♥②
❛♥té♥②✳ ❚❛t♦ ❦❛❧✐❜r❛❝❡ ♣♦s✉♥❡ r❡❢❡r❡♥↔♥í r♦✈✐♥② ♥❛ ❦♦♥❝❡ ❦♦❛①✐á❧♥í❤♦ ✈❡❞❡♥í✱ ↔í♠➸ ❞♦❥❞❡ ❦ ♣♦✲
t❧❛↔❡♥í ✈❧✐✈✉ ❦❛❜❡❧➲ ❛ ❦♦♥❡❦t♦r➲✱ ❦t❡ré ❜② ❞♦ ♠➙➦❡♥í ✈♥á➨❡❧② ♥❡♣➦❡s♥♦st✐✳ ❉❛❧➨í ❦❛❧✐❜r❛❝❡✱ ❦t❡rá
♣♦s✉♥❡ r❡❢❡r❡♥↔♥í r♦✈✐♥② ♣➦❡❞ ❛♥té♥② ♥❛ r♦③❤r❛♥í ✈③♦r❡❦✲✈③❞✉❝❤ ❛ ♦❞str❛♥í s②st❡♠❛t✐❝❦é ❝❤②❜②
té♠➙➦ ③ ❝❡❧é❤♦ ♣➦❡♥♦s♦✈é❤♦ ➦❡t➙③❝❡ ✭✈❧✐✈ ❦♦♥❡❦t♦r➲ ❛ ❝❡❧é ❛♣❡rt✉r② ❛♥té♥✮✱ ❥❡ ♣r♦✈á❞➙♥❛ s♦❢t✇❛✲
r♦✈➙ ❛ ❥❡ t➦❡❜❛ ❥✐ ✐♠♣❧❡♠❡♥t♦✈❛t ✈❡ ✈❤♦❞♥é♠ ✈ý♣♦↔❡t♥í♠ ♣r♦st➦❡❞í✱ ♥❛♣➦í❦❧❛❞ ✈ ❙❲ ▼❆❚▲❆❇✳
❱ýs❧❡❞❦❡♠ ♠➙➦❡♥í ❥s♦✉ t❡❞② s✲♣❛r❛♠❡tr② ❢♦r♠át✉ t♦✉❝❤st♦♥❡✱ ✈ t♦♠t♦ ♣➦í♣❛❞➙ ✳s✷♣✱
♥❡❜♦➫ ❜②❧ ③❦♦✉♠á♥ ❞✈♦✉♣♦rt♦✈ý s②sté♠✳ ◆❛♠➙➦❡♥á ❞❛t❛ ❥❡ ✈❤♦❞♥é s✐ s❦r✐♣t❡♠ ✉♣r❛✈✐t ♥❛ ♠❛✲
t✐❝✐ ❙✲♣❛r♠❡tr➲✳ ❉í❦② t♦♠✉t♦ ✉s♣♦➦á❞á♥í ❧③❡ ❥❡❞♥❛❦ ✈②❜ír❛t ❥❡❞♥♦t❧✐✈é ♣r✈❦② ♠❛t✐❝❡✱ ❝♦➸ ❥s♦✉
❦♦♠♣❧❡①♥í ↔ís❧❛✱ ❛❧❡ ❧③❡ ✐ ♣r❛❝♦✈❛t s ♠❛t✐❝í ❥❛❦♦ t❛❦♦✈♦✉ ❛ ♣♦↔ít❛t ♥❛♣➦í❦❧❛❞ ❥❡❥í ❞❡t❡r♠✐♥❛♥t✳
◆ás❧❡❞✉❥í❝í ♦❜rá③❡❦ ✺✳✶ ③♦❜r❛③✉❥❡ ♣r♦❝❡s ③♣r❛❝♦✈á♥í ♥❛♠➙➦❡♥ý❝❤ ❞❛t ✈ ❙❲ ▼❛t❧❛❜✳
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❖❜rá③❡❦ ✺✳✶✿ Pr♦❝❡s ♣♦↔ít❛↔♦✈é❤♦ ③♣r❛❝♦✈á♥í ❞❛t
✺✳✶ ❋✐❧tr♦✈á♥í ❞❛t ♣r♦ ③♦❜r❛③❡♥í ♣r➲❜➙❤➲ ♦❞r❛③✉ ❛ ♣➦❡♥♦s✉
Pr♦ ✐❞❡á❧♥í ③♦❜r❛③❡♥í ♣r➲❜➙❤➲ ✈ ↔❛s♦✈é ♦❜❧❛st✐✱ ❦❞❡ ❥❡ ✈✐❞➙t ③❡❥♠é♥❛ ♦❞r❛③ s✐❣♥á❧✉ ♦❞
✈③♦r❦✉✱ ❥❡ ✈ý❤♦❞♥é ♥ás♦❜✐t ❢r❡❦✈❡♥↔♥í s♣❡❦tr✉♠ ♣➦ís❧✉➨♥ý❝❤ ✈❡❧✐↔✐♥ ♦❦♥❡♠✱ ❦t❡ré ③♣➲s♦❜✉❥❡✱ ➸❡
♦❦r❛❥❡ s♣❡❦tr❛ ❦❧❡s❛❥í ❦ ♥✉❧❡✱ ❝♦➸ ♠á ③❛ ♥ás❧❡❞❡❦ ✭③❥❡❞♥♦❞✉➨❡♥➙ ➦❡↔❡♥♦✮ ↔✐t❡❧♥➙❥➨í ♣r➲❜➙❤ ↔❛s♦✈é
♦❞❡③✈②✳ ❚♦ ❥❡ ✈ý❤♦❞♥é ♣r♦ ♥ás❧❡❞♥♦✉ ❋♦✉r✐❡r♦✈✉ tr❛♥s❢♦r♠❛❝✐✳ ❚♦t♦ ✜❧tr♦✈á♥í ♥❡♥í ♥❡③❜②t♥é ♣r♦
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✈ý♣♦↔❡t r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t②✱ ❛❧❡ ❥❡ ✈❤♦❞♥é ❥❡❥ ♣♦✉➸ít ♣r♦ ③♦❜r❛③❡♥í ↔❛s♦✈ý❝❤ ♣r➲❜➙❤➲ s✐❣♥á❧✉✱
❦t❡ré ❥s♦✉ ♥❛♣➦í❦❧❛❞ ♥❛ ❣r❛❢✉ ✺✳✸✳
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❖❜rá③❡❦ ✺✳✷✿ ❱❧❡✈♦✿ ✜❧tr ♣r♦ ✜❧tr♦✈á♥í ❢r❡❦✈❡♥↔♥í❤♦ ♣r➲❜➙❤✉✱ ✈♣r❛✈♦✿ ♣♦r♦✈♥á♥í ✜❧tr♦✈❛♥é❤♦ ❛
♥❡✜❧tr♦✈❛♥é❤♦ s♣❡❦tr❛ ♦❞r❛③✉
Pr➲❜➙❤✱ ❦t❡rý ❥❡ ♥❛ ♦❜rá③❦✉ ✺✳✷ ✈♣r❛✈♦ ↔❡r✈❡♥ý✱ ❥s♦✉ ✜❧tr♦✈❛♥á ❞❛t❛✳ ◆❡❥❞❡ ✈ t♦♠t♦
♣➦í♣❛❞➙ ♦ ♥✐❝ ❥✐♥é❤♦✱ ♥❡➸ ♥ás♦❜❡♥í ♦❦♥❡♠✱ ❦t❡ré ❥❡ ③♦❜r❛③❡♥♦ ♥❛ té♠➸❡ ♦❜rá③❦✉ ✈❧❡✈♦✳
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❖❜rá③❡❦ ✺✳✸✿ ❆♠♣❧✐t✉❞♦✈á ❝❤❛r❛❦t❡r✐st✐❦❛ ✈ ↔❛s♦✈é ♦❜❧❛st✐ ✈②♣♦↔ít❛♥á ③ ✜❧tr♦✈❛♥ý❝❤ ❛ ♥❡✜❧tr♦✲
✈❛♥ý❝❤ ❞❛t ✭♦❜r✳ ✺✳✷✮
❏❛❦ ❥❡ ♣❛tr♥é ③ ♦❜rá③❦✉ ✺✳✸ ❛♣❧✐❦❛❝❡ ♣➦❡❞❝❤♦③í❤♦ ✜❧tr✉ ✭♦❜r✳ ✺✳✷✮ ③♣➲s♦❜í ③➦❡t❡❧♥➙❥➨í
♦❞❞➙❧❡♥í ✈③♦r❦✉ ❛ ♣r♦st♦r✉ ♠❡③✐ ♥í♠ ❛ ❛♥té♥♦✉✱ ❝♦➸ ❥❡ ❞➲❧❡➸✐té ♣r♦ ♥ás❧❡❞♥♦✉ ✜❧tr❛❝✐ ❛ t✐♠❡✲
❣❛t✐♥❣✳
✹✹
✺✳✷ ❋♦✉r✐❡r♦✈❛ tr❛♥s❢♦r♠❛❝❡ ❛ t✐♠❡✲❣❛t✐♥❣
P♦ ú♣r❛✈➙ ❢r❡❦✈❡♥↔♥í❤♦ s♣❡❦tr❛ ❙✲♣❛r❛♠❡tr➲ ❥❡ ♠♦➸♥é ❥❡❥ ♣➦❡✈ést ♥❛ ↔❛s♦✈ý s✐❣♥á❧✳
❑ t♦♠✉ ❧③❡ ✈②✉➸ít ❋♦✉r✐❡r♦✈✉ tr❛♥s❢♦r♠❛❝✐ ✭❋❚✮✱ r❡s♣❡❦t✐✈❡ ③♣➙t♥♦✉ ❋❚✱ ♣➦í♠♦ ❞❡✜♥♦✈❛♥♦✉ ✈
❦♥✐❤♦✈♥á❝❤ ▼❆❚▲❆❇✉✱ ♥❡❜♦ ❥❡ ♠♦➸♥é ✐♠♣❧❡♠❡♥t♦✈❛t ❢✉♥❦❝✐ ✈❧❛st♥í✱ ♠❛t❡♠❛t✐❝❦② ❞❡✜♥♦✈❛♥♦✉
✈ ❬✸✺❪✳ ❱ý❤♦❞♦✉ ✈❧❛st♥í ✐♠♣❧❡♠❡♥t❛❝❡ ❥❡ ✈➙t➨í ❦♦♥tr♦❧❛ ♥❛❞ ♣r♦❝❡s❡♠ ❋❚✳ ❩♣➙t♥á ❋❚ ♣➦❡✈❡❞❡
❢r❡❦✈❡♥↔♥í s♣❡❦tr✉♠ ♥❛ ↔❛s♦✈ý s✐❣♥á❧✳ ❩ ↔❛s✉ ✭❛ ③♥❛❧♦st✐ r②❝❤❧♦st✐ ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦
③á➦❡♥í ✈❡ ✈③❞✉❝❤✉✮ ❥❡ ♣❛❦ s♥❛❞♥é ♣➦❡♣♦↔ít❛t ↔❛s ♥❛ ✈③❞á❧❡♥♦st ❛ ③♦❜r❛③✐t t❛❦ ♣r➲❜➙❤ ♦❞r❛③✉ ♥❡❜♦
♣➦❡♥♦s✉ ✈ ③á✈✐s❧♦st✐ ♥❛ ✈③❞á❧❡♥♦st✐ ✈③♦r❦✉ ♦❞ r❡❢❡r❡♥↔♥í r♦✈✐♥② ✭❛♥té♥✮✳ ❏❡ ✈➨❛❦ t➦❡❜❛ s✐ ✉✈➙❞♦♠✐t✱
➸❡ ❥❡❧✐❦♦➸ ❥❡ r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t❛ ♠❛t❡r✐á❧✉ εr,mat > 1 ❥❡ r②❝❤❧♦st ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦
✈❧♥➙♥í ✈ t♦♠t♦ ♠❛t❡r✐á❧✉ ♠❡♥➨í✱ ♥❡➸ r②❝❤❧♦st ➨í➦❡♥í ✈❡ ✈③❞✉❝❤✉ ❛ ♣r♦t♦ s❡ t❧♦✉➨➫❦❛ ♠❛t❡r✐á❧✉ ❥❡✈í
✈➙t➨í✱ ♥❡➸ ✈❡ s❦✉t❡↔♥♦st✐ ❥❡✳
❉❛t❛ ♣➦❡♣♦↔ít❛♥á ❞♦ ↔❛s♦✈é ♦❜❧❛st✐ ✉♠♦➸➡✉❥í ③♦❜r❛③✐t ❛♠♣❧✐t✉❞♦✈♦✉ ❝❤❛r❛❦t❡r✐st✐❦✉
♦❞r❛③✉ ❛ ♣➦❡♥♦s✉ ③á✈✐s❧♦✉ ♥❛ ✈③❞á❧❡♥♦st✐ ♦❞ ❛♥té♥②✳ ◆❛ t♦♠t♦ ♣r➲❜➙❤✉ ❥❡ ❞♦❜➦❡ ✈✐❞➙t ♦❞r❛③ ♦❞
st➙♥ ✈③♦r❦✉✱ ❦♦♥❡❦t♦r➲ ❛ ❛♣❡rt✉r②✳ ◆❛✈í❝ ❧③❡ ♣❛❦ t❛t♦ ❞❛t❛ ♣♦♠♦❝í t③✈✳ t✐♠❡✲❣❛t✐♥❣✉ ✭❚●✱ ✈ý❜➙r
↔❛s♦✈é❤♦ ♦❦♥❛✮ ✈②✜❧tr♦✈❛t t❛❦✱ ➸❡ s❡ ✈②❜❡r❡ ❥❡♥ ♣♦➸❛❞♦✈❛♥ý ↔❛s♦✈ý ús❡❦✱ r❡s♣❡❦t✐✈❡ ♣♦➸❛❞♦✈❛♥á
✈③❞á❧❡♥♦st ♠❡③✐ ❛♥té♥❛♠✐ ✭♦❜r✳ ✺✳✺✮✳ ▲③❡ t❛❦ ✈②✜❧tr♦✈❛t ♣♦✉③❡ ♦❞r❛③ ♦❞ s❛♠♦t♥é❤♦ ✈③♦r❦✉ ❛
t♦t♦ ✈②✜❧tr♦✈❛♥é ♦❦♥♦ ♣➦❡✈ést ③♣➙t ❞♦ ❢r❡❦✈❡♥↔♥í ♦❜❧❛st✐✳ ❚í♠t♦ ♣♦st✉♣❡♠ ❧③❡ ③ís❦❛t ✈②✜❧tr♦✈❛♥é
❛♠♣❧✐t✉❞♦✈é s♣❡❦tr✉♠ ✈❡ ❢r❡❦✈❡♥↔♥í ♦❜❧❛st✐ ③❜❛✈❡♥é ♦❦♦❧♥í❤♦ r✉➨❡♥í ❛ ③❡❥♠é♥❛ ✈❧✐✈✉ ❛♥té♥②✳
◆ás❧❡❞✉❥í❝í ♦❜rá③❦② s♥❛❞ ❞❛❥í ❧❡♣➨í ♣♦❝❤♦♣❡♥í ♣♦♣s❛♥é❤♦ ♣♦st✉♣✉✳
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❞➲❧❡➸✐tá✳ ❖❞r❛③② ♦❞ ❛♥té♥②✱ ❦t❡ré ♥❡❧③❡ ♦❞str❛♥✐t ❦❛❧✐❜r❛❝í ♣➦í♠♦ ♥❛ ❱◆❆ ❥s♦✉ t♦t✐➸ ✈ýr❛③♥➙❥➨í
♥❡➸ ♦❞r❛③② ♦❞ s❛♠♦t♥é❤♦ ✈③♦r❦✉✳ P♦❦✉❞ ❜② t❡❞② ❞❛t❛ ♥❡❜②❧❛ ✜❧tr♦✈á♥❛✱ ✈❡➨❦❡ré ✈ý♣♦↔t② ❛
③♦❜r❛③❡♥í ❢r❡❦✈❡♥↔♥í❝❤ s♣❡❦t❡r s✐❣♥á❧✉ ❜② ♣➦❡❞st❛✈♦✈❛❧② ③❡❥♠é♥❛ ♦❞r❛③② ♦❞ ❦♦♥❡❦t♦r➲ ❛♥té♥✱
♣♦♣➦✳ ♦❞r❛③② ♥❛ r♦③❤r❛♥í ❛♣❡rt✉r② ❛♥té♥ ❛ ✈③❞✉❝❤✉ ✭t❥✳ ♣➦✐③♣➲s♦❜❡♥í ❛♥té♥✮ ❛ ❞❛t❛ ❜② t❛❦ ❜②❧❛
③❝❡❧❛ ♥❡✈②♣♦✈í❞❛❥í❝í✳
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◆❛ ♦❜rá③❦✉ ✺✳✹ ❥s♦✉ ♣♦♣s❛♥é t②t♦ ❞➲❧❡➸✐té ✐♥❢♦r♠❛❝❡✿ ♦❞r❛③ ♦❞ ❛♣❡rt✉r② ❥❡ ✈➙t➨í✱ ♥❡➸
♦❞r❛③ ♦❞ ✈③♦r❦✉✱ ❧③❡ ✉r↔✐t ✈③❞á❧❡♥♦st ❛♥té♥② ✭r❡❢❡r❡♥↔♥í❝❤ r♦✈✐♥✮ ♦❞ ✈③♦r❦✉ ❛ ❧③❡ té➸ ♣♦③♦r♦✲
✈❛t✱ ➸❡ ❦ ♦❞r❛③✉ ❞♦❥❞❡ ♥❡❥❡♥ ♥❛ ↔❡❧♥í str❛♥➙ ✈③♦r❦✉✱ ❛❧❡ ✐ ♥❛ ③❛❞♥í str❛♥➙✱ ❝♦➸ ♦❞♣♦✈í❞á t❡♦r✐✐
♠♥♦❤♦♥ás♦❜♥ý❝❤ ♦❞r❛③➲ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ③á➦❡♥í✳
❷❛s♦✈é ♦❦♥♦✱ ❦t❡ré ❥❡ ③❛❝❤②❝❡♥♦ ♥❛ ♦❜rá③❦✉ ✺✳✺ ✈②❜❡r❡ ♣♦✉③❡ ♦❜❧❛st ✈③♦r❦✉ ❛ ♦st❛t♥í
❤♦❞♥♦t② ✈②♥ás♦❜í ♥✉❧♦✉✳ ❚í♠ s❡ ✈②❜❡r❡ ♣♦✉③❡ ♦❜❧❛st✱ ❦❞❡ s❡ ♥❛❝❤á③í ✈③♦r❡❦ ❛ ❦❞❡ ❞♦❝❤á③í
❦ ♦❞r❛③➲♠✱ ♣➦í♣❛❞♥➙ ♣➦❡♥♦s✉✱ ♦❞ ✈③♦r❦✉✳ ❷í♠ ♣➦❡s♥➙❥✐ ❥❡ ♦❦♥♦ ❞❡✜♥♦✈á♥♦✱ tí♠ ♣➦❡s♥➙❥➨í ❥s♦✉
♥ás❧❡❞♥á ❞❛t❛✱ ♣r♦t♦➸❡ ❥❡ ❧é♣❡ ♣♦t❧❛↔❡♥ ✈❧✐✈ ♦❦♦❧í✱ ♦❞r❛③✉ ♦❞ ❞r➸á❦✉ ✈③♦r❦✉✱ ♠➙➦í❝í❤♦ st♦❧✉ ❛
♣♦❞♦❜♥➙✳ ❚❛❦t♦ ✉♣r❛✈❡♥á ❞❛t❛ ❥s♦✉ t❛❦ ♣➦✐♣r❛✈❡♥❛ ♥❛ ♣➦❡✈♦❞ ③♣➙t ❞♦ ❢r❡❦✈❡♥↔♥í ♦❜❧❛st✐ ♣➦í♠♦✉
❋♦✉r✐❡r♦✈♦✉ tr❛♥s❢♦r♠❛❝í✳ ❏❡ ③➦❡❥♠é✱ ➸❡ ✜❧tr♦✈❛♥ý ♣r➲❜➙❤ ♥❡♠➲➸❡ ❜ýt st❡❥♥ý ✭❛♥✐ t✈❛r♦✈➙✮ ❥❛❦♦
♣r➲❜➙❤ ♥❡✜❧tr♦✈❛♥ý❝❤ ❞❛t✱ ♣r♦t♦➸❡ ❜②❧ ♦❞str❛♥➙♥ ♣➦❡✈❧á❞❛❥í❝í ✈❧✐✈ ❛♣❡rt✉r②✱ ❝♦➸ ♦st❛t♥➙ ✉❦❛③✉❥❡
♦❜rá③❡❦ ✺✳✻✳
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S11 filtrované
S11 nefiltrované
❖❜rá③❡❦ ✺✳✻✿ ❷❡r✈❡♥á✿ s♣❡❦tr✉♠ ♦❞r❛③✉ ❜❡③ t✐♠❡✲❣❛t✐♥❣✉✳ ▼♦❞rá✿ ✜❧tr♦✈❛♥é s♣❡❦tr✉♠ ♦❞r❛③✉
❏❡ ✈➨❛❦ ✈❡❧♠✐ ❞➲❧❡➸✐té ♣♦❞♦t❦♥♦✉t✱ ➸❡ t❛❦t♦ ♣♦♣s❛♥ý t✐♠❡✲❣❛t✐♥❣ ♥❡♥í ✈❤♦❞♥ý ♣r♦ ♣➦í♠ý
✈ý♣♦↔❡t ♠❛t❡r✐á❧♦✈ý❝❤ ♣❛r❛♠❡tr➲✱ ♣r♦t♦➸❡ tí♠t♦ ♣r♦❝❡s❡♠ ♥❡❞♦❥❞❡ ❦ ♦❞str❛♥➙♥í s②st❡♠❛t✐❝❦é
❝❤②❜② ✈ ❝❡❧é ♠➙➦í❝í tr❛s❡✳ ❚❡♥t♦ ♣♦st✉♣ ♥❡♣♦s❦②t♥❡ ♣♦✉③❡ ❢r❡❦✈❡♥↔♥í s♣❡❦tr✉♠ ♣➦❡♥♦s✉✴♦❞r❛③✉
✹✼
♣♦✉③❡ ♦❞ ✈③♦r❦✉✳ ❩ t♦❤♦ ❞➲✈♦❞✉ ❥❡ ♥❡③❜②t♥é ♣♦✉➸ít ❞❛❧➨í ❦❛❧✐❜r❛❝✐✱ ♥❛♣➦í❦❧❛❞ ●❘▲✳
✺✳✸ ●❘▲ ❦❛❧✐❜r❛❝❡
●❘▲ ✭③ ❛♥❣❧✐❝❦é❤♦ ❣❛t❡❞✲r❡✢❡❝t✲❧✐♥❡✮ ❥❡ ♠❡t♦❞❛ ❦❛❧✐❜r❛❝❡ ♠➙➦❡♥í ✈❡❦t♦r♦✈ý♠ ❛♥❛❧②③át♦✲
r❡♠ ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉✳ ❚❛t♦ ♠❡t♦❞❛ ❥❡ ③❛❧♦➸❡♥❛ ♥❛ ♠➙➦❡♥í ❞✈♦✉ ❦❛❧✐❜r❛↔♥í❝❤ st❛♥❞❛r❞➲✱ t➦❡tí ❥❡
✈②t✈♦➦❡♥ s♦❢t✇❛r♦✈➙✳ Pr♦ s♣rá✈♥♦✉ ✐♠♣❧❡♠❡♥t❛❝✐ ❥❡ t➦❡❜❛ ♠➙➦❡♥í♠ ③ís❦❛t ❙✲♣❛r❛♠❡tr② ❞♦❦♦♥❛❧❡
♦❞r❛③♥é ♣❧♦❝❤② ✭r❡✢❡❝t✮ ❛ ✈♦❧♥é❤♦ ♣r♦st♦r✉ ✭❧✐♥❡✮✳ ❙t❛♥❞❛r❞ ♠❛t❝❤ ❥❡ ✈ t♦♠t♦ ♣➦í♣❛❞➙ ♥❛❤r❛③❡♥
s♦❢t✇❛r♦✈ý♠ ❦❛❧✐❜r❡♠✱ ❥❡ ✈②t✈♦➦❡♥ ↔❛s♦✈ý♠ ✜❧tr♦✈á♥í♠ ♣r➲❜➙❤✉ ♠➙➦❡♥í ♦❞r❛③♥é❤♦ st❛♥❞❛r❞✉ ✲
♣r♦✈❡❞❡ s❡ ❚● ❛ ♦❞✜❧tr✉❥❡ s❡ ♦❞r❛③ ♦❞ ❦♦✈♦✈é ❞❡s❦②✳ Pr♦ ✈ý♣♦↔❡t s❛♠♦t♥ý❝❤ ❝❤②❜♦✈ý❝❤ ♠♦❞❡❧➲
♥❡♥í ♠➙➦❡♥í ✈❧❛st♥♦stí ✈③♦r❦✉ ♥❡③❜②t♥é✳ ❚í♠t♦ s❡ ●❘▲ ❦❛❧✐❜r❛❝❡ ♦❞❧✐➨✉❥❡ ♦❞ ❥✐♥ý❝❤ ❦❛❧✐❜r❛↔♥í❝❤
t❡❝❤♥✐❦ ✈②✉➸í✈❛♥ý❝❤ ♣r♦ ♠➙➦❡♥í ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉ ❚❘▲ ❬✸✻❪ ✭t❤r✉✲r❡✢❡❝t✲❧✐♥❡✮ ❛ ❚❘▼ ❬✸✼❪
✭t❤r✉✲r❡✢❡❝t✲♠❛t❝❤✮✱ ❦t❡ré ♦❜➙ ✈②➸❛❞✉❥í t➦✐ ♠➙➦❡♥é ❦❛❧✐❜r❛↔♥í r❡❢❡r❡♥❝❡✳
❩❥❡❞♥♦❞✉➨❡♥➙ ➦❡↔❡♥♦ ●❘▲ ❦❛❧✐❜r❛❝❡ ✈②✉➸í✈á ❞✈♦✉ ♠➙➦❡♥í ✲ ♦❞r❛③✉ ❛ ♣➦❡♥♦s✉✱ ♥❛ ③á✲
❦❧❛❞➙ ❦t❡rý❝❤ ❥s♦✉ ✉r↔❡♥② ♣➦ís❧✉➨♥é ♣❛r❛♠❡tr② ♠➙➦í❝í s♦✉st❛✈② ❛ ♦❞str❛♥➙♥② ✈❧✐✈② ♣r♦st♦r✉ ♠❡③✐
❛♥té♥♦✉ ❛ ✈③♦r❦❡♠✳ ❉♦❥❞❡ t❛❦ ❦ ♣♦s✉♥✉ r❡❢❡r❡♥↔♥í r♦✈✐♥② ❛➸ ❦ s❛♠♦t♥é♠✉ ✈③♦r❦✉✱ t❛❦➸❡ ✈❧✐✈
❛♥té♥ ❛ ♣r♦st➦❡❞í✱ ❦t❡rý ❜② ❥✐♥❛❦ ✈♥á➨❡❧ ❞♦ ♠➙➦❡♥í ♥❡♣➦❡s♥♦st✱ ❥❡ ♣♦t❧❛↔❡♥✳ ❬✸✽❪✳
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❖❜rá③❡❦ ✺✳✼✿ ❩♥á③♦r♥➙♥í ♣♦s✉♥✉ r❡❢❡r❡♥↔♥í❝❤ r♦✈✐♥ ♣♦ ❚❖❙▼ ❛ ●❘▲ ❦❛❧✐❜r❛❝✐
Pr✐♥❝✐♣ ●❘▲ ❦❛❧✐❜r❛❝❡ ♣♦♣s❛♥ý ✈ ❬✸✾❪ ❜②❧ ✐♠♣❧❡♠❡♥t♦✈á♥ ✈ ▼❆❚▲❆❇✉✱ ❥❛❦♦ ♣♦st✲
♣r♦❝❡s✐♥❣♦✈á ♠❡t♦❞❛ ❦❛❧✐❜r❛❝❡ ③♠➙➦❡♥ý❝❤ ❞❛t✳ ❙❦r✐♣t② ♣♦t➦❡❜♥é ♣r♦ ●❘▲ ❦❛❧✐❜r❛❝✐ ❜②❧② ♣➦❡✈③❛t②
❛ ✉♣r❛✈❡♥② ♦❞ ■♥❣✳ ❱✐❦t♦r❛ ❆❞❧❡r❛✱ P❤✳❉✳ ③ ❦❛t❡❞r② ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ♣♦❧❡ ❷❱❯❚ ❛ ❥s♦✉
s♦✉↔ástí ❞✐❣✐tá❧♥í ♣➦í❧♦❤② tét♦ ♣rá❝❡✳
❱ý♣♦↔❡t ❥❡ ③❛❧♦➸❡♥ ♥❛ ✈②t✈♦➦❡♥í t③✈✳ ❡rr♦r ❜♦①➲✳ ❊rr♦r ❜♦①② ♣➦❡❞st❛✈✉❥í ❝❤②❜♦✈é ♠♦❞❡❧②
✈②♣♦↔ít❛♥é ③ ♠➙➦❡♥í ✈♦❧♥é❤♦ ♣r♦st♦r✉ ❛ ♦❞r❛③♥é ♣❧♦❝❤② ❛ ❥s♦✉ ✈②♣♦↔ítá♥② ♣r♦ ♦❜❛ ♣♦rt②✳ ◆á③❡✈
♠❡t♦❞② ♥❛♣♦✈í❞á✱ ➸❡ ❞➲❧❡➸✐tý♠ ❦r♦❦❡♠ ♣➦✐ ✈ý♣♦↔t✉ ❝❤②❜♦✈ý❝❤ ♠♦❞❡❧➲ ❥❡ ♣➦❡✈♦❞ ❢r❡❦✈❡♥❝❡ ♥❛
↔❛s♦✈♦✉ ③á❦❧❛❞♥✉ ❛ s♣rá✈♥á ❞❡✜♥✐❝❡ ↔❛s♦✈é❤♦ ♦❦♥❛ ✭t✐♠❡✲❣❛t✐♥❣✮✳ ●❘▲ ❦❛❧✐❜r❛❝í ❥s♦✉ ✈②♣♦↔ítá♥②
❦♦r❡❦❝❡ ❛♠♣❧✐t✉❞② ✐ ❢á③❡ ❛ ❥s♦✉ t❛❦ ✈②t✈♦➦❡♥② ❝❤②❜♦✈é ♠♦❞❡❧②✱ ❦t❡ré ❥s♦✉ ♥ás❧❡❞♥➙ ❛♣❧✐❦♦✈á♥②
♥❛ ♠➙➦❡♥í s❦✉t❡↔♥ý❝❤ ✈③♦r❦➲✳ ❚❛❦t♦ ❥s♦✉ ❦♦r✐❣♦✈á♥❛ ❝❤②❜♥á ❞❛t❛ ♦✈❧✐✈♥➙♥á ♥❡❥r➲③♥➙❥➨í♠✐ ❥✐➸
❞✐s❦✉t♦✈❛♥ý♠✐ ❝❤②❜❛♠✐ ✈ ❝❡❧é♠ ♠➙➦í❝í♠ ➦❡t➙③❝✐✳
❩ás❛❞♥í ❥s♦✉ ✈❧❛st♥♦st✐ ♦❞r❛③✐✈é ❦♦✈♦✈é ❞❡s❦②✱ ✉ ❦t❡ré s❡ ♣➦❡❞♣♦❦❧á❞á ❞♦❦♦♥❛❧ý ♦❞r❛③
✹✾
✭Γkov = −1✮ ❬✹✵❪✳ Pr♦ t✐♠❡ ❣❛t✐♥❣ ❥❡ r♦✈♥➙➸ ♥❡③❜②t♥é ③♥át t❧♦✉➨➫❦② ❥❡❞♥❛❦ ❦♦✈♦✈é ❞❡s❦②✱ ❥❡❞♥❛❦
♠➙➦❡♥é❤♦ ♠❛t❡r✐á❧✉✳ ❚② ❜② ♠➙❧② ❜ýt ③ ♣r✐♥❝✐♣✉ ♠❡t♦❞② r♦✈♥②✱ ❝♦➸ ❥❡ ❛❧❡ ✈❡❧♠✐ ♥❡♣r❛❦t✐❝❦é✳
❱❤♦❞♥ý♠ ❞❡✲❡♠❜❡❞✐♥❣❡♠ ❧③❡ ❦♦♠♣❡♥③♦✈❛t r➲③♥é t❧♦✉➨➫❦② ♠❛t❡r✐á❧✉ ❛ r❡❢❡r❡♥↔♥í ❞❡s❦② tí♠✱ ➸❡
s❡ ♣♦s✉♥♦✉ r❡❢❡r❡♥↔♥í r♦✈✐♥② ♥❛ r♦③❤r❛♥í ✈③❞✉❝❤✲♠❛t❡r✐á❧✱ ❝♦➸ ❥❡ ❞➲❧❡➸✐té✱ ♣r♦t♦➸❡ ③❦♦✉♠❛♥é
✈③♦r❦② ❥s♦✉ ✈➙t➨✐♥♦✉ r➲③♥➙ s✐❧♥é✳
✺✳✹ ▼❡t♦❞② ❡①tr❛❦❝❡ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② ❛ ♣❡r♠❡❛❜✐❧✐t②
▼➙➦❡♥í♠ ❦♦♠♣❧❡①♥í❝❤ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧❛st♥♦stí ♥❡❥r➲③♥➙❥➨í❝❤ ♠❛t❡r✐á❧➲ s❡ ✈ ♣r➲✲
❜➙❤✉ ♠✐♥✉❧ý❝❤ ❧❡t ③❛❜ý✈❛❧❛ ❝❡❧á ➦❛❞❛ ✈➙❞❝➲ ❛ ❜②❧♦ t❛❦ ✈②✈✐♥✉t♦ ♠♥♦➸st✈í ♣➦íst✉♣➲ ❛ ♠❡t♦❞✳
❘➲③♥é ♣♦st✉♣② ♠➙➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ♣❛r❛♠❡tr➲ ✭❦❛♣✐t♦❧❛ ✹✳✷✮ ✐♠♣❧✐❦✉❥í r➲③♥é ♠❡t♦❞②
③♣r❛❝♦✈á♥í ❞❛t ❛ ✈ý♣♦↔t➲ ❦♦♠♣❧❡①♥í❝❤ ✈❡❧✐↔✐♥✳ ❆♠❡r✐❝❦ý ◆ár♦❞♥í ✐♥st✐t✉t st❛♥❞❛r❞➲ ❛ t❡❝❤♥♦❧♦✲
❣✐❡ ✭◆■❙❚ ◆❛t✐♦♥❛❧ ✐♥st✐t✉t❡ ♦❢ st❛♥❞❛r❞s ❛♥❞ t❡❝❤♥♦❧♦❣②✮ ✈②❞❛❧ ✈ r♦❝❡ ✷✵✵✺ ♣♦♠➙r♥➙ ♦❜sá❤❧♦✉
③♣rá✈✉✱ ✈❡ ❦t❡ré ❛✉t♦➦✐ ♣♦♣✐s✉❥í ❥❡❞♥❛❦ ♠❡t♦❞② ♠➙➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧❛st♥♦stí ❧át❡❦✱
❥❡❞♥❛❦ ♠❡t♦❞② ❡①tr❛❦❝❡ r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t② ❛ ♣❡r♠❡❛❜✐❧✐t② ❬✷✹❪✳
▼❡t♦❞② ♣♦♣s❛♥é ✈ tét♦ ♣rá❝✐ ✭❛❧❡ ✐ ♠♥♦❤é ❞❛❧➨í✮ ❧③❡ ♥❛❧é③t ✈ ♠♥♦❤❛ ❛❞❛♣t❛❝í❝❤✱ ♣r♦✲
t♦➸❡ s✐ ❥❡ r➲③♥í ❛✉t♦➦✐ ♣➦✐③♣➲s♦❜✉❥í ♥❛ ♠ír✉ ♣r♦ s✈é ♣♦t➦❡❜②✳ ◆❛♣➦í❦❧❛❞ ✈ ❞❛t❛❜á③✐ ■❊❊❊ ❧③❡ ♥❛
t♦t♦ té♠❛ ❞♦❤❧❡❞❛t ♥❡s♣♦↔❡t ♦❞❜♦r♥ý❝❤ ↔❧á♥❦➲✳ ◆➙❦t❡ré ♠❡t♦❞② ♣♦s❦②t✉❥í ❡①♣❧✐❝✐t♥í ✈②❥á❞➦❡♥í
❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② εk ❛ ♣❡r♠❡❛❜✐❧✐t② µk✱ ③❛tí♠❝♦ ❥✐♥é ♣r❛❝✉❥í ♥❛ ③❥❡❞♥♦❞✉➨❡♥é♠ ♣r✐♥❝✐♣✉ ❛
❞❡✜♥✉❥í ♣♦✉③❡ ♣❡r♠✐t✐✈✐t✉✳ ❱➨❡❝❤♥② ❛❧❡ ♠❛❥í s♣♦❧❡↔♥ý ③á❦❧❛❞ ❛ ✈②❝❤á③í ③❡ st❡❥♥ý❝❤ ♠❛t❡♠❛t✐❝❦♦✲
❢②③✐❦á❧♥í❝❤ ✈②❥á❞➦❡♥í ❙✲♣❛r❛♠❡tr➲ ♣❧②♥♦✉❝í❝❤ ③ ▼❛①✇❡❧❧♦✈ý❝❤ r♦✈♥✐❝ ❛ r❛❞✐♦❢r❡❦✈❡♥↔♥í❝❤ ♣♦♠➙r➲
❞✈♦❥❜r❛♥✉✳ P♦❞r♦❜♥é ♦❞✈♦③❡♥í ❧③❡ ♥❛❧é③t ♥❛♣➦í❦❧❛❞ ✈ ❬✹✶❪ ♥❡❜♦ ❬✹✷❪✳
❏❡❞♥✉ ③ ♥❡❥③♥á♠➙❥➨í❝❤ ♠❡t♦❞ ✈②✈✐♥✉❧✐ ◆✐❝♦❧s♦♥ ❛ ❘♦ss ❬✹✸❪ ❛ ❲❡✐r ❬✹✹❪ ❛ ❥❡ ♣♦❞❧❡ ♥✐❝❤
♣♦❥♠❡♥♦✈á♥❛✳ ◆❛ ③á❦❧❛❞➙ r♦✈♥✐❝✱ ❦t❡ré ♦❞✈♦❞✐❧✐✱ ♣❛❦ st❛✈í s✈➲❥ ✈ý③❦✉♠ ➦❛❞❛ ❞❛❧➨í❝❤ ✈➙❞❝➲✳ ❩❛
③♠í♥❦✉ st♦❥í ♥❛♣➦í❦❧❛❞ ❬✹✺❪✱ ❦❞❡ ❥❡ ♥❡❥❡♥ ♣♦♣sá♥ ✈ý③♥❛♠ ◆✐❝♦❧s♦♥♦✈②✲❘♦ss♦✈②✲❲❡✐r♦✈② ✭◆❘❲✮
♠❡t♦❞②✱ ❛❧❡ ❥❡ ♥❛❜í❞♥✉t ✐ ❞❛❧➨í ♣➦íst✉♣ ❦ ✈ý♣♦↔t➲♠ ③❡❥♠é♥❛ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②✱ ❦t❡rý ♦❞str❛✲
➡✉❥❡ ❝❤②❜② ◆❘❲ ❛❧❣♦r✐t♠✉ ♥❛ ❢r❡❦✈❡♥❝í❝❤ ♦❞♣♦✈í❞❛❥í❝í ♥ás♦❜❦✉ ♣♦❧♦✈✐♥② ✈❧♥♦✈é ❞é❧❦②✳
✺✵
❱❡❧♠✐ ✉➸✐t❡↔♥ý ❥❡ ♠❛♥✉á❧ ✈②❞❛♥ý ♣➦í♠♦ ✈ýr♦❜❝❡♠ ✈❡❦t♦r♦✈é❤♦ ❛♥❛❧②③át♦r✉✱ ❦t❡rý r♦✈✲
♥➙➸ ♣♦♣✐s✉❥❡ ❥❡❞♥♦t❧✐✈é ♠❡t♦❞② ♠➙➦❡♥í ❛ ❡①tr❛❦❝❡ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧❛st♥♦stí ❬✹✻❪✳ ▲③❡ ③❞❡
❞♦❤❧❡❞❛t ✉r↔✐tý ♥á✈♦❞✱ ❦❞② ❥❡ ✈❤♦❞♥é ✉❝❤ý❧✐t s❡ ❦❡ ❦♦♥❦rét♥í ♠❡t♦❞➙ ♠➙➦❡♥í ❛ ✈ ♥á✈❛③♥♦st✐ ♥❛
t♦ ③✈♦❧✐t ♥❡❥❧❡♣➨í ♠❡t♦❞② ✈ý♣♦↔t✉ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❡❧✐↔✐♥✳
◆❛ ③á❦❧❛❞➙ ✈ý➨❡ ✉✈❡❞❡♥ý❝❤ ♦❞✈♦③❡♥í ❙✲♣❛r❛♠❡tr➲ ❧③❡ s❡st❛✈✐t s♦✉st❛✈✉ r♦✈♥✐❝✱ ❦t❡ré
♣♦♣✐s✉❥í ✈③t❛❤② ♠❡③✐ ♣❛r❛♠❡tr② ❞✈♦❥❜r❛♥✉ ❛ ♥❛ ③á❦❧❛❞➙ ❦t❡rý❝❤ ❧③❡ ♣♦♣s❛t ❥❡❤♦ ❝❤♦✈á♥í✳ ❱
❞➲s❧❡❞❦✉ ❧③❡ ✉♣r❛✈✐t t②t♦ r♦✈♥✐❝❡ ♣r♦ ♣♦t➦❡❜② ❡①tr❛❦❝❡ ❦♦♠♣❧❡①♥í❝❤ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❡❧✐↔✐♥✱
❥❡ ✈➨❛❦ t➦❡❜❛ ✈②❝❤á③❡t ③ ❦♦r❡❦t♥í❝❤ ♠❛t❡♠❛t✐❝❦ý❝❤ ❞❡✜♥✐❝✳ ❉➲❧❡➸✐tý♠ ♣➦❡❞♣♦❦❧❛❞❡♠ ❥❡ s②♠❡tr✐❡
s♦✉st❛✈②✱ ♠❛t❡♠❛t✐❝❦② ✈②❥á❞➦❡♥á ❥❛❦♦✿
S11 = S22
S12 = S21
✭✺✳✶✮
❚♦ ❥✐♥ý♠✐ s❧♦✈② ③♥❛♠❡♥á✱ ➸❡ ♦❞r❛③② ♦❞ ♣♦rt✉ ✶ ❛ ✷ ❥s♦✉ st❡❥♥é✱ t❛❦ ❥❛❦♦ ♣➦❡♥♦s ③ ♣♦rt✉ ✶ ❞♦ ♣♦rt✉
✷ ❛ ♦❜rá❝❡♥➙✳ ❱ t♦♠t♦ ❦♦♥❦rét♥í♠ ♣➦í♣❛❞➙ t♦ ③♥❛♠❡♥á✱ ➸❡ ✈③♦r❡❦ ❥❡ s②♠❡tr✐❝❦ý✱ t❛❦➸❡ ❞♦❝❤á③í
♦❞ ♦❜♦✉ str❛♥ ❦❡ st❡❥♥ý♠ ♦❞r❛③➲♠ ❛ ❥s♦✉ ♣♦✉➸✐t② st❡❥♥é ❛♥té♥② ✭③❡❥♠é♥❛ ③ ❤❧❡❞✐s❦❛ ✈②③❛➦♦✈❛❝í❝❤
❝❤❛r❛❦t❡r✐st✐❦✮ ♥❛ ♦❜♦✉ ♣♦rt❡❝❤✳ ❏❛❦ ❜✉❞❡ ✉❦á③á♥♦ ✈ ❞❛❧➨í❝❤ ↔ást❡❝❤✱ ♥➙❦t❡ré ♠❡t♦❞② s✐ ✈②st❛↔í
♣♦✉③❡ s ❞✈➙♠❛ ♣❛r❛♠❡tr② S11 ❛ S21 ❛ ✈ t❛❦♦✈é♠ ♣➦í♣❛❞➙ ♥❡♥í ♣➦❡❞♣♦❦❧❛❞ s②♠❡tr✐❡ ♥✉t♥ý✳
❑❛➸❞♦♣á❞♥➙ ❧③❡ ③ ❞❡✜♥✐❝❡ ❙✲♣❛r❛♠❡tr➲ ♣sát ♥ás❧❡❞✉❥í❝í r♦✈♥✐❝❡✳
S11 =
Γ(1− T 2)
1− Γ2T 2 S21 =
T (1− Γ2)
1− Γ2T 2 Γ =
Z − 1
Z + 1
T = e−γL Z =
µrγ0
γ
ηr =
√
εrµr ✭✺✳✷✮
γ = jk0
√
η2r −
(
fc
f
)2
γ0 = jk0
√
1−
(
fc
f
)2
k0 =
2πf
c
❱ s♦✉st❛✈➙ r♦✈♥✐❝ ✺✳✷ ♣❧❛tí✱ ➸❡ Γ ❥❡ ❦♦❡✜❝✐❡♥t ♦❞r❛③✉✱ T ❦♦❡✜❝✐❡♥t ♣➦❡♥♦s✉✱ Z ✈❧♥♦✈á ✐♠♣❡❞❛♥❝❡✱
L t❧♦✉➨➫❦❛ ♠❛t❡r✐á❧✉✱ f ❛ fc ❢r❡❦✈❡♥❝❡ ❛ ♠❡③♥í ❢r❡❦✈❡♥❝❡ ✭❝✉t✲♦✛ ❢r❡❦✈❡♥❝❡✮✱ γ ❛ γ0 ❥❡ ❦♦♥st❛♥t❛
➨í➦❡♥í ✈ ♠❛t❡r✐á❧✉ ❛ ✈❡ ✈③❞✉❝❤✉✱ k0 ❥❡ t③✈✳ ✈❧♥♦✈é ↔ís❧♦ ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉ ❛ ηr ❥❡ r❡❧❛t✐✈♥í ✐♥❞❡①
❧♦♠✉✳ ◆❡③á✈✐s❧é ♣r♦♠➙♥♥é ✈ tét♦ s♦✉st❛✈➙ ❥s♦✉ ❢r❡❦✈❡♥❝❡✱ r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t❛ ❛ ♣❡r♠❡❛❜✐❧✐t❛✱
t❧♦✉➨➫❦❛ ♠❛t❡r✐á❧✉ ❛ ♠❡③♥í ❢r❡❦✈❡♥❝❡ fc✳ ❚❛t♦ s♦✉st❛✈❛ ❥❡ ✈❡❧♠✐ ♦❜❡❝♥á ❛ ♣♦♣✐s✉❥❡ ➨í➦❡♥í ❡❧❡❦tr♦✲
✺✶
♠❛❣♥❡t✐❝❦é❤♦ ✈❧♥➙♥í ♦❜❡❝♥é❤♦ ❞✈♦✉♣♦rt♦✈é❤② s②sté♠✉✳ ▼❡③♥í ❢r❡❦✈❡♥❝❡ fc ❥❡ ♠❡③♥í ❢r❡❦✈❡♥❝❡
✈❡ ✈❧♥♦✈♦❞✉✱ ♣r♦ ❦❧❛s✐❝❦ý ♦❜❞é❧♥í❦♦✈ý ✈❧♥♦✈♦❞ ♣❧❛tí✱ ➸❡ fc = c2a ✱ ❦❞❡ a ❥❡ ✈❡❧✐❦♦st ❞❡❧➨í str❛♥②
t♦❤♦ ✈❧♥♦✈♦❞✉✳ ❱ ♣➦í♣❛❞➙ ♠➙➦❡♥í ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉ ❥❡ ❛❧❡ ♠❡③♥í ❢r❡❦✈❡♥❝❡ fc ♥✉❧♦✈á ❛ ♣r♦
♥❡♠❛❣♥❡t✐❝❦é ♠❛t❡r✐á❧② ♣❧❛tí µr = 1✳ ❚②t♦ s❦✉t❡↔♥♦st✐ ③❥❡❞♥♦❞✉➨í s♦✉st❛✈✉ ✺✳✷ ♣r♦ ♠➙➦❡♥í ✈❡
✈♦❧♥é♠ ♣r♦st♦r✉✱ t❛❦➸❡ ♣r♦ ❡①tr❛❦❝✐ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② ❜✉❞❡ ♠♦➸♥é ♣♦✉➸ít ♣♦st✉♣② ✉✈❡❞❡♥é
✈ ❞❛❧➨í❝❤ ↔ást❡❝❤ t❡①t✉✳
❱ ♥ás❧❡❞✉❥í❝í❝❤ ❦❛♣✐t♦❧á❝❤ ❜✉❞♦✉ ♣♦❞r♦❜♥➙ ♣r♦❜rá♥② ❢✉♥❞❛♠❡♥tá❧♥í ♠❡t♦❞② ✈ý♣♦↔t✉
❦♦♠♣❧❡①♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❡❧✐↔✐♥✳ ◆➙❦t❡ré ③ ♥✐❝❤ ❜✉❞♦✉ r♦✈♥➙➸ r♦✈♥➙➸ ♣r❡③❡♥t♦✈á♥② ♣➦í♠♦
❥❛❦♦ s❦r✐♣t② ♣s❛♥é ✈ ▼❆❚▲❆❇✉ ✈②✉➸✐té ♣r♦ ✈ý♣♦↔t② ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②✳
✺✳✹✳✶ ◆✐❝♦❧s♦♥♦✈❛✲❘♦ss♦✈❛✲❲❡✐r♦✈❛ ♠❡t♦❞❛
❚❛t♦ ♠❡t♦❞❛✱ ❦t❡rá s❡ ↔❛st♦ ♦③♥❛↔✉❥❡ ③❦r❛t❦♦✉ ◆❘❲✱ ❥❡ ❥❡❞♥♦✉ ③ ♥❡❥♣♦✉➸í✈❛♥➙❥➨í❝❤
♠❡t♦❞ ❡①tr❛❦❝❡ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② ✐ ♣❡r♠❡❛❜✐❧✐t②✳ P♦❞❧❡ ❦♦♥❦rét♥í ✐♠♣❧❡♠❡♥t❛❝❡ ✈②➸❛❞✉❥❡
❛❧❣♦r✐t♠✉s ◆❘❲ ✈➨❡❝❤♥② ↔t②➦✐ ✭S11, S21, S12, S22✮ ♥❡❜♦ ❞✈❛ ✭S11, S21✮ ❙✲♣❛r❛♠❡tr②✳ ❖❜❧✐❜❛ ◆❘❲
♠❡t♦❞② s♣♦↔í✈á ✈ t♦♠✱ ➸❡ ❥❡ ♥❡✐t❡r❛t✐✈♥í ❛ t❡❞② r②❝❤❧á✱ ♣r♦t♦➸❡ ✈②❥❛❞➦✉❥❡ ❡①♣❧✐❝✐t♥➙ ♦❜➙ ❦♦♠♣❧❡①♥í
✈❡❧✐↔✐♥② ❛ t❛❦é ❥í ❧③❡ ❛♣❧✐❦♦✈❛t ♥❛ ♠➙➦❡♥í ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉✱ ✈❡ ✈❧♥♦✈♦❞✉ ✐ ♥❛ ❦♦❛①✐á❧♥í♠ ✈❡❞❡♥í✱
❝♦➸ ❥s♦✉ ♥❡❥↔❛st➙❥✐ ♣♦✉➸í✈❛♥é ♠❡t♦❞② ♠➙➦❡♥í✳
❩ás❛❞♥í ♥❡✈ý❤♦❞♦✉ ❥❡ ♥❛♦♣❛❦ ❦♦❧ísá♥í ✈ýs❧❡❞❦➲ ✈ ♦❦♦❧í ❝❡❧♦↔ís❡❧♥ý❝❤ ♥ás♦❜❦➲ ♣♦❧♦✈✐♥②
✈❧♥♦✈é ❞é❧❦②✱ ♦❞♣♦✈í❞❛❥í❝í t❧♦✉➨➫❝❡ ♠❛t❡r✐á❧✉✳ P❛r❛♠❡tr S11 ❥❡ ✈ t➙❝❤t♦ ❜♦❞❡❝❤ ✈❡❧♠✐ ♠❛❧ý ❛
❝❤②❜❛ ✈ý♣♦↔t✉ r♦st❡✳ ◆❛✈í❝✱ ❥❛❦ ❜✉❞❡ ✉❦á③á♥♦✱ ❛❧❣♦r✐t♠✉s ✈ý♣♦↔t✉ ♠á ♥❡❦♦♥❡↔♥➙ ♠♥♦❤♦ ➦❡➨❡♥í
❛ ♣rá✈➙ ✈ t➙❝❤t♦ ❜♦❞❡❝❤ s❡ ♠➙♥í ✐♥❞❡① ♥ás♦❜❦✉✳ ❚❛t♦ ♥❡❥❡❞♥♦③♥❛↔♥♦st ♣❛❦ ✈♥á➨í ♥❛ ❞❛♥ý❝❤
❢r❡❦✈❡♥❝í❝❤ ❞♦ ✈ý♣♦↔t✉ ❝❤②❜✉✱ ❦t❡r♦✉ ✈ rá♠❝✐ ◆❘❲ ♥❡❧③❡ ♠♦❝ ❞♦❜➦❡ ❦♦r✐❣♦✈❛t✳ Prá✈➙ ♣r♦t♦
❥❡ ❛✉t♦r② ❞♦♣♦r✉↔❡♥♦ t✉t♦ ♠❡t♦❞② ✈②✉➸í✈❛t ♣r♦ t❡♥❦é ♠❛t❡r✐á❧②✱ ❝♦➸ ♦✈➨❡♠ ♥❡♠✉sí ❜ýt ❜❡③
♣➦❡❞❝❤♦③í ③♥❛❧♦st✐ ♣❡r♠✐t✐✈✐t② ♠❛t❡r✐á❧✉ ♣r❛❦t✐❝❦é✳
◆❘❲ ✈②❝❤á③í ③❡ s❛❞② r♦✈♥✐❝ ✺✳✷ s ♥➙❦♦❧✐❦❛ ú♣r❛✈❛♠✐ ❛ ❞❛❧➨í♠✐ ♦❞✈♦③❡♥í♠✐✿
S11 =
Γ(1− T 2)
1− Γ2T 2 S21 =
T (1− Γ2)
1− Γ2T 2 ✭✺✳✸✮
✺✷
❘♦✈♥✐❝❡ ✺✳✸ ❥s♦✉ ✈③t❛❤② ❞❡✜♥✉❥í❝í ❙✲♣❛r❛♠❡tr② ✷✲♣♦rt♦✈é❤♦ s②sté♠✉✱ t② ❥s♦✉ ❛❧❡ ♣➦❡❞❡✈➨í♠
③ís❦á♥② ♠➙➦❡♥í♠ ✈❡❦t♦r♦✈ý♠ ❛♥❛❧②③át♦r❡♠✳ ❑♦❡✜❝✐❡♥t ♦❞r❛③✉ Γ ❥❡ ✈②❥á❞➦❡♥ ❥❛❦♦ ❢✉♥❦❝❡ ❙✲
♣❛r❛♠❡tr➲ ♥ás❧❡❞♦✈♥➙✿
Γ = X ±
√
X2 − 1 ✭✺✳✹✮
❦❞❡
X =
S211 − S221 + 1
2S11
✭✺✳✺✮
❩♥❛♠é♥❦♦ ✈ r♦✈♥✐❝✐ ✺✳✹ ❥❡ ✈♦❧❡♥♦ t❛❦✱ ❛❜② ❜②❧❛ s♣❧♥➙♥❛ ♣♦❞♠í♥❦❛ |Γ| < 1✳ ❙ ✈②✉➸✐tí♠ ❦♦❡✜❝✐❡♥t✉
♦❞r❛③✉ Γ ❧③❡ ✈②♣♦↔ít❛t ❦♦❡✜❝✐❡♥t ♣➦❡♥♦s✉ T
T =
S11 + S21 − Γ
1− (S11 + S21)Γ ✭✺✳✻✮
◆❛✈í❝ Γ ❛ T ♠♦❤♦✉ ❜ýt ❛❧t❡r♥❛t✐✈♥➙ ✈②❥á❞➦❡♥② ❥❛❦♦ ❢✉♥❦❝❡ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② εk ❛ ♣❡r♠❡❛✲
❜✐❧✐t② µk t❛❦t♦✿
Γ =
√
µk
εk
− 1√
µk
εk
+ 1
✭✺✳✼✮
T = e−j(
ω
c
)L
√
µkεk ✭✺✳✽✮
P♦ ú♣r❛✈➙ r♦✈♥✐❝ ✺✳✼ ❛ ✺✳✽ ❛ ③❛✈❡❞❡♥í ❦♦❡✜❝✐❡♥t➲ c1 ❛ c2✱ ❧③❡ ❛❧❣❡❜r❛✐❝❦② ✈②❥á❞➦✐t ✈③t❛❤② ♣r♦
✈ý♣♦↔❡t ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② εk ❛ ♣❡r♠❡❛❜✐❧✐t② µk ❬✸✽❪✱ ❬✹✸❪
µk =
√
c1c2 ✭✺✳✾✮
εk =
√
c2
c1
✭✺✳✶✵✮
✺✸
❆ t♦ t❛❦✱ ➸❡
c1 =
µk
εk
=
(
1 + Γ
1− Γ
)2
✭✺✳✶✶✮
c2 = µkεk = −
[
c(ωd)−1 ln(T−1)
]2
✭✺✳✶✷✮
❘♦✈♥✐❝❡ ✺✳✼ ❛➸ ✺✳✶✷ ❥s♦✉ ♦❞✈♦③❡♥② ❥✐➸ ③❛ ♣➦❡❞♣♦❦❧❛❞✉ ♠➙➦❡♥í ✈❡ ✈♦❧♥é♠ ♣r♦st♦✉✱ ❦❞❡ ❥❡ ♠❡③♥í
❢r❡❦✈❡♥❝❡ fc ♥✉❧♦✈á ✭✈✐③ r♦✈♥✐❝❡ ✺✳✷✮✳ ❖❜❡❝♥é ♦❞✈♦③❡♥í ♣r♦ r➲③♥é ♠❡t♦❞② ♠➙➦❡♥í ❧③❡ ♥❛❧é③t
♥❛♣➦í❦❧❛❞ ✈ ❬✹✻❪✳
❱ t♦♠té➸ ♥á✈♦❞✉ ❥❡ ♠✐♠♦ ❥✐♥é ♣♦♣sá♥ ✐ ♠❛t❡♠❛t✐❝❦ý ♣r♦❜❧é♠ ♥❡❥❡❞♥♦③♥❛↔♥♦st✐ ➦❡➨❡♥í✳
❘♦✈♥✐❝❡ ✺✳✶✷ ♠á ♣r♦ ❦♦♠♣❧❡①♥í ❦♦❡✜❝✐❡♥t ♣r➲❝❤♦❞✉ T ♥❡❦♦♥❡↔♥➙ ♠♥♦❤♦ ➦❡➨❡♥í✱ ♣r♦t♦➸❡ ❧♦❣❛r✐t✲
♠✉s ❦♦♠♣❧❡①♥í❤♦ ↔ís❧❛ ln(z) = ln |z|+j(Φ+2πn)✳ Φ ❥❡ ✈ t♦♠t♦ ♣➦í♣❛❞➙ ❢á③❡ T ❛ n = 0,±1,±2, . . .
❥❡ ❥✐➸ ♥➙❦♦❧✐❦rát ③♠í♥➙♥ý ✐♥❦r❡♠❡♥t✱ ❦t❡rý ③♠➙♥í s✈♦❥✐ ❤♦❞♥♦t✉ ✈ ❜♦❞❡❝❤ ♥❡st❛❜✐❧✐t② ✈ý♣♦↔t✉✳
❱ ♣➦í❧♦③❡ ❇✳✶ ❥❡ ✉✈❡❞❡♥❛ ✉❦á③❦❛ ✐♠♣❧❡♠❡♥t❛❝❡ ◆❘❲ ♠❡t♦❞② ✈ ▼❆❚▲❆❇✉✳ ❱ ✉❦á③❝❡
❥❡ ♣♦✉➸✐t♦ st❡❥♥é ③♥❛↔❡♥í✱ ❥❛❦é ❜②❧♦ ♣♦✉➸✐t♦ ✈ ♦❞✈♦③❡♥í r♦✈♥✐❝ ✈ý♣♦↔t✉ ◆❘❲ ♠❡t♦❞②✳ ❱ t♦♠t♦
❦ó❞✉ ❥❡ ♥❛❧❡③❡♥í ✐♥❦r❡♠❡♥t✉ n s♣í➨❡ ❡♠♣✐r✐❝❦é✳ ❑♦r❡❦t♥í ♦❞✈♦③❡♥í ❛ ✈ý♣♦↔❡t ✈②❝❤á③í ③ ♣♦r♦✈♥á♥í
✈②♣♦↔ít❛♥ý❝❤ ❛ ③♠➙➦❡♥ý❝❤ ❡❧❡❦tr✐❝❦ý❝❤ ❞é❧❡❦ ❛ ❢á③♦✈é❤♦ ♣♦s✉♥✉ ♠➙➦❡♥ý❝❤ ❛ s♣♦↔ít❛♥ý❝❤ ♣❛r❛✲
♠❡tr➲ ✭❦♦❡✜❝✐❡♥t T s❡ ♥❡♠➙♥í ♣➦✐ ③✈➙t➨❡♥í t❧♦✉➨➫❦② ✈③♦r❦✉ ♦ ♥ás♦❜❡❦ ✈❧♥♦✈é ❞é❧❦②✮✳ ▼❛t❡♠❛t✐❝❦②
s♣rá✈♥é ✈②❥á❞➦❡♥í ✈②➸❛❞✉❥❡ ♥ár♦↔♥➙❥➨í ❛ ✈ ♥➙❦t❡rý❝❤ ❦r♦❝í❝❤ ❥✐♥❛❦ ♣r♦✈❡❞❡♥é ♠➙➦❡♥í✱ t❛❦➸❡ ❦♦✲
r❡❦t♥í ✉r↔❡♥í n ♥❡♥í ♠♦➸♥é✳ P➦íst✉♣ ♥❛③♥❛↔❡♥ý ✈ ✉❦á③❝❡ ❦ó❞✉ ✈➨❛❦ ♣♦s❦②t✉❥❡ ❞♦❜ré ✈ýs❧❡❞❦② ❛
♣r♦ ✈ý♣♦↔❡t ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② ❥❡ ✈í❝❡ ♥❡➸ ❞♦st❛↔✉❥í❝í✳
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❖❜rá③❡❦ ✺✳✽✿ ❱ý♣♦↔❡t ♣❡r♠✐t✐✈✐t② ✽ ♠♠ t❧✉sté❤♦ s❦❧❛ ◆❘❲ ♠❡t♦❞♦✉ ③ ❞❛t ③ís❦❛♥ý❝❤ s✐♠✉❧❛❝í
❖❜rá③❡❦ ✺✳✽ ✉❦❛③✉❥❡ t②♣✐❝❦ý ♣r➲❜➙❤ ◆❘❲ ♠❡t♦❞♦✉ ❡①tr❛❤♦✈❛♥é r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t②
③ ❞❛t ③ís❦❛♥ý❝❤ ♣♦↔ít❛↔♦✈♦✉ s✐♠✉❧❛❝í✳ ❱ý♣♦↔❡t ♣r♦❜í❤❛❧ ♥❛ ③á❦❧❛❞➙ ♣♦↔ít❛↔♦✈➙ s✐♠✉❧♦✈❛♥ý❝❤
❞❛t ♠♦❞❡❧✉ s❦❧❛ ✽ ♠♠ t❧✉sté❤♦ s ❦♦♠♣❧❡①♥í ♣❡r♠❡❛❜✐❧✐t♦✉ µk = 1✱ ♣❡r♠✐t✐✈✐t♦✉ εk = 6 ✭s
♥✉❧♦✈♦✉ ✐♠❛❣✐♥ár♥í ↔ástí✮✳ ❩ ❣r❛❢✉ ❥❡ ❞♦❜➦❡ ✈✐❞➙t ❞➦í✈❡ ❞✐s❦✉t♦✈❛♥ý ♣r♦❜❧é♠ ♥❡st❛❜✐❧✐t② ✈ý♣♦↔t✉
♥❛ ❢r❡❦✈❡♥❝í❝❤ ♦❞♣♦✈í❞❛❥í❝í♠ n✲♥ás♦❜❦✉ ♣♦❧♦✈✐♥② ✈❧♥♦✈é ❞é❧❦② ✈③❤❧❡❞❡♠ ❦ t❧♦✉➨➫❝❡ ♠❛t❡r✐á❧✉✳
Pr♦t♦➸❡ ♣➦❡❞♣♦❦❧á❞á♠❡✱ ➸❡ ♣♦❧♦✈✐♥❛ ✈❧♥♦✈é ❞é❧❦② ❥❡ t❧♦✉➨➫❦❛ ♠❛t❡r✐á❧✉ ❛ ❜❡r❡♠❡ ✈ ú✈❛❤✉ r♦✈♥✐❝❡
✺✺
✷✳✶ ❛ ✷✳✹✱ ♠➲➸❡♠❡ s♣♦↔ít❛t ❦r✐t✐❝❦é ❢r❡❦✈❡♥❝❡ ♣r♦ ❞❛♥é ♠➙➦❡♥í✿
λ = 2L ✭✺✳✶✸✮
f = n
c
2L
√
ε′
✭✺✳✶✹✮
f = n
3 · 108
2 · 8 · 10−3√6 ≈ n · 7, 66●❍③ ✭✺✳✶✺✮
P♦♠♦❝í ❣r❛❢✉ ✺✳✽ ❧③❡ ♦✈➙➦✐t✱ ➸❡ ❝❡❧♦↔ís❡❧♥é ♥ás♦❜❦② ❢r❡❦✈❡♥❝❡ ✼✱✻✻ ●❍③ ✈②❦❛③✉❥í ❝❤②❜♦✈é
❝❤♦✈á♥í✱ ❦t❡ré ❥❡ ❞➲s❧❡❞❦❡♠ ❥❡❞♥❛❦ ♠❛❧é ❤♦❞♥♦t② ❙✲♣❛r❛♠❡tr✉ S11✱ ❥❡❞♥❛❦ ♥❡❦♦♥❡↔♥➙ ♠♥♦❤❛
➦❡➨❡♥í r♦✈♥✐❝❡ ✺✳✶✷✳
✺✳✹✳✷ ◆❡✐t❡r❛t✐✈♥í ♠❡t♦❞❛
Pr✐♥❝✐♣ ♥❡✐t❡r❛t✐✈♥í ♠❡t♦❞② ✭◆◆■❈▼ ✲ ♥❡✇ ♥♦♥✲✐t❡r❛t✐✈❡ ❝♦♥✈❡rs✐♦♥ ♠❡t❤♦❞✮ ❥❡ ♥❡❥✲
❧é♣❡ ♣♦♣sá♥ ✈ ❬✹✼❪✱ ❦❞❡ ❥❡ r♦✈♥➙➸ t❛t♦ ♠❡t♦❞❛ ♣♦r♦✈♥á♥❛ s ◆❘❲✳ ◆◆■❈▼ ❛ ◆❘❲ ❥s♦✉ s✐ ✈❡❧♠✐
♣♦❞♦❜♥é✱ ◆◆■❈▼ ✈②✉➸í✈á ❥✐♥é ❢♦r♠✉❧❛❝❡ ❛ ❥❡ ✈❤♦❞♥á ♣♦✉③❡ ♣r♦ ✈ý♣♦↔t② ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②
✭♣➦❡❞♣♦❦❧á❞á µk = 1✮✳ ◆◆■❈▼ ♠á ♦♣r♦t✐ ◆❘❲ ❤♥❡❞ ♥➙❦♦❧✐❦ ✈ý❤♦❞✱ t♦✉ ♥❡❥③ás❛❞♥➙❥➨í ❥❡ st❛❜✐❧✐t❛
♥❛ ❢r❡❦✈❡♥❝í❝❤ ♦❞♣♦✈í❞❛❥í❝í❝❤ ♣♦❧♦✈✐♥➙ ✈❧♥♦✈é ❞é❧❦② ✈③t❛➸❡♥é ❦ t❧♦✉➨➫❝❡ ♠❛t❡r✐á❧✉✳ ❏❡❧✐❦♦➸ ❥❡ ♥❡✐✲
t❡r❛t✐✈♥í✱ t❛❦ ❥❡ r②❝❤❧❡❥➨í ♥❡➸ ❥✐♥é ♣➦íst✉♣② ❛ ♥❡♣♦t➦❡❜✉❥❡ ♣♦↔át❡↔♥í ♦❞❤❛❞ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②✳
❏❡❞✐♥♦✉ ♥❡✈ý❤♦❞♦✉ t❛❦ ❥❡ ♥❡♠♦➸♥♦st ❡①tr❛❦❝❡ ❦♦♠♣❧❡①♥í ♣❡r♠❡❛❜✐❧✐t②✳
❑♦❡✜❝✐❡♥t② Γ ❛ T ❥s♦✉ ③ís❦á♥② ♣➦í♠♦ ③❡ ③♠➙➦❡♥ý❝❤ ❙✲♣❛r❛♠❡tr➲ st❡❥♥ý♠ ③♣➲s♦❜❡♠✱ ❥❛❦♦
❥❡ ♣♦♣sá♥♦ ✈ r♦✈♥✐❝í❝❤ ✺✳✹ ❛➸ ✺✳✻✳ ❉á❧❡ ❥s♦✉ ❞❡✜♥♦✈á♥② ❡❢❡❦t✐✈♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é ♣❛r❛♠❡tr②
✭♥❡ ♥✉t♥➙ ♣r♦ ♠➙➦❡♥í ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉✱ ✈✐③ ❞á❧❡✮ ❬✹✻❪✿
εeff =
λog
Λ
1− Γ
1 + Γ
µeff =
λog
Λ
1 + Γ
1− Γ ✭✺✳✶✻✮
✺✻
❦❞❡
1
Λ2
= −
[
1
2πL
ln(T−1)
]2
✭✺✳✶✼✮
λog =
1√
1
λ2
0
− 1
λ2c
✭✺✳✶✽✮
❦❞❡ λ0 ❥❡ ✈❧♥♦✈á ❞é❧❦❛ ✈❡ ✈③❞✉❝❤✉✳ ❚❛❦t♦ ❞❡✜♥♦✈❛♥á ❡❢❡❦t✐✈♥í ♣❡r♠✐t✐✈✐t❛ ❛ ♣❡r♠❡❛❜✐❧✐t❛ ❥❡
♣♦s❧é③❡ ✈②✉➸✐t❛ ❦ ✈ý♣♦↔t✉ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②✳
εk =
(
1− λ
2
0
λ2c
)
εeff +
λ20
λ2c
1
µeff
✭✺✳✶✾✮
❘♦✈♥✐❝✐ ✺✳✷✵ ❧③❡ ③ás❛❞♥➙ ③❥❡❞♥♦❞✉➨✐t ♣r♦ ♠➙➦❡♥í ♥❡♠❛❣♥❡t✐❝❦ý❝❤ ♠❛t❡r✐á❧➲ ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉✳
❏❡❧✐❦♦➸ ✈ t❛❦♦✈é♠ ♣➦í♣❛❞➙ ❥❡ ♠❡③♥í ❢r❡❦✈❡♥❝❡ fc = 0 → λc = ∞ ❛ µk = 1✳ P♦t♦♠ t❡❞② ♠➲➸❡♠❡
♣sát
εk = εeff =
(
λog
Λ
)2
= −λ20
[
1
2πL
ln(T−1)
]2
✭✺✳✷✵✮
❘♦✈♥✐❝❡ ✺✳✷✵ ❜②❧❛ ✐♠♣❧❡♠❡♥t♦✈á♥❛ ✈ ▼❆❚▲❆❇✉ ❛ ❥❡ ♦❜s❛❤❡♠ ♣➦í❧♦❤② ❇✳✷ ✭❦r♦❦② ✶✱ ✷ ❛ ✸ ❥s♦✉
st❡❥♥é ❥❛❦♦ ✈ ❦ó❞✉ ♣r♦ ✈ý♣♦↔❡t ♣♦♠♦❝í ◆❘❲✮✳
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❖❜rá③❡❦ ✺✳✾✿ ❱ý♣♦↔❡t ♣❡r♠✐t✐✈✐t② ✽ ♠♠ t❧✉sté❤♦ s❦❧❛ ♥❡✐t❡r❛t✐✈♥í ♠❡t♦❞♦✉
◆❛ ♦❜rá③❦✉ ✺✳✾ ❥❡ ❞♦❜➦❡ ✈✐❞➙t ❤❧❛✈♥í ✈ý❤♦❞❛ t♦❤♦ ♥❡✐t❡r❛t✐✈♥í❤♦ ❛❧❣♦r✐t♠✉ ♦♣r♦t✐ ◆❘❲
♠❡t♦❞➙ ✈ý♣♦↔t✉ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②✳ ◆❛ s❤♦❞♥ý❝❤ ❞❛t❡❝❤ ♥❡❥s♦✉ ♣♦③♦r♦✈á♥② ➸á❞♥é ♥❡st❛❜✐❧✐t②
✈ý♣♦↔t✉ ♥❛ ❢r❡❦✈❡♥❝í❝❤ ♦❞♣♦✈í❞❛❥í❝í♠ ♣♦❧♦✈✐♥➙ ✈❧♥♦✈é ❞é❧❦② ✈③❤❧❡❞❡♠ ❦ t❧♦✉➨➫❝❡ ✈③♦r❦✉✳ P❡r♠✐✲
t✐✈✐t❛ ✈➨❛❦ s r♦st♦✉❝í ❢r❡❦✈❡♥❝í ♠ír♥➙ r♦st❡ ❛ ♦❞❝❤②❧✉❥❡ s❡ ♦❞ s♣rá✈♥é ❤♦❞♥♦t②✳ ❚❡♥t♦ ❥❡✈ ❥❡ ❞á♥ s
♥❡❥✈➙t➨í ♣r❛✈❞➙♣♦❞♦❜♥♦stí ③♣➲s♦❜❡♠ ✐♠♣❧❡♠❡♥t❛❝❡ ◆◆■❈▼ ♠❡t♦❞② ✈ ▼❆❚▲❆❇✉ ❛ ♥✉♠❡r✐❝❦♦✉
♥❡♣➦❡s♥♦stí ✈ s✐♠✉❧át♦r✉✳
✺✳✹✳✸ ◆■❙❚ ✐t❡r❛t✐✈♥í ♠❡t♦❞❛
P♦s❧❡❞♥í ♠❡t♦❞❛✱ ❦t❡rá ❜✉❞❡ ♣➦❡❞st❛✈❡♥❛ ✈ tét♦ ♣rá❝✐ ❥❡ ✐t❡r❛t✐✈♥í ♠❡t♦❞❛ ✈②✈✐♥✉tá
❛♠❡r✐❝❦ý♠ ◆ár♦❞♥í♠ ✐♥st✐t✉t❡♠ st❛♥❞❛r❞➲ ❛ t❡❝❤♥♦❧♦❣✐❡✱ ♣r♦t♦ s❡ ✈ ❧✐t❡r❛t✉➦❡ ♦③♥❛↔✉❥❡ ❥❛❦♦
✺✽
◆■❙❚ ✐t❡r❛t✐✈♥í ♠❡t♦❞❛✳ ◆■❙❚ ✐t❡r❛t✐✈♥í ♥❡❜②❧❛ ❞í❦② ❞♦❜rý♠ ✈ýs❧❡❞❦➲♠ ♣➦❡❞❝❤♦③í❝❤ ❞✈♦✉ ♠❡✲
t♦❞ ❛ ♣♦❞st❛t♥➙ ♥ár♦↔♥➙❥➨í ✐♠♣❧❡♠❡♥t❛❝✐ ♣♦✉➸✐t❛ ♣r♦ ✈ý♣♦↔t② ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②✱ ❜✉❞❡ t❛❦
♣♦♣sá♥❛ str✉↔♥➙❥✐ ❛ ❜❡③ ✉❦á③❦② ♣r❛❦t✐❝❦é❤♦ ♣♦✉➸✐tí✳
❚❛t♦ ♠❡t♦❞❛ ❥❡ st❡❥♥➙ ❥❛❦♦ ◆◆■❈▼ ✈❤♦❞♥á ♣r♦ ❡①tr❛❦❝✐ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②✱ t❡❞② ♣r♦
♠➙➦❡♥í ♥❡♠❛❣♥❡t✐❝❦ý❝❤ ♠❛t❡r✐á❧➲✳ ▼❛t❡♠❛t✐❝❦② ✈➨❛❦ ♥❡♠á s ♣➦❡❞❝❤♦③í♠✐ ❞✈➙♠❛ ♣♦st✉♣② ♣➦í❧✐➨
s♣♦❧❡↔♥é❤♦✳ ❏❡ t♦t✐➸ ✐t❡r❛t✐✈♥í✱ ❝♦➸ ③♥❛♠❡♥á✱ ➸❡ ♣r✐♥❝✐♣ s♣♦↔í✈á ✈ ❤❧❡❞á♥í ❦♦➦❡♥➲ s♦✉st❛✈② r♦✈♥✐❝
❛ ✈②➸❛❞✉❥❡ ♣♦♠➙r♥➙ ❞♦❜rý ♣♦↔át❡↔♥í ♦❞❤❛❞✱ ❝♦➸ ❥❡ ❛s✐ ♥❡❥✈➙t➨í ús❦❛❧í✳ P♦❦✉❞ ❥❡ ❦ ❞✐s♣♦③✐❝✐ ❞♦❜rý
♦❞❤❛❞ ♣❡r♠✐t✐✈✐t②✱ ❥❡ t❛t♦ ♠❡t♦❞❛ ♣♦♠➙r♥➙ ♣➦❡s♥á✳ ❏❡❥í ❞❛❧➨í ✈ý❤♦❞♦✉ ❥❡✱ ➸❡ ✈ýs❧❡❞❦② ♥❡❥s♦✉
③❛tí➸❡♥② ❝❤②❜♦✉ ♥❛ ❢r❡❦✈❡♥❝í❝❤ ♦❞♣♦✈í❞❛❥í❝í❝❤ nλ2 ✳ ❉❛❧➨í ✈ý❤♦❞♦✉ tét♦ ♠❡t♦❞② ❥❡ t❛❦é t♦✱ ➸❡ ❥❡
♣♦♠➙r♥➙ r♦❜✉st♥í ❛ ✈②✉➸✐t❡❧♥á ♣r♦ ➨✐r♦❦é s♣❡❦tr✉♠ ♠❛t❡r✐á❧➲ ❧✐❜♦✈♦❧♥ý❝❤ t❧♦✉➨t➙❦✳ ♥❡✈ý❤♦❞♦✉
❥❡ ♥ár♦↔♥á ✐♠♣❧❡♠❡♥t❛❝❡ ❛ ❞❧♦✉❤ý ✈ý♣♦↔❡t♥í ↔❛s ③♣➲s♦❜❡♥ý ✈②➨➨í s❧♦➸✐t♦stí ❛❧❣♦r✐t♠✉✳
❱❡ s❦✉t❡↔♥♦st✐ ❜ý✈á ◆■❙❚ ♠❡t♦❞❛ ♣♦✉➸✐t❛ ✈❡ s♣♦❧✉♣rá❝✐ s ◆❘❲✱ ❦t❡rá ③❞❡ s❧♦✉➸í ❥❛❦♦
③❞r♦❥ ♦❞❤❛❞✉ r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t②✳ Pr♦❝❡s ♦♣➙t ✈②❝❤á③í ③❡ ③á❦❧❛❞♥í s❛❞② r♦✈♥✐❝ ✺✳✷✳
γ = j
√
εrε0µ0ω2 −
(
2π
λc
)2
✭✺✳✷✶✮
❆ ③❛ ♣➦❡❞♣♦❦❧❛❞✉✱ ➸❡ ♠➙➦❡♥ ❥❡ ♥❡♠❛❣♥❡t✐❝❦ý ♠❛t❡r✐á❧ µr = 1 ❧③❡ ❦♦❡✜❝✐♥❡t Γ ✈②❥á❞➦✐t ♣♦♠♦❝í
❦♦♥st❛♥t ➨í➦❡♥í✿
Γ =
γ0 − γ
γ0 + γ
✭✺✳✷✷✮
❑♦❡✜❝✐❡♥t ♣➦❡♥♦s✉ T ❥❡ ♣❛❦
T = e−γL = e−jL
√
εrε0µ0ω2−( 2piλc )
2
✭✺✳✷✸✮
➄❡➨❡♥í ❥❡❞♥é ③ ♥ás❧❡❞✉❥í❝í❝❤ r♦✈♥✐❝✱ ❦t❡rá ❜✉❞❡ ❦♦♥✈❡r❣♦✈❛t ❦ ♥✉❧❡✱ ✉♠♦➸♥í ✉r↔✐t ❦♦♠♣❧❡①♥í
✺✾
♣❡r♠✐t✐✈✐t✉✳
F(εr) = S11S22 − S21S12 −
[
e−2γ0(Lair−L)
] T 2 − Γ2
1− Γ2T 2 ✭✺✳✷✹✮
F(εr) =
S21 + S12
2(1− Γ2T 2) − T (1− Γ
2)e−jγ0(Lair−L) ✭✺✳✷✺✮
Lair ❥❡ ③❞❡ ✈③❞á❧❡♥♦st ♠❡③✐ ❛♥té♥❛♠✐✳ ❱ ❬✹✻❪ ❛ ❬✷✹❪ ❥❡ ❞á❧❡ ♥❛✈r❤♦✈á♥ ♥ás❧❡❞✉❥í❝í ♣♦st✉♣✿ s ✉➸✐tí♠
❥❡❞♥é ♥❡❜♦ ❞r✉❤é r♦✈♥✐❝❡ s❡ s❡st❛✈í ❏❛❝♦❜✐❤♦ ♠❛t✐❝❡ ♣❛r❝✐á❧♥í❝❤ ❞❡r✐✈❛❝í✱ ♣♦♠♦❝í ♥í➸ s❡ s ✉➸✐tí♠
◆❡✇t♦♥♦✈② ♥✉♠❡r✐❝❦é ♠❡t♦❞② ♥❛❧❡③♥♦✉ ❦♦➦❡♥② r♦✈♥✐❝❡✱ ❦t❡rá ❜② ✈ t➙❝❤t♦ ❜♦❞❡❝❤ ♠➙❧❛ ❦♦♥✈❡r✲
❣♦✈❛t ❦ ♥✉❧❡ F(εr) = 0✳ ❱③❤❧❡❞❡♠ ❦ r♦③s❛❤✉ tét♦ ♣rá❝❡ ♥❡♥í ♥❡③❜②t♥é ✈②✉➸í✈❛t t✉t♦ ♠❡t♦❞✉✱
♠✐♠♦ ❥✐♥é ♣r♦t♦✱ ➸❡ ◆◆■❈▼ ♠❡t♦❞❛ ❥❡ ❞♦st❛t❡↔♥➙ ♣➦❡s♥á✱ r②❝❤❧❡❥➨í ❛ ♣♦❞st❛t♥➙ ♠é♥➙ ♥ár♦↔♥á
♥❛ ✐♠♣❧❡♠❡♥t❛❝✐✱ ♣r♦t♦➸❡ ♥❡✈②➸❛❞✉❥❡ ♣♦✉➸✐tí ♦♣t✐♠❛❧✐③❛↔♥í❝❤ ❢✉♥❦❝í✳
❯✈❡❞❡♥é t➦✐ ♠❡t♦❞② ♥❡❥s♦✉ ❥❡❞✐♥é✱ ❡①✐st✉❥❡ ♥➙❦♦❧✐❦ ❥❡❥✐❝❤ ♠♦❞✐✜❦❛❝í✱ ❛❧❡ ✐ ③❝❡❧❛ ❥✐♥ý❝❤
♣➦íst✉♣➲✳ ❱ ♥ás❧❡❞✉❥í❝í ❦❛♣✐t♦❧❡ ❜✉❞♦✉ ♣r❡③❡♥t♦✈á♥② ✈ýs❧❡❞❦② ♠➙➦❡♥í ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② st❛✲
✈❡❜♥í❝❤ ♥❡♠❛❣♥❡t✐❝❦ý❝❤ ♠❛t❡r✐á❧➲✳ P♦❦✉❞ ♥❡❜✉❞❡ ✉✈❡❞❡♥♦ ❥✐♥❛❦✱ t❛❦ ♣r❡③❡♥t♦✈❛♥é ✈ýs❧❡❞❦②
❜✉❞♦✉ ✈ýs❧❡❞❦② ③❛❧♦➸❡♥é ♥❛ ✈ý♣♦↔t❡❝❤ ◆◆■❈▼✳
✻✵
❑❛♣✐t♦❧❛ ✻
❱ýs❧❡❞❦②
✻✳✶ ❱ýs❧❡❞❦② ♠➙➦❡♥í
▼➙➦❡♥í ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉ ❜②❧② ♣♦❞r♦❜❡♥② ♠❛t❡r✐á❧② ♣♦♣s❛♥é ✈ ❦❛♣✐t♦❧❡ ✹✳✹✳ ❱ ❞♦s✉❞
♣♦♣s❛♥ý❝❤ ❦❛♣✐t♦❧á❝❤ ❜②❧② t❡♦r❡t✐❝❦② ✈②s✈➙t❧❡♥② ③á❦❧❛❞♥í ♣r✐♥❝✐♣② ❛ ♣♦st✉♣②✱ ❦t❡ré ❜✉❞♦✉ ♣♦✉➸✐t②
❞á❧❡ ♣r♦ ♣r❛❦t✐❝❦♦✉ r❡❛❧✐③❛❝✐ ♠➙➦❡♥í ❛ ③♣r❛❝♦✈á♥í ❞❛t ③❛ ú↔❡❧❡♠ ③ís❦á♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤
♣❛r❛♠❡tr➲ st❛✈❡❜♥í❝❤ ♠❛t❡r✐á❧➲✳ ❩❡ ③♠➙➦❡♥ý❝❤ ❛ ♣♦↔ít❛↔♦✈➙ ✉♣r❛✈❡♥ý❝❤ ❞❛t ❜②❧❛ ❡①tr❛❤♦✈á♥❛
❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t❛✱ ❥❡❥í➸ ✈ýs❧❡❞❦② ❜✉❞♦✉ ♣r❡③❡♥t♦✈á♥② ✈ tét♦ ❦❛♣✐t♦❧❡✳ ❈í❧❡♠ tét♦ ♣rá❝❡ ❜②❧♦
t♦t✐➸ ❥❡❞♥❛❦ ③ís❦❛t ❤♦❞♥♦t② ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❡❧✐↔✐♥ st❛✈❡❜♥í❝❤ ♠❛t❡r✐á❧➲✱ ❛❧❡ t❛❦é ♥❛✈r❤♥♦✉t
♠❡t♦❞✐❦✉ ♠➙➦❡♥í ❛ ③♣r❛❝♦✈á♥í ♥❛♠➙➦❡♥ý❝❤ ✈ýs❧❡❞❦➲✳ ▼❡t♦❞❛ ♠➙➦❡♥í ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉ ❥❡ s✐❝❡
♥ár♦↔♥➙❥➨í ♥❛ ú♣r❛✈✉ ❛ ③♣r❛❝♦✈á♥í ❞❛t ❛ ✈②➸❛❞✉❥❡ ✈②s♦❦♦✉ ♣❡↔❧✐✈♦st✱ ♣r♦ ♠➙➦❡♥í st❛✈❡❜♥í❝❤
♠❛t❡r✐á❧➲ ❥❡ ✈➨❛❦ ♥❡♥❛❤r❛❞✐t❡❧♥á✳ ▲③❡ ❥✐ ♣♦✉➸ít ♣r♦ r➲③♥➙ ✈❡❧❦é ✈③♦r❦② ♥❡❜♦ ✐ r❡á❧♥é ❦♦♥str✉❦❝❡✱
❥❡ ♠♦❜✐❧♥í ❛ ♥❡✈②➸❛❞✉❥❡ ➸á❞♥♦✉ ú♣r❛✈✉ ♠➙➦❡♥é❤♦ ✈③♦r❦✉✳ ●❘▲ ❦❛❧✐❜r❛❝❡ ✐ ♥❛✈r➸❡♥é s❦r✐♣t② ♣r♦
✈ý♣♦↔❡t ❦♦♠♣❧❡①♥í❝❤ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❡❧✐↔✐♥ ❥s♦✉ ♦❜❡❝♥é ❛ ❧③❡ ❥❡ ❛♣❧✐❦♦✈❛t ♥❛ ❥❛❦ý❦♦❧✐✈
♠❛t❡r✐á❧ ♣♦❞r♦❜❡♥ý t♦♠✉t♦ t②♣✉ ♠➙➦❡♥í✳
❱ ♥ás❧❡❞✉❥í❝í❝❤ ❦❛♣✐t♦❧á❝❤ ❥s♦✉ ♣r❡③❡♥t♦✈á♥② ✈ýs❧❡❞❦② ♠➙➦❡♥í ❙✲♣❛r❛♠❡tr➲ ❛ ❡①tr❛❦❝❡
❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② ♠➙➦❡♥ý❝❤ ✈③♦r❦➲✳ ❯ ❥❡❞♥♦t❧✐✈ý❝❤ ♠➙➦❡♥í ❜✉❞❡ ✉✈❡❞❡♥♦ ✐ ♣♦r♦✈♥á♥í s
✻✶
t❡♦r❡t✐❝❦② ♣➦❡❞♣♦❦❧á❞❛♥ý♠✐ ❤♦❞♥♦t❛♠✐ ✉✈❡❞❡♥é ♥❛♣➦í❦❧❛❞ ✈ ❬✶✺❪✱ ❬✹✵❪ ♥❡❜♦ ❢②③✐❦á❧♥í❝❤ t❛❜✉❧❦á❝❤✳
❉á❧❡ ❜✉❞♦✉ ♣♦r♦✈♥á♥② s ♠➙➦❡♥í♠ ♣♦♣s❛♥ý♠ ♣rá✈➙ ✈ ❬✹✵❪✳ ❆✉t♦➦✐ s❡ ✈ tét♦ ③♣rá✈➙ ③❛❜ý✈❛❥í
r❡❛❧✐③❛❝í ♣♦❞♦❜♥é❤♦ t②♣✉ ♠➙➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧❛st♥♦stí st❛✈❡❜♥í❝❤ ♠❛t❡r✐á❧➲✱ ❛ ♣r♦t♦
s❡ ❞♦❜➦❡ ❤♦❞í ♣r♦ ♣♦r♦✈♥á♥í ✈ýs❧❡❞❦➲✳ Pr♦ ♠♦➸♥♦st ♣♦r♦✈♥á♥í ❥❡ ↔ást s t❡♦r❡t✐❝❦ý♠✐ ♣➦❡❞♣♦❦❧❛❞②
❛ ✈ýs❧❡❞❦② ♠➙➦❡♥í ③ ❥❡❥✐❝❤ ③♣rá✈② ✉✈❡❞❡♥❛ ✈ ♣➦í❧♦③❡ ❆✱ ❝❡❧á ❥❡ ♣❛❦ ♦❜s❛➸❡♥❛ ✈ ❞✐❣✐tá❧♥í ♣➦í❧♦③❡✳
✻✳✶✳✶ ❙❦❧♦
❏❛❦♦ r❡♣r❡③❡♥t❛t✐✈♥í ♣➦í❦❧❛❞✱ ♥❛ ❦t❡ré♠ ❜②❧② ✈ ♠✐♥✉❧ý❝❤ ❦❛♣✐t♦❧á❝❤ ♣r❡③❡♥t♦✈á♥② ✈ý✲
s❧❡❞❦② s✐♠✉❧❛❝❡ ♥❡❜♦ r➲③♥ý❝❤ ♠❡t♦❞ ✈ý♣♦↔t➲ ❦♦♠♣❧❡①♥í❝❤ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❡❧✐↔✐♥✱ ❜②❧♦
③✈♦❧❡♥♦ s❦❧♦✳ ❙❦❧❡♥➙♥á t❛❜✉❧❡ ❥❡ t♦t✐➸ ③ ❤❧❡❞✐s❦❛ ♠➙➦❡♥í ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧♥ ✭③✈❧á➨t➙
♥❛ ✈②➨➨í❝❤ ❢r❡❦✈❡♥❝í❝❤✮ ✐❞❡á❧♥í ♠❛t❡r✐á❧✳ ❏❡ ❞♦❦♦♥❛❧❡ ❤❧❛❞❦á✱ r♦✈♥á✱ ❤♦♠♦❣❡♥♥í ❛ ✐③♦tr♦♣♥í✱ ❧③❡ ❥✐
❞♦❜➦❡ ♥❛♠♦❞❡❧♦✈❛t ❛ ♠➙➦❡♥í ❥❡❥✐❝❤ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧❛st♥♦stí ♣♦s❦②t✉❥❡ ❦♦♥③✐st❡♥t♥í✱ ❦✈❛✲
❧✐t♥í ✈ýs❧❡❞❦②✳
◆ás❧❡❞✉❥❡ ❣r❛❢ ✻✳✶ ✲ ♣♦r♦✈♥á♥í ③♠➙➦❡♥ý❝❤ ❛ ❦❛❧✐❜r♦✈❛♥ý❝❤ ❙✲♣❛r❛♠❡tr➲✳ Pr♦❜❧é♠ ❜②❧ ❥✐➸
♥❡❥❡❞♥♦✉ ♣♦♣sá♥✱ ♥✐❝♠é♥➙ ♣❛r❛♠❡tr② ♥❛ ❧❡✈é♠ ❣r❛❢✉ ❥s♦✉ ③❛tí➸❡♥② ➦❛❞♦✉ ❝❤②❜ ❛ ♥❡♣➦❡s♥♦stí✱ ❦t❡ré
❜②❧♦ ♣r♦ ③ís❦á♥í ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② ♥✉t♥é ♦❞str❛♥✐t✳ ●r❛❢ ✈ ❧❡✈é ↔ást✐ r❡♣r❡③❡♥t✉❥❡ ❞❛t❛ t❛❦✱
❥❛❦ ❜②❧② ③ís❦á♥② ✈❡❦t♦r♦✈ý♠ ❛♥❛❧②③át♦r❡♠✳ ❏s♦✉ t❡❞② ♦✈❧✐✈♥➙♥② ♦❞r❛③② ♦❞ ❛♥té♥② ❛ ♦❦♦❧♥í❤♦
♣r♦st➦❡❞í✱ út❧✉♠❡♠ ✈♦❧♥é❤♦ ♣r♦st♦r✉ ❛t❞✳ ❉❛t❛ ♥❛ ♣r❛✈é♠ ♦❜rá③❦✉ ❥s♦✉ ❞❛t❛ t✐♠❡✲❣❛t✐♥❣❡♠
✈②❜r❛♥é ♦❜❧❛st✐ ✈③♦r❦✉ ❛ ●❘▲ ❦❛❧✐❜r❛❝í ♣➦❡❞❡✜♥♦✈❛♥ý♠✐ r❡❢❡r❡♥↔♥í♠✐ r♦✈✐♥❛♠✐ ✉♠íst➙♥ý♠✐ ♥❛
str❛♥② ✈③♦r❦✉ ♣r♦ ♦❞str❛♥➙♥í ✈➙t➨✐♥② s②st❡♠❛t✐❝❦ý❝❤ ❝❤②❜✳
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❖❜rá③❡❦ ✻✳✶✿ P♦r♦✈♥á♥í ❙✲♣❛r❛♠❡tr➲ ♣➦❡❞ ❛ ♣♦ ●❘▲ ❦❛❧✐❜r❛❝✐
◆❛ ♣r❛✈é♠ ❣r❛❢✉ ♣r➲❜➙❤✉ ❙✲♣❛r❛♠❡tr➲ ♣♦ ●❘▲ ❦❛❧✐❜r❛❝✐ ❥❡ ✈✐❞➙t✱ ➸❡ ❤♦❞♥♦t② ✈ ♥➙❦♦❧✐❦❛
♣➦í♣❛❞❡❝❤ r♦st♦✉ ♣➦❡s ✵✱ ❝♦➸ ❛❧❡ ③ ♣r✐♥❝✐♣✉ ♥❡♥í ♠♦➸♥é✳ ❚❡♥t♦ ♥❡s♦✉❧❛❞ ❥❡ ❞á♥ ♥✉♠❡r✐❝❦♦✉ ❝❤②❜♦✉✱
❦t❡rá ✈③♥✐❦♥❡ ♣➦✐ r❡❧❛t✐✈♥➙ s❧♦➸✐té♠ ✈ý♣♦↔t✉ ❦❛❧✐❜r❛↔♥í❤♦ ♠♦❞❡❧✉✳ ❉á❧❡ ❧③❡ ♣♦③♦r♦✈❛t✱ ➸❡ ♦❞ ❝❝❛
✸✷ ●❍③ ③❛↔♥♦✉ ③❦❛❧✐❜r♦✈❛♥á ❞❛t❛ ✈②❦❛③♦✈❛t ✈➙t➨í r♦③❦♠✐t✱ ♥❡➸ ♥❛ ♥✐➸➨í❝❤ ❢r❡❦✈❡♥❝í❝❤✳ P➦í↔✐♥
t♦❤♦t♦ ♣r♦❜❧é♠✉ ♠➲➸❡ ❜ýt ✈í❝✱ ❤❧❛✈♥í ♣♦❞í❧ ♥❛ t♦♠ ♠á ❋❙▲ r♦st♦✉❝í s ❢r❡❦✈❡♥❝í ❛ ③trát② ♦❜❡❝♥➙✱
♥❛♣➦í❦❧❛❞ ✈ ❦❛❜❡❧❡❝❤✱ ✈➙t➨í ➨✉♠ ❛t♣✳ ◆❛ t❛❦t♦ ✈②s♦❦ý❝❤ ❢r❡❦✈❡♥❝í❝❤ ❤r❛❥❡ r♦❧✐ ✐ ❛♠♣❧✐t✉❞♦✈á ❛
❢á③♦✈á ♥❡stá❧♦st ❦❛❜❡❧➲✳ ❚②t♦ ❥❡✈② ❥s♦✉ ♣♦③♦r♦✈á♥② ✉ ✈➨❡❝❤ ♠➙➦❡♥í✱ ❥❡❞♥á s❡ ♦ s②st❡♠❛t✐❝❦♦✉
❝❤②❜✉✱ ✉ ❞❛❧➨í❝❤ ♠➙➦❡♥í ❥✐➸ ♥❡❜✉❞❡ ❡①♣❧✐❝✐t♥➙ ③♠✐➡♦✈á♥❛✳
◆ás❧❡❞✉❥í❝í ♦❜rá③❡❦ ❥✐➸ ③♦❜r❛③✉❥❡ ♣r➲❜➙❤② r❡á❧♥é ❛ ✐♠❛❣✐♥ár♥í ↔ást✐ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✲
✈✐t② t❛❦✱ ❥❛❦ ❜②❧② ✈②♣♦↔t❡♥② ♥❛ ③á❦❧❛❞➙ ♥❛♠➙➦❡♥ý❝❤ ❛ ③❦❛❧✐❜r♦✈❛♥ý❝❤ ❞❛t✳
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❖❜rá③❡❦ ✻✳✷✿ ❘❡á❧♥á ✭ε′✮ ❛ ✐♠❛❣✐♥ár♥í ✭ε′′✮ ↔ást ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②
❱②♣♦↔ít❛♥é ❤♦❞♥♦t② ❥s♦✉ ♠ír♥➙ r♦③❦♠✐t❛♥é✱ ♣r♦t♦ ❥s♦✉ ♣r♦❧♦➸❡♥é ❦➦✐✈❦♦✉✳ ❍♦❞♥♦t❛
r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t② ✭♣♦③♥✳✿ ε′ = εr✮ ❦♦❧ísá ③❤r✉❜❛ ✈ ✐♥t❡r✈❛❧✉ εr ∈ (6, 5; 6, 8)✱ ✐♠❛❣✐♥ár♥í s❧♦➸❦❛
♣❛❦ ε′′ = −0, 5 ❛➸ ε′′ = 0, 1✱ ✈➙t➨✐♥❛ ❤♦❞♥♦t ❛❧❡ ❧❡➸í ♦❦♦❧♦ ♥✉❧②✳ P♦r♦✈♥á♥í♠ s t❛❜✉❧❦♦✉ ✸✳✶
③❥✐stí♠❡✱ ➸❡ s❡ ✈ýs❧❡❞❦② ♣➦✐❜❧✐➸♥➙ s❤♦❞✉❥í s ♣➦❡❞♣♦❦❧❛❞❡♠✳ P➦✐❜❧✐➸♥➙ ♣r♦t♦✱ ➸❡ ❤♦❞♥♦t② ✉✈❡❞❡♥é ✈
t❛❜✉❧❝❡ ❥❡ t➦❡❜❛ ❜rát s r❡③❡r✈♦✉✱ r➲③♥é t②♣② s❦❧❛ s❡ ♠♦❤♦✉ ❧✐➨✐t ✈ ❤♦❞♥♦tá❝❤ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②✱
t❛❦➸❡ ❤♦❞♥♦t② ✈ t❛❜✉❧❝❡ ❥s♦✉ s♣í➨❡ ♦r✐❡♥t❛↔♥í✳ ❱❡ ✈ý➨❡ ③♠í♥➙♥é ③♣rá✈➙ ③ ♠➙➦❡♥í ❛✉t♦➦✐ ✉✈á❞➙❥í
❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t✉ εk = 6, 5✱ ♦❦♦❧♦ ❦t❡ré s❡ ❥❡❥✐❝❤ ✐ ③❞❡ ♣➦❡❞st❛✈❡♥é ✈ýs❧❡❞❦② ♣♦❤②❜✉❥í✳
Pr➲❜➙❤ ✐♠❛❣✐♥ár♥í ↔ást✐ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② ❥❡ ❞❧❡ ③♣rá✈② ♥❡♥✉❧♦✈ý✱ ❜②➫ ♥❛❜ý✈á ✈❡❧♠✐ ♠❛❧ý❝❤
③á♣♦r♥ý❝❤ ❤♦❞♥♦t✳ ❱ýr❛③♥➙❥➨í ♦❞❝❤②❧❦②✱ ❦t❡ré ✈②❜♦↔✉❥í ③ ❝❡❧❦♦✈é❤♦ tr❡♥❞✉ ❤♦❞♥♦t s♦✉✈✐sí s
t❧♦✉➨➫❦♦✉ ♠❛t❡r✐á❧✉✳ ▲③❡ ❥❡ ♣♦③♦r♦✈❛t ♥❛ ❢r❡❦✈❡♥❝í❝❤ ♦❞♣♦✈í❞❛❥í❝í♠ n ♥ás♦❜❦➲♠ λ2 ✈③❤❧❡❞❡♠ ❦
t❧♦✉➨➫❝❡ s❦❧❛ ✭✽ ♠♠✮✳ ◆❛ ♦❜rá③❦✉ ✻✳✶ ✈♣r❛✈♦ t♦ ❥s♦✉ ❢r❡❦✈❡♥❝❡ ♦❞♣♦✈í❞❛❥í❝í ♣♦❦❧❡s➲♠ ♦❞r❛③✉
✭S11 ❛ S22✮✳
❩ ❣r❛❢✉ ❥❡ r♦✈♥➙➸ ❜♦❤✉➸❡❧ ♣❛tr♥á ❝❤②❜❛✱ ❦t❡rá s❡ ✈②s❦②t✉❥❡ ✐ ✈ ❞❛❧➨í❝❤ ♠➙➦❡♥í❝❤✳ ❖❦♦❧♦
❢r❡❦✈❡♥❝❡ ✸✷ ●❍③ ❞♦❥❞❡ ❦ ♥á❤❧é ③♠➙♥➙ ❤♦❞♥♦t ♦❞ ❦t❡ré ❥✐➸ ♥❡♥í ✈ý♣♦↔❡t s♣rá✈♥ý✳ P➲✈♦❞ tét♦
❝❤②❜② s❡ ♥❡♣♦❞❛➦✐❧♦ s ❥✐st♦t♦✉ ♦❜❥❛s♥✐t✱ ❧③❡ ♣➦❡❞♣♦❦❧á❞❛t✱ ➸❡ ③❛ ♥í ♠♦❤♦✉ stát s②st❡♠❛t✐❝❦é ❝❤②❜②
✈ ♠➙➦❡♥í✱ ♥ár➲st ❋❙▲✱ ♦✈❧✐✈♥➙♥í ❞②♥❛♠✐❦② ♠➙➦❡♥í✱ ↔✐ ♠♦➸♥á ✐ ❝❤②❜❛ ✈ ✉r↔❡♥í ✐♥❦r❡♠❡♥t✉ n ♥❡❜♦
❥✐♥á ♥✉♠❡r✐❝❦á ❝❤②❜❛ ✈❡ ✈ý♣♦↔t✉ ✭✈✐③ ❦❛♣✐t♦❧❛ ♦ ♠❡t♦❞á❝❤ ✈ý♣♦↔t✉ ❦♦♠♣❧❡①♥í❝❤ ❡❧❡❦tr♦♠❛❣♥❡✲
t✐❝❦ý❝❤ ✈❡❧✐↔✐♥✮✳
✻✹
✻✳✶✳✷ ❙á❞r♦❦❛rt♦♥
▼➙➦❡♥í sá❞r♦❦❛rt♦♥✉ ♣r♦❜í❤❛❧♦ ♥❛ ❞✈♦✉ ✈③♦r❝í❝❤✱ ❥❡❞♥♦♠ s ♦③♥❛↔❡♥í♠ ✸✵✷ ♦ t❧♦✉➨➫❝❡
✶✷✱✺ ♠♠ ❛ ♥❛ ❞r✉❤é♠ ♦③♥❛↔❡♥é♠ ↔ís❧❡♠ ✻✵✷ ❛ t❧♦✉➨➫❦♦✉ ✾✱✺ ♠♠✳ ❙á❞r♦❦❛rt♦♥ ❥❡ ③ ❡❧❡❦tr♦✲
♠❛❣♥❡t✐❝❦é❤♦ ♣♦❤❧❡❞✉ ❦♦♠♣❧✐❦♦✈❛♥➙❥➨í str✉❦t✉r❛ ♥❡➸ s❦❧♦✳ ❏❡❞♥á s❡ ♦ s❧♦➸❡♥♦✉ str✉❦t✉r✉✱ t❛❦➸❡
✈ýs❧❡❞♥á ♣❡r♠✐t✐✈✐t❛ ❜✉❞❡ ♥➙❝♦✱ ❝♦ ❜② s❡ ❞❛❧♦ ♥❛③✈❛t ❡❢❡❦t✐✈♥í ♣❡r♠✐t✐✈✐t♦✉✱ ❝♦➸ ❥❡ ❦♦♠❜✐♥❛❝❡
♣❡r♠✐t✐✈✐t② sá❞r② ❛ ❞✈♦✉ ❦❛rt♦♥♦✈ý❝❤ ♣❧át➲✱ ❦t❡ré ❥✐ ♦❜❦❧♦♣✉❥í✳ ▲③❡ ♦↔❡❦á✈❛t✱ ➸❡ ♣r➲❜➙❤ r❡❧❛t✐✈♥í
♣❡r♠✐t✐✈✐t② ✈ ③á✈✐s❧♦st✐ ♥❛ ❢r❡❦✈❡♥❝✐ ❜✉❞❡ ♠é♥➙ st❛❜✐❧♥í ♥❡➸ ✈ ♣➦í♣❛❞➙ ♠➙➦❡♥í s❦❧❛ ❛ ❜✉❞❡ ✈②❦❛✲
③♦✈❛t ✈í❝❡ ♦❞❝❤②❧❡❦ ♦❞ ♣r➲♠➙r♥é ❤♦❞♥♦t②✳ Pr❡③❡♥t♦✈❛t ♣r➲❜➙❤② ❙✲♣❛r❛♠❡tr➲ ♥❡♥í ♥✉t♥é✱ ♣r♦t♦➸❡
s❡ ♣r✐♥❝✐♣✐á❧♥➙ ♥❡❧✐➨í ♦❞ ❙✲♣❛r❛♠❡tr➲ ❥✐♥ý❝❤ ♠❛t❡r✐á❧➲✱ ③ás❛❞♥í ❥s♦✉ ♣r➲❜➙❤② r❡á❧♥é ❛ ✐♠❛❣✐♥ár♥í
s❧♦➸❦② ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②✱ ❦t❡ré ❥s♦✉ ③❛❝❤②❝❡♥② ♥❛ ♥ás❧❡❞✉❥í❝í❝❤ ❣r❛❢❡❝❤ ✻✳✸✳
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❖❜rá③❡❦ ✻✳✸✿ Pr➲❜➙❤② ♣❡r♠✐t✐✈✐t② sá❞r♦❦❛rt♦♥✉ ✸✵✷ ✭t❧♦✉➨➫❦❛ ✶✷✱✺ ♠♠✮
❘❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t❛ sá❞r♦❦❛rt♦♥✉ ✸✵✷ ❥❡ ♣➦✐❜❧✐➸♥➙ r♦✈♥❛ εr = 2, 2✳ ■♠❛❣✐♥ár♥í ♣❛❦
♦s❝✐❧✉❥❡ ♠❡③✐ ε′ = −0, 1 ❛➸ ε′ = 0✳ ❖❜➙ ❤♦❞♥♦t② s♦✉❤❧❛sí s t❡♦r❡t✐❝❦ý♠ ♣➦❡❞♣♦❦❧❛❞❡♠✳ ❙♣rá✈✲
♥♦st ✈ý♣♦↔t✉ ❥❡ ♣♦❞♣♦➦❡♥❛ ✈ý➨❡ ❝✐t♦✈❛♥♦✉ ③♣rá✈♦✉✱ ❦❞❡ ❛✉t♦➦✐ ♠➙➦❡♥í♠ ③❥✐st✐❧✐ st❡❥♥♦✉ ❤♦❞♥♦t✉
r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t② ❛ ✐♠❛❣✐♥ár♥í s❧♦➸❦✉ ✈ r♦③♠❡③í ε′ = −0, 3 ❛➸ ε′ = −0, 1✳
❉r✉❤ý t②♣ sá❞r♦❦❛rt♦♥✉ s ♦③♥❛↔❡♥í♠ ✻✵✷ ♠á ♦ ♥➙❝♦ ✈②➨➨í r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t✉ ✭❛s✐
✷✱✹✮✱ ❛❧❡ té♠➙➦ ♥✉❧♦✈♦✉ ✐♠❛❣✐♥ár♥í s❧♦➸❦✉✳ ❩❞❡ s❡ ❤♦❞♥♦t② ♠ír♥➙ ❧✐➨í ♦❞ ♣➦❡❞♣♦❦❧❛❞✉✱ ❦t❡rý t✈r❞í
εk = 2, 2− j0, 1✳ P♦r♦✈♥á♥í♠ s ❞♦st✉♣♥ý♠✐ ❞❛t② ③❥✐stí♠❡✱ ➸❡ s❡ ✐ t②t♦ ❤♦❞♥♦t② ❧✐➨í st❡❥♥♦✉ ♠➙r♦✉✱
❛✉t♦➦✐ ✉✈á❞➙❥í ✈ýs❧❡❞❡❦ ♦ ♥➙❝♦ ♠á❧♦ ✈í❝❡ ♥❡➸ ✷✱✷ ✭❛s✐ εr = 2, 23✮✳ ❍♦❞♥♦t② ✐♠❛❣✐♥ár♥í ↔ást✐
✻✺
❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② ✉✈á❞í ✈ r♦③♠❡③í ✲✵✱✻ ❛➸ ✲✵✱✶✳
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❖❜rá③❡❦ ✻✳✹✿ Pr➲❜➙❤② ♣❡r♠✐t✐✈✐t② sá❞r♦❦❛rt♦♥✉ ✻✵✷ ✭t❧♦✉➨➫❦❛ ✾✱✺ ♠♠✮
❯ ♦❜♦✉ ✈ý♣♦↔t➲ s❡ ♣r♦❥❡✈✉❥❡ ❝❤②❜❛ ♦❞ ❢r❡❦✈❡♥❝❡ ✸✺ ●❍③✳ ❚❛❦é s❡ ✈❡ ✈ýs❧❡❞❝í❝❤ ♦❜❥❡✈✉❥í
❤♦❞♥♦t②✱ ❦t❡ré ❧❡➸í ♠✐♠♦ ❝❡❧❦♦✈ý tr❡♥❞✳ ❚② ❥s♦✉ ❞á♥② ♣r✐♥❝✐♣❡♠ ✈ý♣♦↔❡t♥í❤♦ ❛❧❣♦r✐t♠✉✱ ❦❞② ✈
✉r↔✐tý❝❤ ♣♦♠➙r❡❝❤ ❙✲♣❛r❛♠❡tr➲ ♠➲➸❡ ❞♦❥ít ❦ ♥❡stá❧♦st✐✳ ❚②t♦ ✈ý❦②✈② s❡ ③♣r❛✈✐❞❧❛ ✈②s❦②t✉❥í ✈
❜♦❞❡❝❤ ♥❡st❛❜✐❧✐t② ✲ ♥❛ ❢r❡❦✈❡♥❝í❝❤ ♦❞♣♦✈í❞❛❥í❝í❝❤ n ♥ás♦❜❦✉ ♣♦❧♦✈✐♥② ✈❧♥♦✈é ❞é❧❦②✱ ❦❞❡ ♣❛r❛♠❡tr
S11 ♥❛❜ý✈á ♠❛❧ý❝❤ ❤♦❞♥♦t✳ ❚②t♦ ❤♦❞♥♦t② ❥❡ ♠♦➸♥é ❜❡③ ú❥♠② ♥❛ ✉r↔❡♥í ♣❡r♠✐t✐✈✐t② ♣♦t❧❛↔✐t
♣r♦❧♦➸❡♥í♠ ❦➦✐✈❦♦✉✱ ❦t❡rá ❥❡ ③❡ ③➦❡❥♠ý❝❤ ❞➲✈♦❞➲ ❝❡❧❦♦✈➙ ✈❤♦❞♥➙❥➨í ♣r♦ r❡♣r❡③❡♥t❛❝✐ ✈②♣♦↔t❡♥ý❝❤
❞❛t✳
✻✳✶✳✸ ❉➦❡✈➙♥é ♠❛t❡r✐á❧②
❑♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t❛ ❜②❧❛ ♣♦↔ítá♥❛ ♣r♦ ♥ás❧❡❞✉❥í❝í ♠❛t❡r✐á❧②✿ ▼❉❋ ❞❡s❦✉✱ ♣➦❡❦❧✐➸❦✉ ❛
❞➦❡✈♦t➦ís❦✉✳ ❱ýs❧❡❞❦② ♠➙➦❡♥í ❛ ✈ý♣♦↔t➲ ❥s♦✉ ♦♣➙t ③♦❜r❛③❡♥② ♥❛ ♥ás❧❡❞✉❥í❝í❝❤ ❣r❛❢❡❝❤✳ P♦❞❧❡ ♣➦❡❞✲
♣♦❦❧❛❞✉ s❡ ❥❡❞♥á ♦ ♥❡❥s❧♦➸✐t➙❥➨í ❦♦♥str✉❦❝❡ ✈❡ s♠②s❧✉ ❡①tr❛❦❝❡ ❦♦♠♣❧❡①♥í❝❤ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤
✈❡❧✐↔✐♥✳ ❱ýs❧❡❞❦② t♦♠✉ ↔ást❡↔♥➙ ♦❞♣♦✈í❞❛❥í✱ ♣r♦t♦➸❡ ✈②❦❛③✉❥í ♥❡❥✈➙t➨í ♠ír✉ ♦❞❝❤②❧❡❦ ♦❞ ♣r➲♠➙r✉✱
❦❛➸❞♦♣á❞♥➙ ✈ýs❧❡❞❦② ♦❞♣♦✈í❞❛❥í t❡♦r❡t✐❝❦ý♠ ♣➦❡❞♣♦❦❧❛❞➲♠✱ ♥❛ ③á❦❧❛❞➙ ❦t❡rý❝❤ ❥❡ ♦↔❡❦á✈á♥♦✿
▼❉❋ ❞❡s❦❛ ✲ εk = 2, 4− j0, 15✱ ❞➦❡✈♦t➦ís❦❛ ✲ εk = 1, 85− j0, 15 ❛ ♣➦❡❦❧✐➸❦❛ εk = 2, 4− j0, 15✳
✻✻
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❖❜rá③❡❦ ✻✳✺✿ Pr➲❜➙❤② ♣❡r♠✐t✐✈✐t② ▼❉❋ ❞❡s❦② ❇✷ ✭t❧♦✉➨➫❦❛ ✻ ♠♠✮
❍♦❞♥♦t② r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t② s❡ ♣♦❤②❜✉❥í ③❤r✉❜❛ ♠❡③✐ ✷✱✼ ♣r♦ ♥❡❥♥✐➸➨í ❢r❡❦✈❡♥❝❡ ❛➸ ✷✱✹
❦❞❡ s❡ ❤♦❞♥♦t❛ ✉stá❧í✳ ■♠❛❣✐♥ár♥í ↔ást ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② ❥❡ ③á♣♦r♥á s❦♦r♦ ✈ ❝❡❧é♠ s♣❡❦tr✉ ❛
♣♦❤②❜✉❥❡ s❡ ♦❞ ✲✵✱✺ ❞♦ ✵✳ ❖♣➙t♦✈♥ý♠ ♣♦r♦✈♥á♥í♠ s❡ ③♣rá✈♦✉ ✉✈❡❞❡♥♦✉ ✈ ♣➦í❧♦③❡ ❧③❡ ♣♦③♦r♦✈❛t✱
➸❡ ❛✉t♦➦✐ ❞♦➨❧✐ ♠➙➦❡♥í♠ ❦ ♣♦❞♦❜♥ý♠ ✈ýs❧❡❞❦➲♠ ✈ r♦③♠❡③í ❛s✐ ✷✱✺ ❛➸ ✷✱✸✺✱ ❤♦❞♥♦t② ✐♠❛❣✐♥ár♥í
↔ást✐ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② ♣❛❦ ✲✵✱✶✽ ❛➸ ✲✵✱✶✸✳
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❖❜rá③❡❦ ✻✳✻✿ Pr➲❜➙❤② ♣❡r♠✐t✐✈✐t② ❞➦❡✈♦t➦ís❦♦✈é ❞❡s❦② ❇✺ ✭t❧♦✉➨➫❦❛ ✶✷✱✺ ♠♠✮
Pr♦ ❞➦❡✈♦t➦ís❦♦✈♦✉ ❞❡s❦✉ ❇✺ ❥s♦✉ ♣r➲❜➙❤② ♣♦❞♦❜♥é ❥❛❦♦ ✈ ♣➦❡❞❝❤♦③í♠ ♣➦í♣❛❞➙✱ ✈❡❧✐❦♦st
r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t② ❥❡ ♥✐➸➨í✱ ❛s✐ ♠❡③✐ ✷✱✷✱ ✈➙t➨✐♥♦✉ ♦❦♦❧♦ ✷✳ ■♠❛❣✐♥ár♥í ↔ást s❡ ♥❛❝❤á③í ✈ ✐♥t❡r✈❛❧✉
✲✵✱✸ ❛➸ ✵✳ P♦r♦✈♥á♥í s ❞♦st✉♣♥ý♠✐ ✈ýs❧❡❞❦② ❥❡ ✈❡❧♠✐ ♣♦❞♦❜♥é✱ ❛s✐ ✷✱✷ ❛➸ ✷ ♣r♦ εr✱ ✲✵✱✺ ❛➸ ✲✵✱✶ ❥❡
♣❛❦ ♦❜♦r ❤♦❞♥♦t ε′′✳
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❖❜rá③❡❦ ✻✳✼✿ Pr➲❜➙❤② ♣❡r♠✐t✐✈✐t② ♣➦❡❦❧✐➸❦② ❇✹ ✭t❧♦✉➨➫❦❛ ✽ ♠♠✮
P♦s❧❡❞♥í ♣r❡③❡♥t♦✈❛♥ý ❥❡ ✈③♦r❡❦ ♣➦❡❦❧✐➸❦② ♦ t❧♦✉➨➫❝❡ ✽ ♠♠ ❛ ♦③♥❛↔❡♥í♠ ❇✹✳ ❯ t♦❤♦t♦
✈③♦r❦✉ s❡ ♥❡❥✈í❝❡ ✉❦❛③✉❥❡ ❥❡❤♦ ❦♦♠♣❧✐❦♦✈❛♥á str✉❦t✉r❛✱ ❝♦➸ s❡ ♣r♦❥❡✈✉❥❡ ♥❛ ✈ý♣♦↔t✉ ❦♦♠♣❧❡①♥í
♣❡r♠✐t✐✈✐t② ✈➙t➨í♠ ♣♦❞í❧❡♠ ❝❤②❜♥ý❝❤ ❤♦❞♥♦t✳ ❏❛❦ ❥❡ ✈✐❞➙t ♥❛ ♣➦ís❧✉➨♥é♠ ❣r❛❢✉✱ ❦❛❧✐❜r❛❝❡ ❛ ✈ý♣♦✲
↔t② s✐ ♥❡❜②❧② s❝❤♦♣♥② ❞♦❜➦❡ ♣♦r❛❞✐t s ♠♥♦❤❛♥ás♦❜♥ý♠✐ ♦❞r❛③②✱ t❛❦➸❡ ❞❛t❛ ❥s♦✉ ♦✈❧✐✈♥➙♥❛ ❝❤②❜♦✉
✈❡ ✈➙t➨✐♥➙ s♣❡❦tr❛✳ ◆❛✈í❝ ♦❞ ❢r❡❦✈❡♥❝❡ ❛s✐ ✷✼ ●❍③ ③❛↔♥❡ ♣❡r♠✐t✐✈✐t❛ ❦❧❡s❛t ❛➸ ♥❛ ❤♦❞♥♦t② ♠❡♥➨í
♥❡➸ ✶✱ ❝♦➸ ❥❡ ♥❡♣♦❝❤②❜♥➙ ➨♣❛t♥ý ✈ýs❧❡❞❡❦✳ ■ ♣➦❡s t♦ ❧③❡ ♣r♦ ❢r❡❦✈❡♥❝❡ ✻✲✷✵ ●❍③ ♦❞❤❛❞♥♦✉t ♣♦✲
♠♦❝í ♣r♦❦❧❛❞✉ ❞❛t r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t✉✱ ❦t❡rá ♥❛ t♦♠t♦ ✐♥t❡r✈❛❧✉ ♦❞♣♦✈í❞á ♣➦✐❜❧✐➸♥➙ εr ≈ 2✳
■♠❛❣✐♥ár♥í s❧♦➸❦❛ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② ♣❛❦ s♣❛❞á ♠❡③✐ ❤♦❞♥♦t② ✲✵✱✹ ❛➸ ✵✱✷✳ P♦r♦✈♥á♥í♠ s ❞♦✲
st✉♣♥ý♠✐ ③❞r♦❥✐ ✭♣➦í❧♦❤❛ ❆✮ ✲ ③❞❡ ❛✉t♦➦✐ ③♠➙➦✐❧✐ r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t✉ εr ✈ r♦③♠❡③í ✷✱✵✺ ❛➸ ✶✱✽✱
ε′′ ♣❛❦ ✲✵✱✷✺ ❛➸ ✲✵✱✶✸✳
❉➲❧❡➸✐té ❥❡ ❥❡➨t➙ ③♠í♥✐t✱ ➸❡ ✈➨❡❝❤♥② ✈③♦r❦② ③ ❞➦❡✈❛ ✈②r♦❜❡♥ý❝❤ st❛✈❡♥í❝❤ ♠❛t❡r✐á❧➲ ❜②❧②
s✉❝❤é✱ ❜❡③ ✈á③❛♥é ✈❧❤❦♦st✐✳ ❱❧❤❦♦st ♦❜s❛➸❡♥á ✈❡ ❞➦❡✈➙ ❛ ❞➦❡✈➙♥ý❝❤ ♠❛t❡r✐á❧❡❝❤ ♠➲➸❡ ③ás❛❞♥➙
♦✈❧✐✈♥✐t ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t✉ ❛ ♣♦s✉♥♦✉t ❥✐ ❦ ♣♦❞st❛t➙ ✈②➨➨í♠ ❤♦❞♥♦tá♠ ❥❛❦ ♣r♦ r❡á❧♥♦✉✱ t❛❦
✐♠❛❣✐♥ár♥í ↔ást✳ ❱❧❤❦♦st ♥❡❜②❧❛ st❛♥♦✈♦✈á♥❛ ③✈❧á➨t♥í♠ ♠➙➦❡♥í♠✱ ♥✐❝♠é♥➙ ✈③♦r❦② ❜②❧② ✉s❦❧❛❞✲
♥➙♥② ♣♦ ♥➙❦♦❧✐❦ ❧❡t ✈ s✉❝❤é♠ s❦❧❛❞✉ ❦❛t❡❞r② ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ♣♦❧❡✳ Pr♦t♦ ♣♦✈❛➸✉❥✐ ✈ýs❧❡❞❦②
③❡❥♠é♥❛ r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t②✱ ❥❡❥✐❝❤➸ ❤♦❞♥♦t② s❡ ♣♦❤②❜✉❥í ♠❡③✐ ✷ ❛ ✸ ③❛ s♣rá✈♥é ❛ ✈ s♦✉❧❛❞✉ s
♣➦❡❞♣♦❦❧❛❞❡♠ ❛ ❞♦st✉♣♥ý♠✐ ③❞r♦❥✐ ✳
✻✽
✻✳✷ P♦r♦✈♥á♥í s✐♠✉❧❛❝í ❛ ♠➙➦❡♥ý❝❤ ✈ýs❧❡❞❦➲
P➦❡❞♥➙ ❥❡ t➦❡❜❛ ➦í❝✐✱ ➸❡ ♣♦r♦✈♥❛t s✐♠✉❧♦✈❛♥é ❛ ③♠➙➦❡♥é ✈ýs❧❡❞❦② ♥❡♥í ③ ❤❧❡❞✐s❦❛ ❦♦♠✲
♣❧❡①♥í ♣❡r♠✐t✐✈✐t② ③❝❡❧❛ ♠♦➸♥é✳ ❚♦ ③ ♣r♦sté❤♦ ❞➲✈♦❞✉✱ ➸❡ ♣r♦ s✐♠✉❧♦✈á♥í ❤♦❞♥♦t s❡ ✈②t✈á➦í
♠♦❞❡❧ s ♣➦❡❞❡♠ ❞❡✜♥♦✈❛♥♦✉ ♣❡r♠✐t✐✈✐t♦✉✱ ❦❞❡➸t♦ ♣➦✐ ♠➙➦❡♥í ❥❡ t♦ ♥❡③♥á♠á ✈❡❧✐↔✐♥❛✱ ❦t❡r♦✉ ❥❡
t➦❡❜❛ ❡①tr❛❤♦✈❛t✳ P♦r♦✈♥❛t ❤♦❞♥♦t② ❧③❡ s♣í➨ ♦r✐❡♥t❛↔♥➙✱ ♣r♦t♦➸❡ ♣➦✐ s✐♠✉❧❛❝✐ ❥❡ ♠♦➸♥é s✐ ✈②❜r❛t ③
❦♥✐❤♦✈♥② t②♣✐❝❦ý❝❤ ♠❛t❡r✐á❧➲✱ ❦t❡ré ♠❛❥í ♣➦❡❞❞❡✜♥♦✈❛♥♦✉ ♣❡r♠✐t✐✈✐t✉ t②♣✐❝❦♦✉ ♣r♦ ❞❛♥ý ♠❛t❡✲
r✐á❧✱ t❛❦➸❡ ❤♦❞♥♦t② ③♠➙➦❡♥é ❛ s✐♠✉❧♦✈❛♥é ❜② s❡ ♠➙❧② ❧✐➨✐t ❥❡♥ ♠á❧♦✳ P♦♠♦❝í s✐♠✉❧❛❝í ❧③❡ ♦t❡st♦✈❛t
❝❡❧ý ♣r♦❝❡s ✈ý♣♦↔t✉ ❛ ●❘▲ ❦❛❧✐❜r❛❝❡✱ ♣r♦t♦➸❡ ✈ýs❧❡❞❡❦ ❥❡ ♣➦❡❞❡♠ ③♥á♠✳ ❑❛➸❞♦♣á❞♥➙✱ ❥❛❦ ❜②❧♦
✉❦á③á♥♦ ♥❛ ♣➦í❦❧❛❞✉ s❦❧❛✱ t♦ ♠➲➸❡ ♠ít r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t✉ ✻ ❛➸ ✽ ❛ ③á❧❡➸í ♣❛❦ t❡❞②✱ ❥❡st❧✐ s❡
♣r♦ ✈②❜r❛♥ý ♠➙➦❡♥ý ✈③♦r❡❦ ❜✉❞❡ s❤♦❞♦✈❛t s❡ s♦❢t✇❛r♦✈➙ s✐♠✉❧♦✈❛♥ý♠✳ ◆❛ ♣❡r♠✐t✐✈✐t➙ ③á❧❡➸í ✐
♣r➲❜➙❤ ❙✲♣❛r❛♠❡tr➲✱ t❛❦➸❡ ✐ t②t♦ ✈❡❧✐↔✐♥② ❥❡ t➦❡❜❛ ❜rát ♣➦✐ ♣♦r♦✈♥á♥í s r❡③❡r✈♦✉✳
◆ás❧❡❞✉❥í❝í ❣r❛❢② ③♦❜r❛③✉❥í ③♠➙➦❡♥é ❛ s✐♠✉❧♦✈❛♥é ♣r➲❜➙❤② s❧♦➸❡❦ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②
♣r♦ ✈③♦r❦②✱ ❦t❡ré s❡ ❞❛❧② ❞♦❜➦❡ ♠♦❞❡❧♦✈❛t ♥❡❜♦ ❜②❧② ♦❜s❛➸❡♥② ✈ ❦♥✐❤♦✈♥➙ ♠❛t❡r✐á❧➲ s♦❢t✇❛r✉
❈❙❚ ❙t✉❞✐♦ ❙✉✐t❡✳ Pr♦ ♣♦r♦✈♥á♥í ❜✉❞♦✉ ♣♦✉➸✐t② ♣r➲♠➙r♦✈❛♥é ❤♦❞♥♦t② ✭↔❡r✈❡♥é ♣r➲❜➙❤② ✈ ❣r❛✲
❢❡❝❤ ③ ♣➦❡❞❝❤♦③í ❦❛♣✐t♦❧②✮✱ ✉ s✐♠✉❧♦✈❛♥ý❝❤ ♣r➲❜➙❤➲ ❥s♦✉ ♣❛❦ ♣♦✉➸✐t② ♣➦í♠♦ ✈ýs❧❡❞❦②✱ ✉ ❦t❡rý❝❤
♣r➲♠➙r♦✈á♥í ♥❡♥í ♥✉t♥é✱ ❞❛t❛ ❥s♦✉ s♣♦❥✐tá ❜❡③ ♦s❝✐❧❛❝í✳ ❚❛❦é ❜✉❞❡ ③❛❝❤②❝❡♥ ♦♠❡③❡♥ý ❢r❡❦✈❡♥↔♥í
r♦③s❛❤ ✺✲✸✺ ●❍③✱ ♣r♦t♦➸❡ ✈②➨➨í ❢r❡❦✈❡♥❝❡ ❥✐➸ ♥❡✈②❦❛③✉❥í s♣rá✈♥é ❤♦❞♥♦t②✳
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❖❜rá③❡❦ ✻✳✽✿ P♦r♦✈♥á♥í ③♠➙➦❡♥ý❝❤ ❛ s✐♠✉❧♦✈❛♥ý❝❤ ❤♦❞♥♦t ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② s❦❧❛ ✭✈❧❡✈♦✮ ❛
❞➦❡✈♦t➦ís❦♦✈é ❞❡s❦② ✭✈♣r❛✈♦✮
✻✾
❖❜rá③❡❦ ✻✳✽ ✉❦❛③✉❥❡ ♣♦r♦✈♥á♥í ♠❡③✐ ♠➙➦❡♥í♠ ❛ s✐♠✉❧❛❝í s❦❧❛✳ ❱ ♣➦í♣❛❞➙ ♠➙➦❡♥í s❡ ❥❡❞♥á
♦ s❦❧♦ ●✷ ♦ t❧♦✉➨➫❝❡ ✽ ♠♠✱ ✈ ♣➦í♣❛❞➙ s✐♠✉❧❛❝❡ s❡ ❥❡❞♥á ♦ ❜❧í➸❡ ♥❡❞❡✜♥♦✈❛♥é s❦❧♦ ♦ st❡❥♥é t❧♦✉➨➫❝❡
s ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t♦✉ εk = 6(+0j)✳ ❘❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t❛ ♠➙➦❡♥é❤♦ s❦❧❛ ✈②❝❤á③í ❛s✐ ✻✱✺✱ ❝♦➸
❥❡ ✈ ♣♦➦á❞❦✉✱ ♣r♦t♦➸❡ ♣r♦ r➲③♥á s❦❧❛ ♠➲➸❡ ❜ýt ♣❡r♠✐t✐✈✐t❛ r➲③♥á✳ ■♠❛❣✐♥ár♥í ↔ást εk ❥❡ ✈ ♣➦í♣❛❞➙
♠➙➦❡♥í ♥❡♥✉❧♦✈á✳
P♦❞♦❜♥♦✉ s✐t✉❛❝✐ ❥❛❦♦ ✈ ♣➦í♣❛❞➙ s❦❧❛ ♠➲➸❡♠❡ ♣♦③♦r♦✈❛t ♣➦✐ ♠➙➦❡♥í ❞➦❡✈➙♥ý❝❤ ❦♦♥✲
str✉❦❝í✳ ❱ s✐♠✉❧❛❝✐ ✈②st✉♣✉❥❡ ❞➦❡✈♦ ❥❛❦♦ ♠❛s✐✈♥í ❞❡s❦❛✱ ❦❞❡➸t♦ ♣r♦ ♣♦r♦✈♥á♥í ❜②❧❛ ✈②❜rá♥❛ ❞➦❡✲
✈♦t➦ís❦♦✈á ❞❡s❦❛ ✭♠➙➦❡♥í s ♠❛s✐✈♥í ❞➦❡✈➙♥♦✉ ❞❡s❦♦✉ ♥❡❜②❧♦ r❡❛❧✐③♦✈á♥♦✮✳ ❚❡♥t♦ r♦③❞í❧✱ ❛❧❡ ♦♣➙t
✐ r♦③❞í❧ ♠❡③✐ ❥❡❞♥♦t❧✐✈ý♠✐ ❞➦❡✈②✱ ✈❡ ❦t❡rý❝❤ ❥❡➨t➙ ♠➲➸❡ ❤rát r♦❧✐ ❥❡❥✐❝❤ ✈❧❤❦♦st ✉❞á✈á ♣♦♠➙r♥➙
➨✐r♦❦ý r♦③♣t②❧ r❡❧❛t✐✈♥í❝❤ ♣❡r♠✐t✐✈✐t✳ ❚♦✱ ➸❡ ❞➦❡✈♦t➦ís❦♦✈á ❞❡s❦❛ ✈②❦❛③✉❥❡ r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t✉
✈②➨➨í ♥❡➸ ♠❛s✐✈✱ ♣❧②♥❡ ③ ❢❛❦t✉✱ ➸❡ ❞➦❡✈♦t➦ís❦❛ ✈ s♦❜➙ ♦❜s❛❤✉❥❡ ❧❡♣✐❞❧❛ ❛ ♣r②s❦②➦✐❝❡ ❛ ❥❡ ③❤✉t♥➙♥á✳
❚r❡♥❞ ε′′ ❥❡ ✉ s✐♠✉❧❛❝❡ ✐ ♠➙➦❡♥í ♣♦❞♦❜♥ý✱ ♣♦③✈♦❧♥➙ r♦st♦✉❝í ❛➸ ❦ ♥✉❧❡✳
✼✵
❑❛♣✐t♦❧❛ ✼
❉✐s❦✉③❡
✼✳✶ P♦➸❛❞❛✈❦② ♥❛ ♠➙➦❡♥í
Pr♦ ③ís❦á♥í ❞♦❜rý❝❤ ✈ýs❧❡❞❦➲ ❥❡ ✉ t♦❤♦ t②♣✉ ♠➙➦❡♥í ✈❡❧♠✐ ③ás❛❞♥í ♣➦❡s♥♦st ❛ ♣❡↔❧✐✈♦st
✉r↔❡♥í ✈st✉♣♥í❝❤ ♣r♦♠➙♥♥ý❝❤✳ ❩♠➙➦❡♥á ❞❛t❛ s❡ ♠❛t❡♠❛t✐❝❦② ③♣r❛❝♦✈á✈❛❥í ♥❛ t♦❧✐❦❛ úr♦✈♥í❝❤✱
➸❡ s❡ ✐ ❞r♦❜♥á ❝❤②❜❛ ✈ ♠➙➦❡♥í✱ ❦t❡rá ♥❡♠✉sí ❜ýt ♥❛ ♣r✈♥í ♣♦❤❧❡❞ ③➦❡❥♠á✱ ♣r♦❥❡✈í ✈ ♥❡s♣rá✈✲
♥ý❝❤ ❤♦❞♥♦tá❝❤ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②✳ ❑♦♥❦rét♥➙ ♥❛♣➦í❦❧❛❞ ♣➦✐ ✈②❦r❡s❧❡♥í ❙✲♣❛r❛♠❡tr➲ ♣➦í♠♦
③♠➙➦❡♥ý❝❤ ♥❡❜♦ ✐ ③❦❛❧✐❜r♦✈❛♥ý❝❤ s❡ ♠➲➸❡ ♠➙➦❡♥í ③❞át ❥❛❦♦ ❞♦❜➦❡ ♣r♦✈❡❞❡♥é✱ ✈ýs❧❡❞❦② ❦♦♠♣❧❡①✲
♥í❝❤ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❡❧✐↔✐♥ ✈➨❛❦ ♥❡❞á✈❛❥í ❢②③✐❦á❧♥➙ s♠②s❧✳ ❱ýs❧❡❞❦② ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②
♥❛♣➦í❦❧❛❞ ③á✈✐sí ♥❛ s♣rá✈♥➙ ✉r↔❡♥é t❧♦✉➨➫❝❡ ♠❛t❡r✐á❧✉✳
✼✶
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❖❜rá③❡❦ ✼✳✶✿ ❈❤②❜❛ ✈ ✉r↔❡♥í r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t② ♣➦✐ r➲③♥é♠ ✉r↔❡♥í t❧♦✉➨➫❦② s❦❧❛ ✭s✐♠✉❧♦✈❛♥á
❞❛t❛✮
◆❛ ❣r❛❢✉ ✼✳✶ ❥s♦✉ t➦✐ ♣r➲❜➙❤② r❡❧❛t✐✈♥í ♣❡r♠✐t✐✈✐t② s❦❧❛✳ ❘❡á❧♥á t❧♦✉➨➫❦❛ ❥❡ ✽ ♠♠✱ ③
❣r❛❢✉ ❥❡ ✈✐❞➙t✱ ❥❛❦ s❡ ③♠➙♥í ✈②♣♦↔ít❛♥á ❤♦❞♥♦t❛ ♣➦✐ ♥❡s♣rá✈♥é♠ ✉r↔❡♥í t❧♦✉➨➫❦②✳ P➦í ❝❤②❜➙ ✈
✉r↔❡♥í t❧♦✉➨➫❦② ❛s✐ ♦ ✸✱✺ ✪ s❡ ③♠➙♥í ❤♦❞♥♦t② εr ♦ ✼ ✪✱ t❡❞② ❞✈❛❦rát t♦❧✐❦✳ ❱ ♣➦í♣❛❞➙ s❦❧❛ ❥❡
r✐③✐❦♦ ➨♣❛t♥é❤♦ ✉r↔❡♥í t❧♦✉➨➫❦② ♣♦♠➙r♥➙ ♠❛❧é✱ ✉ ♠➙❦↔í❝❤ ❛ ♠é♥➙ ❤♦♠♦❣❡♥♥í❝❤ ♠❛t❡r✐á❧➲ ❥❛❦♦ ❥❡
③❡❥♠é♥❛ ❞➦❡✈♦ ♥❡❜♦ ✐ sá❞r♦❦❛rt♦♥✱ ❥❡ ❛❧❡ ♠➙➦❡♥í ♠é♥➙ ♣➦❡s♥é✳ ◆❛✈í❝ s❡ ❧③❡ ↔❛st♦ s❡t❦❛t s tí♠✱ ➸❡
✈③♦r❡❦ ❥❡ ✈ r➲③♥ý❝❤ ♠íst❡❝❤ r➲③♥➙ s✐❧♥ý✱ ❝❤②❜❛ ✈ ➦á❞❡❝❤ ❞❡s❡t✐♥ ♠✐❧✐♠❡tr✉ ❛❧❡ ✈♥❡s❡ ❞♦ ✈ý♣♦↔t✉
εr ❝❤②❜✉ ✈ ➦á❞✉ ❞❡s❡t✐♥✱ ❝♦➸ ❥❡ ♣♦♠➙r♥➙ ✈ýr❛③♥ý r♦③❞í❧✳
Pr♦ s♣rá✈♥é ♣r♦✈❡❞❡♥í ●❘▲ ❦❛❧✐❜r❛❝❡ ❥❡ ③❛s❡ ♥❡③❜②t♥é ③ís❦❛t ❝♦ ♥❡❥❧❡♣➨í ♠➙➦❡♥í r❡❢❡r❡♥❝❡
✭✐❞❡á❧♥➙✮ ❞♦❦♦♥❛❧❡ ♦❞r❛③♥é ♣❧♦❝❤② ❛ ✈♦❧♥é❤♦ ♣r♦st♦r✉✳ ❆↔❦♦❧✐✈ t♦ ❥s♦✉ ú❦♦❧② ③❞á♥❧✐✈➙ ❥❡❞♥♦❞✉❝❤é
❡①✐st✉❥❡ ❝❡❧á ➦❛❞❛ ♥❡❥r➲③♥➙❥➨í❝❤ ❢❛❦t♦r➲✱ ❦t❡ré ❥❡ ♠♦❤♦✉ ♦✈❧✐✈♥✐t ❞♦ té ♠ír②✱ ➸❡ s❡ ③❦❛❧✐❜r♦✈❛♥á
❞❛t❛ st❛♥♦✉ ♥❡♣♦✉➸✐t❡❧♥ý♠✐ ♣r♦ ❞❛❧➨í ✈ý♣♦↔t②✳ ❏❡ t♦t✐➸ t➦❡❜❛ ③❛❜❡③♣❡↔✐t✱ ❛❜② ❜②❧② ❛♥té♥② ♣➦❡s♥➙
♣r♦t✐ s♦❜➙ ❛ ❦♦❧♠♦ ♥❛ ✈③♦r❡❦✱ ❝♦➸ ✈ ♣r❛①✐ ♥❡♠✉sí ❜ýt ✈➸❞② s♥❛❞♥é ③❛❥✐st✐t✳ ❉❛❧➨í♠ ♣r♦❜❧é♠❡♠
❥❡ ♦❦♦❧í✱ ❦t❡ré ③♣➲s♦❜✉❥❡ ♦❞r❛③② ♥❡❜♦ ✐ ♣➦ís♣➙✈❦② ♦❞ ❛❦t✐✈♥í❝❤ ♣r✈❦➲✳
P♦st✉♣❡♠ ↔❛s✉ ❜②❧② ♦❞str❛➡♦✈á♥② s②st❡♠❛t✐❝❦é ❝❤②❜② ❛ ❜②❧❛ ✈②t✈♦➦❡♥❛ ♠❡t♦❞✐❦❛✱ ❦t❡rá
✈❡❞❧❛ ❦ t♦♠✉✱ ❛❜② ♣➦✐ ❥❡❥í♠ s♣rá✈♥é♠ ❞♦❞r➸❡♥í ❜②❧♦ ♠➙➦❡♥í ♦♣❛❦♦✈❛t❡❧♥é ❛ s ❝♦ ♥❡❥♠❡♥➨í ✈♥❡s❡♥♦✉
❝❤②❜♦✉✳ ❯r↔✐té ❢❛❦t♦r② ♦✈❧✐✈➡✉❥í❝í ✈ýs❧❡❞❦② ♠➙➦❡♥í ❥❞♦✉ ✈ ♣♦❞♠í♥❦á❝❤ ➨❦♦❧♥í ❧❛❜♦r❛t♦➦❡ t➙➸❦♦
✼✷
❦♦r✐❣♦✈❛t✱ ❥✐♥é ♣r♦♠➙♥♥é ❛❧❡ ♦✈❧✐✈♥✐t ❧③❡ ❛ ♣r♦ ③ís❦á♥í s♠②s❧✉♣❧♥ý❝❤ ✈ýs❧❡❞❦✉ ❥❡ t♦ ♥❡③❜②t♥é✳
✼✳✷ ❉②♥❛♠✐❝❦ý r♦③s❛❤
❱③❤❧❡❞❡♠ ❦ ♥❡③❛♥❡❞❜❛t❡❧♥é♠✉ út❧✉♠✉ s✐❣♥á❧✉ ✈ ❝❡❧é♠ ♠➙➦í❝í♠ st❛♥♦✈✐➨t✐✱ t❡❞② ✈ ❦❛✲
❜❡❧❡❝❤✱ ❦♦♥❡❦t♦r❡❝❤✱ ❛♥té♥➙ ❛ ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉✱ ❥❡ ♣r♦ ③ís❦á♥í ❝♦ ♥❡❥♣➦❡s♥➙❥➨í❝❤ ❞❛t ❞➲❧❡➸✐tý
❞♦st❛t❡↔♥ý ❞②♥❛♠✐❝❦ý r♦③s❛❤ ♠➙➦❡♥í✳ ❉②♥❛♠✐❝❦ý r♦③s❛❤ ❞❛♥é❤♦ ♠➙➦❡♥í ③á✈✐sí ❦r♦♠➙ ➨✉♠♦✈é❤♦
♣r❛❤✉ ❱◆❆ ♥❛ ✈③❞á❧❡♥♦st✐ ♠❡③✐ ❛♥té♥❛♠✐ ❛ t❛❦② ♥❛ út❧✉♠✉ ✭t❡❞② ❞é❧❝❡✮ ✈➨❡❝❤ ♣➦í✈♦❞♥í❝❤ ❦❛❜❡❧➲✳
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S21 ve volném prostoru
S21
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❖❜rá③❡❦ ✼✳✷✿ P➦❡♥♦s ♠❡③✐ ❛♥té♥❛♠✐ ❜❡③ ♣➦❡❦á➸❦② ❛ s ❦♦✈♦✈♦✉ ♦❞r❛③♥♦✉ ❞❡s❦♦✉ ✭✈❧❡✈♦✮ ❛ ❞②♥❛✲
♠✐❝❦ý r♦③s❛❤ ✭✈r♣❛✈♦✮
❱ t♦♠t♦ ♣➦í♣❛❞➙ ❥❡ ♠❛①✐♠á❧♥í ♠♦➸♥ý ♣➦❡♥♦s ♠❡③✐ ❛♥té♥❛♠✐ ✭❣r❛❢ ✼✳✷✮ ❛s✐ ✲✸✵ ❞❇ ❛➸
✲✷✵ ❞❇ ✭③á✈✐sí ♥❛ ❢r❡❦✈❡♥❝✐✮✳ P➦✐ ③❛stí♥➙♥í ❦♦✈♦✈♦✉ r❡❢❡r❡♥↔♥í ❞❡s❦♦✉ ❥❡ ♣➦❡♥♦s ✲✼✵ ❞❇ ❛➸ ✲✾✵ ❞❇✳
➆✉♠♦✈ý ♣rá❤ ❱◆❆ ❥❡ ✈ ❞❛♥é♠ ❢r❡❦✈❡♥↔♥í♠ ♣ás♠✉ ✲✶✵✵ ❞❇✱ t❛❦➸❡ ✐ ✈ ♣➦í♣❛❞➙ ③❛stí♥➙♥í ❦♦✈♦✈♦✉
❞❡s❦♦✉ ❜✉❞❡ ♣➦❡♥♦s ♥❡♥✉❧♦✈ý✱ ♣r♦t♦➸❡ ✈❧♥❛ ↔ást❡↔♥➙ ♣➦❡③❛➦✉❥❡ ♣➦❡s r❡❢❡r❡♥↔♥í ❞❡s❦✉ ♣➦❡❞❡✈➨í♠
♥❛ ♥í③❦ý❝❤ ❢r❡❦✈❡♥❝í❝❤✳ ❚❡❞② ✈ t♦♠t♦ ❦♦♥❦rét♥í♠ ♣➦í♣❛❞➙ ❧③❡ ♠➙➦✐t ✈③♦r❦②✱ ❦t❡ré ❜✉❞♦✉ ♠ít
♠❛①✐♠á❧♥í út❧✉♠ r♦✈❡♥ r♦③❞í❧✉ ❤♦❞♥♦t ③❛stí♥➙♥é❤♦ ❛ ♥❡③❛stí♥➙♥é❤♦ ♣➦❡♥♦s✉ ✭❣r❛❢ ✼✳✷ ✈❧❡✈♦✮✱ t❥✳
③❤r✉❜❛ ✹✺ ❞❇ ❛➸ ✼✵ ❞❇✳
✼✸
✼✳✸ ▼❛t❡♠❛t✐❝❦é ③♣r❛❝♦✈á♥í ❞❛t ❛ r➲③♥é ♠❡t♦❞② ✈ý♣♦↔t✉
❦♦♠♣❧❡①♥í❝❤ ✈❡❧✐↔✐♥
❈❡❧ý ♣r♦❝❡s ●❘▲ ❦❛❧✐❜r❛❝❡ ❥❡ r♦③❧♦➸❡♥ ❞♦ ♥➙❦♦❧✐❦ ♠❛t❡♠❛t✐❝❦② ♣♦♠➙r♥➙ s❧♦➸✐tý❝❤ ❦r♦❦➲✳
❏❡❞♥í♠ ③ ♥✐❝❤ ❥❡ ❋♦✉r✐❡r♦✈❛ tr❛♥s❢♦r♠❛❝❡✱ ❜❡③ ❦t❡ré ♥❡❧③❡ ♣r♦✈ést ✈ý❜➙r ↔❛s♦✈é❤♦ ♦❦♥❛ ♦❞r❛➸❡✲
♥é❤♦ s✐❣♥á❧✉ ❛ ●❘▲ ❦❛❧✐❜r❛❝❡ ❜② ♣❛❦ ♣♦strá❞❛❧❛ s♠②s❧✳ ❋❚ ❥❡ ✈➨❛❦ ✈❡❧♠✐ ❝✐t❧✐✈á ♥❛ ✈ý❜➙r s♣rá✈✲
♥ý❝❤ ❢✉♥❦❝í ✭♣➦✐ ♣♦✉➸✐tí ▼❆❚▲❆❇✉✮✱ ❦♦r❡❦t♥í ❞❡✜♥✐❝✐ ❛ ú♣r❛✈✉ ♣♦✉➸✐tý❝❤ ❞❛t✳ ❩♥♦✈✉ ✐ ③❞❡ ❥❡
♣♦❞st❛t♥é ❦♦r❡❦t♥í ✉r↔❡♥í t❧♦✉➨➫❦② ♠➙➦❡♥é❤♦ ✈③♦r❦✉ ❛ ♦❞r❛③♥é❤♦ st❛♥❞❛r❞✉✳ P➦✐ ③♣r❛❝♦✈á✈á♥í ❥❡
✈❡❧✐❝❡ ❞➲❧❡➸✐té✱ ❛❜② s❡ ♣r♦✈❡❞❧ ❦♦r❡❦t♥➙ t✐♠❡✲❣❛t✐♥❣ ♣r♦ ✉r↔❡♥í t➦❡tí❤♦ ❦❛❧✐❜r✉ ❛ ♣r♦ ✈ý❜➙r ✉➸✐✲
t❡↔♥ý❝❤ ❞❛t✳ ❉á❧❡ ♠✉sí ❜ýt ❞♦❜➦❡ ✈♦❧❡♥ ❞❡✲❡♠❜❡❞✐♥❣ ♣➦✐ r➲③♥ý❝❤ t❧♦✉➨➫❦á❝❤ ✈③♦r❦✉ ❛ ♦❞r❛③♥é❤♦
st❛♥❞❛r❞✉✳ P➦✐ ✈ý❜➙r✉ ↔❛s♦✈é❤♦ ♦❦♥❛ ❥❡ ❞➲❧❡➸✐té✱ ❥❛❦é ✜❧tr♦✈❛❝í ♦❦♥♦ s❡ ♣♦✉➸✐❥❡✱ t❡❞② ❥❛❦ý ♠á
t✈❛r ❛ ❥❛❦♦✉ ♠á ❢r❡❦✈❡♥↔♥í✴↔❛s♦✈♦✉ ♦❞❡③✈✉✳
◆❛ ✈ýs❧❡❞❦② ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② ❛ ♣❡r♠❡❛❜✐❧✐t② ♠á ✈❧✐✈ ✐ ♠❡t♦❞❛ ✈ý♣♦↔t✉✱ ❥❛❦ ❜②❧♦
♣♦♣sá♥♦ ✈ ❦❛♣✐t♦❧❡ ✺✳✹✳ ❯ s✐♠✉❧♦✈❛♥ý❝❤ ❞❛t✱ ❦t❡rá ♥❡✈②❦❛③✉❥í ➸á❞♥é ♦❞❝❤②❧❦② ❛ ❥s♦✉ ✈❡❧♠✐ s♣♦✲
❧❡❤❧✐✈á✱ s❡ ❝❤②❜② ♣r♦❥❡✈✉❥í ❥❡♥ ❥❛❦♦ ❥✐➸ ❞✐s❦✉t♦✈❛♥é ❞✐s❦♦♥t✐♥✉✐t② ♥❛ ❢r❡❦✈❡♥❝í❝❤ ♦❞♣♦✈í❞❛❥í❝í❝❤
♥ás♦❜❦✉ ♣♦❧♦✈✐♥② ✈❧♥♦✈é ❞é❧❦②✳ ❏❛❦♦ ♥❡❥s♣♦❧❡❤❧✐✈➙❥➨í ❛ ♥❡❥❧❡♣➨í ✈ýs❧❡❞❦② ♣♦s❦②t✉❥í❝í ♠❡t♦❞❛ s❡
✉❦á③❛❧❛ ♥❡✐t❡r❛t✈✐♥í ♠❡t♦❞❛ ✈ý♣♦↔t✉ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②✳
✼✳✹ ❱③❞á❧❡♥♦st ❛♥té♥② ♦❞ ✈③♦r❦✉
❑♦♥❡↔♥➙ ♣❛❦ s✈♦✉ r♦❧✐ ❤r❛❥❡ ✐ s♣❧♥➙♥í ♣➦❡❞♣♦❦❧❛❞✉ r♦✈✐♥♥♦st✐ ✈❧♥② ❞♦♣❛❞❛❥í❝í ♥❛ ✈③♦✲
r❡❦ ❛ ③❛❝❤♦✈á♥í ❞♦st❛t❡↔♥é ❞②♥❛♠✐❦② ♠➙➦❡♥í✳ ❆❜② ♠♦❤❧❛ ❜ýt ✈❧♥❛ ♣♦✈❛➸♦✈á♥❛ ③❛ r♦✈✐♥♦✉✱ ❥❡
t➦❡❜❛ ♣➦✐ ♠➙➦❡♥í ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉ ③❛❜❡③♣❡↔✐t ❜✉↕ ❞✐❡❧❡❦tr✐❝❦é ↔♦↔❦② ♠❡③✐ ❛♥té♥♦✉ ❛ ✈③♦r❦❡♠✱
❦t❡ré ✉s♠➙r♥í s✈❛③❡❦✱ ♥❛ ❞r✉❤♦✉ str❛♥✉ s❡ ❥❡❥✐❝❤ ♣♦✉➸✐tí♠ ③✈➙t➨✉❥❡ ✈③❞á❧❡♥♦st ❛♥té♥❛✲✈③♦r❡❦✱
r♦st♦✉ ③trát② ❛ ❦❧❡sá ❞②♥❛♠✐❦❛ ♠➙➦❡♥í✳ P❛❦ ❥❡ t❡❞② s♣í➨❡ ♣♦❞st❛t♥➙❥➨í✱ ❛❜② ❜②❧ ✈③♦r❡❦ ❞♦st❛t❡↔♥➙
r♦③❧❡❤❧ý✱ ❛❜② ♥❡✈③♥✐❦❛❧ ♥❛♣➦✳ r♦③♣t②❧ ♥❛ ❤r❛♥á❝❤✱ ❛❜② ✈➙t➨✐♥❛ ✈ý❦♦♥✉ ♣r♦➨❧❛ ✈③♦r❦❡♠ ❛ ❛❜② s❡
❡❧✐♠✐♥♦✈❛❧♦ ♣➦❡③❛➦♦✈á♥í ❤❧❛✈♥í❤♦ s✈❛③❦✉ ♣➦❡s ✈③♦r❡❦✳ ◆❛✈í❝✱ ❞❡✜♥✐❝í ✈❤♦❞♥é❤♦ ↔❛s♦✈é❤♦ ♦❦♥❛ ❛
✈ý❜➙r❡♠ ♣♦✉③❡ ♣➦í♠é❤♦ s✈❛③❦✉ ✭♣➦í♠é❤♦ ♣➦❡♥♦s✉✮ ❧③❡ ♣r♦❜❧é♠ r♦✈✐♥♥♦st✐ ✈❧♥② ❞♦st❛t❡↔♥➙ ❞♦❜➦❡
✼✹
❦♦♠♣❡♥③♦✈❛t✳
▼➙➦❡♥í ❜②❧♦ ♣r♦✈❡❞❡♥♦ ♣r♦ ✈③❞á❧❡♥♦st ❛♥té♥ ♦❞ ✈③♦r❦✉ ✷✵✱ ✸✵ ❛ ✹✵ ❝♠✳ ❱ýs❧❡❞❦② ✈➨❛❦
❜②❧② t♦t♦➸♥é✱ t❛❦➸❡ ③ ❤❧❡❞✐s❦❛ ✈ý❦♦♥♦✈é ❜✐❧❛♥❝❡ s❡ ✉❦á③❛❧♦ ❥❛❦♦ ♥❡❥❧❡♣➨í ♠➙➦✐t ♥❛ ✷✵ ❝♠✳
✼✳✺ ❱í❝❡✈rst✈é ♠❛t❡r✐á❧②
❱í❝❡✈rst✈é ♠❛t❡r✐á❧② ❧③❡ ♣♦③♥❛t ♣♦✉❤ý♠ ♦❦❡♠ ❛ ♦❞❧✐➨✐t ❥❡ ♦❞ ♠❛t❡r✐á❧➲ ❤♦♠♦❣❡♥♥í❝❤✳ ❈♦
♥❡♠✉sí ❜ýt ❥❛❦ ❥❛s♥é ❥❡ t❧♦✉➨➫❦❛ ❥❡❞♥♦t❧✐✈ý❝❤ ✈rst❡✈✳ ❩❛tí♠❝♦ sá❞r♦❦❛rt♦♥ ❥❡ ✈í❝❡✈rst✈á str✉❦t✉r❛
❞✈♦✉ ❦❛rt♦♥➲ ❛ sá❞r② ♠❡③✐ ♥✐♠✐✱ t❧♦✉➨➫❦❛ ♣❛♣ír✉ ❥❡ ✈ ➦❛❞❡❝❤ ❞❡s❡t✐♥ ♠✐❧✐♠❡tr✉✱ t❧♦✉➨➫❦❛ sá❞r②
✈ ❥❡❞♥♦t❦á❝❤ ♠✐❧✐♠❡tr➲✳ Pr♦❜❧é♠ ♥❛stá✈á ✉ ♠❛t❡r✐á❧➲ ❥❛❦ý♠ ❥❡ t②♣✐❝❦② ♣rá✈➙ ♣➦❡❦❧✐➸❦❛ ❇✹✱ ❥❡❥í➸
✈rst✈② ❥s♦✉ t❧✉sté ♦ ♥➙❝♦ ♠á❧♦ ♠é♥➙ ♥❡➸ ❞✈❛ ♠✐❧✐♠❡tr②✱ ❝♦➸ ❥❡ sr♦✈♥❛t❡❧♥é s λ2 ♣r♦ ❢r❡❦✈❡♥❝❡ ♥❛❞
✻✵ ●❍③✳ ❯ ♣❡r✐♦❞✐❝❦ý❝❤ str✉❦t✉r✱ ❦t❡r♦✉ ♣➦❡❦❧✐➸❦❛ ❥❡✱ s❡ ❥❛❦♦ ✈rst✈❛ ❝❤♦✈á ✐ s♦✉✈rst✈í ♥❛♣➦í❦❧❛❞
❞✈♦✉ ✈rst❡✈✳
❚②t♦ ❥❡❞♥♦t❧✐✈é ✈rst✈② ✈➨❛❦ ✈ ♣➦í♣❛❞➙ t♦❤♦t♦ ♠➙➦❡♥í ♥❡❧③❡ ✉r↔✐t ❛♥✐ ③ ↔❛s♦✈é ♦❜❧❛st✐
♥❛♠➙➦❡♥ý ❞❛t✳ ❏❡ t♦♠✉ t❛❦ ❦✈➲❧✐ r❡❧❛t✐✈♥➙ ♠❛❧é♠✉ r♦③❧✐➨❡♥í ✈❡ ✈③❞á❧❡♥♦st✐ ✭✈ ↔❛s♦✈é ♦❜❧❛st✐✮
✈③❤❧❡❞❡♠ ❦ ♠➙➦❡♥í ♥❛ ➨✐r♦❦é♠ ❢r❡❦✈❡♥↔♥í♠ ♣ás♠✉ ✺✲✺✵ ●❍③✳ ❘♦③❧✐➨❡♥í ❧③❡ st❛♥♦✈✐t ❥❛❦♦✿
res =
c
2B
B ❥❡ ③❞❡ ➨í➦❦❛ ♣ás♠❛✱ ✹✺ ●❍③✳ ❘♦③❧✐➨❡♥í ✈❡ ✈③❞á❧❡♥♦st✐ ❥❡ t❛❦ ✈ t♦♠t♦ ♣➦í♣❛❞➙ ❛s✐ ✸✱✸ ♠♠✱ ❥✐♥ý♠✐
s❧♦✈② ❧③❡ r♦③❧✐➨✐t ❞✈❛ ♦❞r❛③② ♦❞ s❡❜❡ ✈③❞á❧❡♥é ❛❧❡s♣♦➡ ✸✱✸ ♠♠✳ ❚❡♥↔í str✉❦t✉r② t❛❦ ✈③❤❧❡❞❡♠
❦ ♣♦✉➸✐té♠✉ ❢r❡❦✈❡♥↔♥í♠✉ ♣ás♠✉ r♦③❧✐➨✐t ♥❡❧③❡✳ ◆❛ ❞r✉❤♦✉ str❛♥✉ ❜②❧♦ ♠♦➸♥é ♠➙➦✐t ✈ ❝❡❧é♠
❢r❡❦✈❡♥↔♥í♠ ♣ás♠✉ ③❛ ♣♦✉➸✐tí ❥❡❞♥♦❤♦ t②♣✉ ❛♥té♥ ❛ ❜❡③ ♥✉t♥♦st✐ ③❛s❛❤♦✈❛t ❞♦ ♠➙➦í❝í ❛♣❛r❛t✉r②✳
❚♦ ♠á s✈♦❥❡ ③♥❛↔♥é ✈ý❤♦❞②✱ ♣r♦t♦➸❡ s❡ ✈ýs❧❡❞❦② ♥❛ r➲③♥ý❝❤ ❢r❡❦✈❡♥↔♥í❝❤ ♣ás♠❡❝❤ ♥❡♠✉sí ♣♦✲
↔ít❛↔♦✈➙ s❧✉↔♦✈❛t ❞♦ ❥❡❞♥♦❤♦✱ ❥❛❦♦ ♣➦✐ ♠➙➦❡♥í ♥❛ ✉➸➨í❝❤✱ ♦❞❞➙❧❡♥ý❝❤ ♣ás♠❡❝❤✳ ❚❛❦♦✈é ♠➙➦❡♥í ❜②
♣r♦❜í❤❛❧♦ s r➲③♥ý♠✐ ❛♥té♥❛♠✐✱ ♣➦✐↔❡♠➸ ❦❛➸❞ý ③ás❛❤ ❞♦ ♠➙➦í❝í❤♦ st❛♥♦✈✐➨t➙ ❥❡ ♣r♦ ♠➙➦❡♥í t♦❤♦t♦
t②♣✉ ✈❡❧♠✐ ❝❤♦✉❧♦st✐✈ý✳
✼✺
❑❛♣✐t♦❧❛ ✽
❩á✈➙r
Ú❦♦❧❡♠ tét♦ ♣rá❝❡ ❜②❧♦ s❡③♥á♠✐t s❡ s ♣r♦❜❧❡♠❛t✐❦♦✉ ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❧♥ ✈
➨✐r♦❦é♠ ❢r❡❦✈❡♥↔♥í♠ r♦③♣➙tí ✭✈ ➦á❞❡❝❤ ❞❡sít❡❦ ●❍③✮ ✈ r➲③♥ý❝❤ ♣r♦st➦❡❞í❝❤ ❛ ❞á❧❡ ♥❛✈r❤♥♦✉t
❛ r❡❛❧✐③♦✈❛t ♠➙➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ♣❛r❛♠❡tr➲ st❛✈❡❜♥í❝❤ ♠❛t❡r✐á❧➲✳ Pr✈♥í ❦❛♣✐t♦❧② ♣rá❝❡
♣♦♣✐s✉❥í t❡♦r✐❡ ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ♣♦❧❡ ❛ ♠✐❧✐♠❡tr♦✈é ✈❧♥②✳ ❏❡❥✐❝❤ ✈②✉➸✐tí ❛ ✈ý③♥❛♠ ♣r♦
s♦✉↔❛s♥ý ❛ ❜✉❞♦✉❝í t❡❝❤♥♦❧♦❣✐❝❦ý ✈ý✈♦❥ ❥❡ r♦✈♥➙➸ ♥❛③♥❛↔❡♥✳ ❙t❛✈❡❜♥í ♠❛t❡r✐á❧② ❥s♦✉ ✈ t❡♦r❡t✐❝✲
❦é♠ ú✈♦❞✉ ♣rá❝❡ ♣♦♣sá♥② ❥❛❦♦ ❞✐❡❧❡❦tr✐❦❛ ❛ ❥s♦✉ ✉ ♥✐❝❤ ✉✈❡❞❡♥② ❥❡❥✐❝❤ ❞❛❧➨í ❢②③✐❦á❧♥í ✈❧❛st♥♦st✐✱
❥❛❦♦ ❥❡ ❤✉st♦t❛ ❛ t❡♣❡❧♥á ✈♦❞✐✈♦st✳
❉➲❧❡➸✐tá ❦❛♣✐t♦❧❛ ✸✳✷ ❤♦✈♦➦í ♦ ❦♦♠♣❧❡①♥í❝❤ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❡❧✐↔✐♥á❝❤ ❛ ✉❦❛③✉❥❡
❥❡❥✐❝❤ ✈❧✐✈ ❛ ✈ý③♥❛♠ ♣➦✐ ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ③á➦❡♥í ❞✐❡❧❡❦tr✐❦❡♠✱ ✈ t♦♠t♦ ❦♦♥t❡①t✉ ❦♦♥✲
❦r❡t♥➙ st❛✈❡❜♥í♠✐ ♠❛t❡r✐á❧②✳ ❑♦♠♣❧❡①♥í ✈②❥á❞➦❡♥í ♣❡r♠✐t✐✈✐t② ❛ ♣❡r♠❡❛❜✐❧✐t② ✉♠♦➸➡✉❥❡ ✈❡❦t♦r♦✈➙
♣♦♣✐s♦✈❛t ③♠➙♥② ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é❤♦ ♣♦❧❡ ✉✈♥✐t➦ ❞✐❡❧❡❦tr✐❦❛ ♣➦✐ ♣➲s♦❜❡♥í st➦í❞❛✈é❤♦ ♣♦❧❡ ❛ ❥❡
t❡❞② ♥❛❜í❞♥✉t ❥✐♥ý ♣♦❤❧❡❞ ❥❛❦ ❝❤á♣❛t ✭❦♦♠♣❧❡①♥í✮ ♣❡r♠✐t✐✈✐t✉ ❛ ♣❡r♠❡❛❜✐❧✐t✉ ❛ ♦❞❞➙❧✐t ❥✐ ♦❞
❦❧❛s✐❝❦é❤♦ ✈♥í♠á♥í ✈❡❧✐↔✐♥ ✈❡ st❡❥♥♦s♠➙r♥é♠ ♣♦❧✐✳
◆ás❧❡❞✉❥í❝í ❦❛♣✐t♦❧❛ ✹✳✷ ♣❛❦ ♣♦♣✐s✉❥❡ ♠➙➦❡♥í ✈②❜r❛♥ý❝❤ ✈③♦r❦➲ st❛✈❡❜♥í❝❤ ♠❛t❡r✐á❧➲✳
❏❡ ③❞❡ ♣♦♣sá♥♦✱ ❥❛❦é ❥s♦✉ ♠♦➸♥é ♣➦íst✉♣② ❦ ♠➙➦❡♥í ❙✲♣❛r❛♠❡tr➲ ❛ ❥❡ ③❞❡ t❛❦é ✈②s✈➙t❧❡♥♦✱ ❝♦
❙✲♣❛r❛♠❡tr② ❥s♦✉✳ ❙✲♣❛r❛♠❡tr② ❜②❧② ③ís❦á♥② ♠➙➦❡♥í♠ ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉ ③❛ ♣♦✉➸✐tí ❞✈♦❥✐❝❡ ❛♥✲
✼✻
té♥ ❛ ✈❡❦t♦r♦✈é❤♦ ❛♥❛❧②③át♦r✉ ❘♦❤❞❡ ✫ ❙❝❤✇❛r③ ❩❱❆✻✼✳ ▼➙➦❡♥í ❜②❧♦ ♣r♦✈❡❞❡♥♦ ✈ ♣ás♠✉ ✺✲✺✵
●❍③✳ ▼➙➦❡♥② ❜②❧② ✈③♦r❦② ♥❡♠❛❣♥❡t✐❝❦ý❝❤ ❛ ❛❧❡s♣♦➡ ↔ást❡↔♥➙ ❤♦♠♦❣❡♥♥í❝❤ st❛✈❡❜♥í❝❤ ♠❛t❡r✐✲
á❧➲✳ ❩ís❦❛♥é ❙✲♣❛r❛♠❡tr② ❜②❧♦ ♥✉t♥é ♣♦↔ít❛↔♦✈➙ ✉♣r❛✈✐t✱ ❦ ↔❡♠✉➸ ❜②❧ ♣♦✉➸✐t ✈ý♣♦↔❡t♥í s♦❢t✇❛r❡
▼❆❚▲❆❇✳ ❱ t♦♠t♦ ♣r♦st➦❡❞í ❜②❧❛ ✈②✈✐♥✉t❛ ➦❛❞❛ s❦r✐♣t➲ ♣r♦ ú♣r❛✈✉ ♥❛♠➙➦❡♥ý❝❤ ❞❛t ✭♥❛♣➦✳
↔❛s♦✈á ✜❧tr❛❝❡✮ ❛ ♣r♦ s❛♠♦t♥ý ✈ý♣♦↔❡t ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②✳ ❉á❧❡ ❜②❧② ♣r♦ t✉t♦ ♣rá❝✐ ✉♣r❛✈❡♥②
❛ ♣♦✉➸✐t② ❦ó❞② ♣♦t➦❡❜♥é ♣r♦ ●❘▲ ❦❛❧✐❜r❛❝✐ ♠➙➦❡♥ý❝❤ ✈③♦r❦➲✳
●❘▲ ♠❡t♦❞❛ ❥❡ ❥❡❞♥♦✉ ③ ♠♦➸♥ý❝❤ ❦❛❧✐❜r❛↔♥í❝❤ ♠❡t♦❞✱ ♣♦✉➸✐t❛ ❜②❧❛ ♣r♦t♦✱ ➸❡ ❥❡ ✈❤♦❞♥á
♣r♦ ♠➙➦❡♥í ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉✱ ✈②✉➸í✈á ♠➙➦❡♥í ❞♦❦♦♥❛❧❡ ♦❞r❛③♥é ♣❧♦❝❤② ❛ ✈♦❧♥é❤♦ ♣r♦st♦r✉
♠❡③✐ ❛♥té♥❛♠✐✳ ❏❡ ✈ý❤♦❞♥➙❥➨í ❥✐ ♣♦✉➸ít ♥❛♠íst♦ ❥✐♥ý❝❤ ❦❛❧✐❜r❛↔♥í❝❤ ♠❡t♦❞✱ ♥❛♣➦✳ ❚❘▲ ♠❡t♦❞②✱
❦❞❡ ❥❡ ♥✉t♥é ❞♦❞❛t❡↔♥➙ ♣♦s♦✉✈❛t ♠➙➦❡♥♦✉ ❛♥té♥♦✉ ♣r♦ ✉r↔❡♥í ✸✳ st❛♥❞❛r❞✉✳ ❉❛t❛ ♣r♦ ❦❛❧✐❜r❛❝✐
❧③❡ ③ís❦❛t s♥❛❞♥♦ ♠➙➦❡♥í♠ r❡❢❡r❡♥❝í ✈ ❞❛♥é♠ ❢r❡❦✈❡♥↔♥í♠ ♣ás♠✉✳ ◆ár♦↔♥➙❥➨í ↔ást ♣r♦❝❡s✉ ●❘▲
❦❛❧✐❜r❛❝❡ s♣♦↔í✈á ✈❡ s♣rá✈♥➙ ✐♠♣❧❡♠❡♥t❛❝✐ ✈ ▼❆❚▲❆❇✉ ❛ ♣➦❡s♥é ❞❡✜♥✐❝✐ ✈st✉♣♥í❝❤ ♣r♦♠➙♥♥ý❝❤
♣➦✐ ❦❛❧✐❜r❛❝✐ ❞❛t ♠➙➦❡♥ý❝❤ ✈③♦r❦➲✳
P➦íst✉♣➲ ❦ ✈ý♣♦↔t➲♠ ❦♦♠♣❧❡①♥í❝❤ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❡❧✐↔✐♥ ❥❡ ♥➙❦♦❧✐❦✱ ♥❡❥③♥á♠➙❥➨í
❥❡ ◆✐❝♦❧s♦♥♦✈❛✲❘♦ss♦✈❛✲❲❡✐r♦✈❛ ♠❡t♦❞❛✱ ❥❡❥í➸ ♠❛t❡♠❛t✐❦♦✲❢②③✐❦á❧♥í ③á❦❧❛❞ ❜②❧ ♣➦❡❞st❛✈❡♥ ✈ ❦❛✲
♣✐t♦❧❡ ♦ ♠❡t♦❞á❝❤ ✈ý♣♦↔t✉ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② ❛ ♣❡r♠❡❛❜✐❧✐t② ✭❦❛♣✳ ✺✳✹✮✳ ❇②❧② ❛❧❡ ♣➦❡❞st❛✈❡♥②
✐ ❞❛❧➨í ♠❡t♦❞②✱ ❦t❡ré s❡ ❞❛❥í s ✈ý❤♦❞♦✉ ✈②✉➸ít ✈❡ s♣❡❝✐✜❝❦ý❝❤ s✐t✉❛❝í❝❤✳ Pr♦ ✈ý♣♦↔t② ❦♦♠♣❧❡①♥í
♣❡r♠✐t✐✈✐t② ♠➙➦❡♥ý❝❤ st❛✈❡♥í❝❤ ♠❛t❡r✐á❧➲ ❜②❧❛ ✈❡❞❧❡ ◆❘❲ ♣♦✉➸✐t❛ ♥❡✐t❡r❛t✐✈♥í ♠❡t♦❞❛✱ ❦t❡rá
♦❞str❛➡✉❥❡ ✉r↔✐té ♥❡❞♦st❛t❦② ◆✐❝♦❧s♦♥♦✈❛✲❘♦ss♦✈❛✲❲❡✐r♦✈❛ ❛❧❣♦r✐t♠✉✳ ❱ ❦❛♣✐t♦❧❡ s ✈ýs❧❡❞❦② ♠➙✲
➦❡♥í ❥s♦✉ ♣❛❦ ♣r❡③❡♥t♦✈á♥② ✈②♣♦↔ít❛♥é ❤♦❞♥♦t② ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②✱ ♣➦❡s♥➙❥✐ ➦❡↔❡♥♦ r❡á❧♥á ❛
✐♠❛❣✐♥ár♥í ↔ást ③✈❧á➨➫ ♣r♦ s❦❧♦✱ sá❞r♦❦❛rt♦♥ ❛ ♥➙❦t❡ré ❞➦❡✈➙♥é ♠❛t❡r✐á❧②✳
❱ýs❧❡❞♥é ❤♦❞♥♦t② ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② s♦✉❤❧❛s✐❧② s t❡♦r❡t✐❝❦ý♠ ♣➦❡❞♣♦❦❧❛❞❡♠✱ ♣r♦
♥➙❦t❡ré ✭③❡❥♠é♥❛ ❞➦❡✈➙♥é✮ ♠❛t❡r✐á❧② ❞❛t❛ ✈②❦❛③♦✈❛❧❛ r❡❧❛t✐✈♥➙ ✈❡❧❦é ♣r♦❝❡♥t♦ ❝❤②❜♥ý❝❤ ❤♦❞♥♦t✳
P➦í↔✐♥② t➙❝❤t♦ ♥❡♣➦❡s♥♦stí ❜②❧② ♦❜❥❛s♥➙♥② ✈ ♣➦❡❞❝❤♦③í ❦❛♣✐t♦❧❡ s ❞✐s❦✉sí ♥❛❞ ✈ýs❧❡❞❦②✱ ♥✐❝♠é♥➙
❥❡ t♦ ③❡❥♠é♥❛ str✉❦t✉r❛ ❧át❦②✱ ✈í❝❡✈rst✈é ♠❛t❡r✐á❧②✱ ❛❧❡ ✐ ●❘▲ ❦❛❧✐❜r❛❝❡✱ ❦t❡rá ♠➲➸❡ ✈ ✉r↔✐tý❝❤
♣➦í♣❛❞❡❝❤ ③♣➲s♦❜✐t r♦③❦♠✐t ❞❛t✳ ▼✐♠♦ ❥✐♥é ✐ ③ t♦❤♦t♦ ❞➲✈♦❞✉ ❥❡ ❡①tr❛❦❝❡ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②
♣r♦✈❡❞❡♥❛ ♣r♦ ❢r❡❦✈❡♥❝❡ ♦❞ ✻ ❞♦ ❛s✐ ✸✺ ●❍③✱ ♥❡❜♦➫ ♥❛ ✈②➨➨í❝❤ ❢r❡❦✈❡♥❝í❝❤ ❥✐➸ ♥❡❜②❧ ✈ý♣♦↔❡t
♣➦❡s♥ý✳
✼✼
❱ tét♦ ♣rá❝✐ ❥❡ ♣♦♣sá♥ ♣♦st✉♣♥➙ ❝❡❧ý ♣r♦❝❡s ③ís❦á♥í ❛ ③♣r❛❝♦✈á♥í ❞❛t ✈❡❞♦✉❝í ❛➸ ❦
❡①tr❛❦❝✐ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②✳ ❆❧❣♦r✐t♠②✱ ❦t❡ré ③❛❝❤②❝✉❥í s❛♠♦t♥ý ✈ý♣♦↔❡t ♣♦♠♦❝í ♣➦❡❞❡♠ ♣♦✲
♣s❛♥ý❝❤ ♠❡t♦❞ ❥s♦✉ ✉✈❡❞❡♥② ✈ ♣➦í❧♦❤á❝❤ ❇✳✶ ❛ ❇✳✷ ❥❛❦♦ úr②✈❡❦ ③❞r♦❥♦✈é❤♦ ❦ó❞✉✳ ❙♦✉↔❛s♥➙ s
♠➙➦❡♥í♠ ❜②❧ ❝❡❧ý ♣r♦❜❧é♠ ♥❛♠♦❞❡❧♦✈á♥ ✈ s♦❢t✇❛r✉ ❈❙❚ ❙t✉❞✐♦ ❙✉✐t❡✱ ❦t❡rý s❡ s♣❡❝✐❛❧✐③✉❥❡ ♥❛
♠♦❞❡❧♦✈á♥í ➨í➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ♣♦❧í✳ ❱ t♦♠t♦ ♣r♦❣r❛♠✉ ❥❡ ✈②t✈♦➦❡♥❛ s✐♠✉❧❛❝❡ ♠❛t❡r✐á❧✉
s ❞❡✜♥♦✈❛♥ý♠✐ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý♠✐ ❛ ❢②③✐❦á❧♥í♠✐ ✈❧❛st♥♦st♠✐ ❛ t❛❦é ③❥❡❞♥♦❞✉➨❡♥ý ❞✈♦✉♣♦r✲
t♦✈ý s②sté♠ ✈❡❦t♦r♦✈é❤♦ ❛♥❛❧②③át♦r✉✳ Pr♦ ♣♦t➦❡❜② tét♦ ♣rá❝❡ ❜②❧ ✈②✈✐♥✉t r❡❧❛t✐✈♥➙ ❥❡❞♥♦❞✉❝❤ý
♠♦❞❡❧✱ ❦t❡rý ✐❞❡❛❧✐③✉❥❡ r❡á❧♥♦✉ s✐t✉❛❝✐ ♠➙➦❡♥í ❛ ❥❡❤♦➸ ✈ýst✉♣❡♠ ❥❡ ♣➦í♠♦ ❝❡❧á ❙✲♠❛t✐❝❡ ♦❞r❛③➲
♦❞ ♠♦❞❡❧♦✈❛♥é❤♦ ♠❛t❡r✐á❧✉ ❛ ♣➦❡♥♦s➲ ♠❡③✐ ♦❜➙♠❛ ❜r❛♥❛♠✐✳ ❉í❦② ♥❛✈r➸❡♥é♠✉ ③❥❡❞♥♦❞✉➨❡♥í ❥❡
♠♦➸♥é ❞❛♥ý ♣r♦❜❧é♠ s✐♠✉❧♦✈❛t ✈❡ ✈❡❧♠✐ ❦rát❦ý❝❤ ✈ý♣♦↔❡t♥í❝❤ ↔❛s❡❝❤✳ P♦♠♦❝í t➙❝❤t♦ s✐♠✉❧❛❝í
❜②❧♦ ♠♦➸♥é ♦❞③❦♦✉➨❡t ❢✉♥❦↔♥♦st ✈②t✈♦➦❡♥ý❝❤ ❛❧❣♦r✐t♠➲ ●❘▲ ❦❛❧✐❜r❛❝❡ ❛ ✈ý♣♦↔t➲ ❦♦♠♣❧❡①♥í ♣❡r✲
♠✐t✐✈✐t②✳ ❱ýs❧❡❞❦② s✐♠✉❧❛❝í✱ ❥❡❥í ♣♦♣✐s ❛ ♣♦r♦✈♥á♥í s✐♠✉❧♦✈❛♥ý❝❤ ❛ ③♠➙➦❡♥ý❝❤ ❞❛t ❥s♦✉ ♣♦♣sá♥②
✈ ❦❛♣✐t♦❧❡ s ✈ýs❧❡❞❦② ✻✳✶✳
❩á✈➙r❡♠ ❧③❡ ❦♦♥st❛t♦✈❛t✱ ➸❡ ♥❛ ③á❦❧❛❞➙ ♣➦❡❞❡♠ ♣♦♣s❛♥é t❡♦r✐❡ ➨í➦❡♥í ❛ ♠➙➦❡♥í s✐❣♥á❧✉
♠✐❧✐♠❡tr♦✈ý❝❤ ✈❧♥ ❜②❧② ús♣➙➨♥➙ ③♠➙➦❡♥② ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦é ♣❛r❛♠❡tr② s❛❞② ✈②❜r❛♥ý❝❤ ✈③♦r❦➲
st❛✈❡❜♥í❝❤ ♠❛t❡r✐á❧➲✳ ❊①tr❛❦❝❡ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❡❧✐↔✐♥ s❡ ♣♦❞❛➦✐❧❛ ♥❡❥❧é♣❡ ✉ ✈③♦r❦✉ ✽ ♠♠
t❧✉sté❤♦ s❦❧❛✱ ♥❛♦♣❛❦ ✈ýs❧❡❞❦② s ♥❡❥✈➙t➨í ❝❤②❜♦✉ ❜②❧② ③ís❦á♥② ♣r♦ ❞➦❡✈♦t➦ís❦✉✱ ❝♦➸ ❛❧❡ ♥❡♥í ✈③❤❧❡✲
❞❡♠ ❦ ♣➦❡❞❡♠ ♣♦♣s❛♥ý♠ ♦♠❡③❡♥í♠ ♠➙➦❡♥í ❛ ✈ý♣♦↔t➲ ❛ ❝❤❛r❛❦t❡r✉ ❞➦❡✈♦t➦ís❦② ♣➦❡❦✈❛♣✐✈é✳
❱ýs❧❡❞❦② ❡①tr❛❦❝❡ ❦♦♠♣❧❡①♥í❝❤ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❡❧✐↔✐♥ s♣♦❧✉ s ❥❡❥✐❝❤ ❡❦✈✐✈❛❧❡♥t② ③ís❦❛♥ý♠✐
s✐♠✉❧❛❝í ❥s♦✉ r♦✈♥➙➸ ❞♦st✉♣♥é ✈ ↔ást✐ s ✈ýs❧❡❞❦②✳
❍❧❛✈♥í ♣➦í♥♦s ♣rá❝❡ s♣♦↔í✈á ✈❡ st❛♥♦✈❡♥í ♠❡t♦❞✐❦② ♠➙➦❡♥í ❛ ✈ý♣♦↔t➲ ❦♦♠♣❧❡①♥í❝❤ ❡❧❡❦✲
tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❡❧✐↔✐♥✳ ❏❡ ③❞❡ ♣♦♣sá♥♦✱ ♥❛✈r➸❡♥♦ ❛ r❡❛❧✐③♦✈á♥♦ ♠➙➦❡♥í ✈③♦r❦➲ st❛✈❡❜♥í❝❤ ♠❛t❡✲
r✐á❧➲ ♣r✐♥❝✐♣✐á❧♥➙ ❥❡❞♥♦❞✉❝❤♦✉ ♥❡❞❡str✉❦t✐✈♥í ♠❡t♦❞♦✉ ♠➙➦❡♥í ✈❡ ✈♦❧♥é♠ ♣r♦st♦r✉✳ ❚❛t♦ ♠❡t♦❞❛
❜② s❡ ✈ ♣r❛①✐ ♠♦❤❧❛ r♦③➨í➦✐t ❛ ✈②t✈♦➦✐t ✉❝❡❧❡♥ý s❜ír❦✉ ❦♦♠♣❧❡①♥í❝❤ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤ ✈❡❧✐↔✐♥✳
Pr♦ ú↔❡❧② ✈ý♣♦↔t✉ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② ❜②❧② ✈②✈✐♥✉t② s❦r✐♣t②✱ ❥❡❥í♠✐➸ ✈st✉♣② ❥s♦✉ ③❦❛❧✐❜r♦✈❛♥é
❙✲♣❛r❛♠❡tr②✳ ◆◆■❈▼ ❥❡ ✈❡❧♠✐ r②❝❤❧á ♠❡t♦❞❛ ♣♦s❦②t✉❥í❝í ✭♣➦✐ ❞♦❞r➸❡♥í ❞❛♥ý❝❤ ♣♦➸❛❞❛✈❦➲✮ ♣➦❡s♥é
✈ýs❧❡❞❦②✳ Pr♦ ú↔❡❧② ♣rá❝❡ ❜②❧❛ té➸ ♥❛✈r➸❡♥❛ ♣♦↔ít❛↔♦✈á s✐♠✉❧❛❝❡ r❡♣r❡③❡♥t✉❥í❝í ③❥❡❞♥♦❞✉➨❡♥ý ♠♦✲
❞❡❧ ♠➙➦❡♥é❤♦ ♣r♦❜❧é♠✉✳ ❚❛t♦ s✐♠✉❧❛❝❡ ✈ ❦rát❦é♠ ✈ý♣♦↔❡t♥í♠ ↔❛s❡ ♣♦s❦②t✉❥❡ ❙✲♣❛r❛♠❡tr② ③❦♦✉✲
♠❛♥é❤♦ s②sté♠✉ ❛ ❧③❡ ❥✐ ✈②✉➸ít ♥❛♣➦í❦❧❛❞ ♣r♦ ♣r✈♦t♥í ♦❞❤❛❞ ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② ♣➦✐ ♣♦✉➸✐tí
✼✽
❥✐♥ý❝❤ ✈ý♣♦↔❡t♥í❝❤ ♠❡t♦❞✳ ❚❛t♦ ♣rá❝❡ ♣➦✐♥á➨í ✉❝❡❧❡♥♦✉ ♠❡t♦❞✐❦✉ ♠➙➦❡♥í ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤
✈❧❛st♥♦stí st❛✈❡❜♥í❝❤ ♠❛t❡r✐á❧➲ ❛ s♣♦❧✉ s ♣➦✐♣r❛✈❡♥ý♠✐ ✈ý♣♦↔❡t♥í♠✉ ❛♣❛rát② ♣➦❡❞st❛✈✉❥❡ r❡❧❛✲
t✐✈♥➙ r②❝❤❧♦✉ ❛ s♥❛❞♥♦ ❛♣❧✐❦♦✈❛t❡❧♥♦✉ ♠❡t♦❞✉ ✉r↔❡♥í ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②✳
❱ ♥á✈❛③♥♦st✐ ♥❛ ❞♦s❛✈❛❞♥í ✈ý③❦✉♠ ❜② ❜②❧♦ ♠♦➸♥é ③❛❜ý✈❛t s❡ ③♣➦❡s♥➙♥í♠ ♠➙➦❡♥í ❤❧❛✈♥➙
♥❛ ✈②➨➨í❝❤ ❢r❡❦✈❡♥❝í❝❤✱ ❞❡✜♥♦✈á♥í♠ ❛ ♦❞str❛♥➙♥í♠ ❞♦s✉❞ ♥❡♦❞❤❛❧❡♥ý❝❤ ♣➦í↔✐♥ ❝❤②❜ ✈ ✉r↔✐tý❝❤
↔ást❡❝❤ ✈ý♣♦↔t✉✳ Prá❝❡ t❛❦é ♦t❡✈írá ❞✈❡➦❡ ú♣r❛✈á♠ ♠❡③✐ ●❘▲ ❦❛❧✐❜r❛❝í ❛ ✈ý♣♦↔t② ❦♦♠♣❧❡①♥í
♣❡r♠✐t✐✈✐t②✱ ❦t❡ré ❥s♦✉ ✈ ✉r↔✐tý❝❤ ❜♦❞❡❝❤ ③❛tí➸❡♥② ③❥❡✈♥♦✉ ❝❤②❜♦✉✳ ❉á❧❡ ❜② ❜②❧♦ ♠♦➸♥é r♦③✈✐✲
♥♦✉t ♠❡t♦❞✐❦✉ ♠➙➦❡♥í ♥❛ ✉➸➨í❝❤ ❢r❡❦✈❡♥↔♥í❝❤ ♣ás♠❡❝❤ ③❛ ú↔❡❧❡♠ ❞♦s❛➸❡♥í ♠❡♥➨í❤♦ r♦③❧✐➨❡♥í ✈❡
✈③❞á❧❡♥♦st✐ str✉❦t✉r ♣❡r✐♦❞✐❝❦ý❝❤ ❦♦♥str✉❦❝í ❛ ③♣➦❡s♥✐t t❛❦ ✈ý♣♦↔t② ❦♦♠♣❧❡①♥í❝❤ ❡❧❡❦tr♦♠❛❣✲
♥❡t✐❝❦ý❝❤ ✈❡❧✐↔✐♥✳ ◆❛ ③á❦❧❛❞➙ ♣➦❡s♥ý❝❤ ❤♦❞♥♦t ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t② ❜② s❡ ♥❛❜í③❡❧♦ r♦③✈✐♥♦✉t
té♠❛ s♠➙r❡♠ ❦ ✈ý♣♦↔t➲♠ út❧✉♠✉ st❛✈❡❜♥í❝❤ ♠❛t❡r✐á❧➲ ❛ st❛♥♦✈❡♥í ❥❡❥✐❝❤ ❡❧❡❦tr♦♠❛❣♥❡t✐❝❦ý❝❤
✈❧❛st♥♦stí ♣r♦ ❥✐➸ r❡á❧♥é st❛✈❡❜♥í ú↔❡❧②✳
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❇✐❜❧✐♦❣r❛✜❡
❬✶❪ ❍❛♥❞❜♦♦❦ ♦❢ ❋r❡q✉❡♥❝② ❆❧❧♦❝❛t✐♦♥s ❛♥❞ ❙♣❡❝tr✉♠ Pr♦t❡❝t✐♦♥ ❢♦r ❙❝✐❡♥t✐✜❝ ❯s❡s✳ ◆❛t✐♦♥❛❧
❆❝❛❞❡♠✐❡s Pr❡ss✱ ❧✐s✳ ✷✵✶✺✳ ❞♦✐✿ ✶✵✳✶✼✷✷✻✴✷✶✼✼✹✳
❬✷❪ ✒❋❊❉❊❘❆▲ ❈❖▼▼❯◆■❈❆❚■❖◆❙ ❈❖▼▼■❙❙■❖◆ ❖❋❋■❈❊ ❖❋ ❊◆●■◆❊❊❘■◆● ❆◆❉
❚❊❈❍◆❖▲❖●❨ ❇✉❧❧❡t✐♥ ◆✉♠❜❡r ✼✵ ▼✐❧❧✐♠❡t❡r ❲❛✈❡ Pr♦♣❛❣❛t✐♦♥✿ ❙♣❡❝tr✉♠ ▼❛♥❛❣❡✲
♠❡♥t ■♠♣❧✐❝❛t✐♦♥s✱✏ t❡❝❤✳ ③♣r✳✱ ✶✾✾✼✳
❬✸❪ ❙♥❡❧❧✬s ▲❛✇ ✕ ❚❤❡ ▲❛✇ ♦❢ ❘❡❢r❛❝t✐♦♥✳ ❲❲❲✿ ❤tt♣s✿✴✴✇✇✇✳♠❛t❤✳✉❜❝✳❝❛✴⑦❝❛ss✴
❝♦✉rs❡s✴♠✸✵✾✲✵✶❛✴❝❤✉✴❋✉♥❞❛♠❡♥t❛❧s✴s♥❡❧❧✳❤t♠ ✭❝✐t✳ ✸✶✳ ✶✷✳ ✷✵✶✾✮✳
❬✹❪ ❨✳ ❉✉✱ ❈✳ ❈❛♦✱ ❳✳ ❩♦✉✱ ❏✳ ❍❡✱ ❍✳ ❨❛♥✱ ●✳ ❲❛♥❣ ❛ ❉✳ ❙t❡❡r✱ ✒▼❡❛s✉r❡♠❡♥t ❛♥❞ ▼♦❞❡❧✐♥❣ ♦❢
P❡♥❡tr❛t✐♦♥ ▲♦ss ✐♥ t❤❡ ❘❛♥❣❡ ❢r♦♠ ✷ ●❍③ t♦ ✼✹ ●❍③✱✏ ✐♥ ✷✵✶✻ ■❊❊❊ ●❧♦❜❡❝♦♠ ❲♦r❦s❤♦♣s
✭●❈ ❲❦s❤♣s✮✱ ✷✵✶✻✱ s✳ ✶✕✻✳ ❞♦✐✿ ✶✵✳✶✶✵✾✴●▲❖❈❖▼❲✳✷✵✶✻✳✼✽✹✽✾✺✽✳
❬✺❪ ❏✳ ▲❛❤t❡❡♥♠❛❦✐ ❛ ❚✳ ❑❛rtt❛❛✈✐✱ ✒▼❡❛s✉r❡♠❡♥t ♦❢ ❞✐❡❧❡❝tr✐❝ ♣❛r❛♠❡t❡rs ♦❢ ✇❛❧❧ ♠❛t❡r✐❛❧s ❛t
✻✵ ●❍③ ❜❛♥❞✱✏ ❊❧❡❝tr♦♥✐❝s ▲❡tt❡rs✱ r♦↔✳ ✸✷✱ ↔✳ ✶✻✱ s✳ ✶✹✹✷✕✶✹✹✹✱ ✶✾✾✻✱ ✐ss♥✿ ✵✵✶✸✲✺✶✾✹✳ ❞♦✐✿
✶✵✳✶✵✹✾✴❡❧✿✶✾✾✻✵✾✺✹✳
❬✻❪ ❙✳ ❏✉✱ ❙✳ ❍✳ ❆✳ ❙❤❛❤✱ ▼✳ ❆✳ ❏❛✈❡❞✱ ❏✳ ▲✐✱ ●✳ P❛❧t❡r✉✱ ❏✳ ❘♦❜✐♥✱ ❨✳ ❳✐♥❣✱ ❖✳ ❑❛♥❤❡r❡ ❛
❚✳ ❙✳ ❘❛♣♣❛♣♦rt✱ ✒❙❝❛tt❡r✐♥❣ ▼❡❝❤❛♥✐s♠s ❛♥❞ ▼♦❞❡❧✐♥❣ ❢♦r ❚❡r❛❤❡rt③ ❲✐r❡❧❡ss ❈♦♠♠✉♥✐✲
❝❛t✐♦♥s✱✏ ✐♥ ■❊❊❊ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈♦♠♠✉♥✐❝❛t✐♦♥s✱ s✈✳ ✷✵✶✾✲▼❛②✱ ❜➦❡③✳ ✷✵✶✾✱
✐s❜♥✿ ✾✼✽✶✺✸✽✻✽✵✽✽✾✳ ❞♦✐✿ ✶✵✳✶✶✵✾✴■❈❈✳✷✵✶✾✳✽✼✻✶✷✵✺✳ ❛r❳✐✈✿ ✶✾✵✸✳✵✷✻✺✼✳ ❲❲❲✿
❤tt♣✿✴✴❛r①✐✈✳♦r❣✴❛❜s✴✶✾✵✸✳✵✷✻✺✼✳
❬✼❪ ❨✳ ●❤❛s❡♠♣♦✉r✱ ❈✳ ❘✳ ❉❛ ❙✐❧✈❛✱ ❈✳ ❈♦r❞❡✐r♦ ❛ ❊✳ ❲✳ ❑♥✐❣❤t❧②✱ ✒■❊❊❊ ✽✵✷✳✶✶❛②✿ ◆❡①t✲
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1 Introduction
The measurement system for the free space transmission and reflection measurements at
10-70GHz has been established using various configurations using vector network analyzer
(VNA). We chose two different sets of antennas according to the frequency bands of interest:
5-50GHz and 50-75GHz. The mechanical setup was optimized to accommodate 600×600mm
large samples. The geometrical setup can be further adjusted using absorbers. More infor-
mation about measurement setup will be given in the following section.
1.1 List of materials
Code Description Nominal thickness (mm) Estimated relative permittivity [1]
001 sound shield 15 2.7− j0.03
002 sound shield 15 2.7− j0.03
101 sound shield 12.5 2.7− j0.03
102 sound shield 12.5 2.7− j0.03
201 base board 9.5 2.1− j0.02
202 base board 9.5 2.1− j0.02
301 wall board 12.5 2.2− j0.01
302 wall board 12.5 2.2− j0.01
401 fire shield 12.5 2.6− j0.02
402 fire shield 12.5 2.6− j0.02
501 insulation shield 50 1.03− j0.002
707 insulation shield 25 1.03− j0.002
601 fire shield 9.5 2.2− j0.02
602 fire shield 9.5 2.2− j0.02
B1 MDF board 6 2.4− j0.15
B2 MDF board 6 2.4− j0.15
B3 plywood board 9 2.4− j0.15
B4 plywood board 9 2.4− j0.15
B5 chipboard 12 1.85− j0.15
B6 chipboard 12 1.85− j0.15
G1 glass 4 6.5 [2]
G2 glass 8 6.5 [2]
- concrete slab 52 −
2
4 Results
The presented results are in the form of frequency dependent complex permittivity which was
extracted from measured data. Extracted real and imaginary parts of complex permittivity
were fitted by a simple function af b where f is frequency in Hz.
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%1. vypoct koef. odrazu za podminky |Gamma|<1
K = ((s11).^2 − (s21).^2 +1) ./ (2.*(s11));
gamma1 = K + sqrt(K.^2 − 1);
gamma2 = K − sqrt(K.^2 − 1);
logG = gamma <= 1 & gamma >=−1;
logG2 = gamma2 <= 1 & gamma2 >=−1;
gammaVysl = gamma.*logG + gamma2.*logG2;
logGv = gammaVysl <= 1 & gammaVysl >= −1;
gammaVysl = gammaVysl.*logGv;
%2. vypoct koef. pruchou T
T = ((s11)+(s21)−gammaVysl)./(1−((s11)+(s21)).*gammaVysl);
%3. nalezeni bodu nestability
[pks, lcs] = findpeaks(real(s11));
pks = [0;pks];
lcs = [0;lcs;length(f)];
✾✸
n_pks = length(pks);
%4. vypocet koef. c2
for q=1:n_pks
for w=lcs(q)+1:lcs(q+1)
n = floor(q/2);
c2(w) = −(3e8/(2*pi*l*f(w))*(log(1./T(w)) + 1j*2*pi*n))^2;
end
end
%5. vypocet komplexni permitivity
c1 = ((1 +(gamma))./(1 − (gamma))).^2;
eps_NRW = sqrt(transpose(c2)./c1);
❇✳✷ ◆◆■❈▼
%0. vypocet lambda_0=c/f
lambda_0 = physconst('LightSpeed')./(f);
%1. vypoct koef. odrazu za podminky |Gamma|<1
%2. vypoct koef. pruchou T
%3. nalezeni bodu nestability
%4. vlastni vypocet
for q=1:n_pks
for w=lcs(q)+1:lcs(q+1)
n = floor(q/2);
a(w) = log(1/T(w))+1j*2*pi*n;
b(w) = −(((1/(2*pi*l))*a(w))^2);
eps_NNICM(w) = lambda_0(w)^2*b(w);
end
end
✾✹
P➦í❧♦❤❛ ❈
❖❜s❛❤ ❞✐❣✐tá❧♥í ♣➦í❧♦❤②
◆❛ ❈❉✱ ❦t❡ré ❥❡ ♣➦✐❧♦➸❡♥é ❦ tét♦ ❞✐♣❧♦♠♦✈é ♣rá❝✐✱ s❡ ♥❛❝❤á③í ♥➙❦♦❧✐❦ s♦✉❜♦r➲✱ ✈↔❡t♥➙
♣rá❝❡ s❛♠♦t♥é✳ ❙♦✉❜♦r② ❥s♦✉ ♥❛ ❈❉ ➦❛③❡♥② t❛❦t♦✿
❼ ❘♦♦t ♦❜s❛❤✉❥❡ ✳♣❞❢ s♦✉❜♦r② s t♦✉t♦ ❞✐♣❧♦♠♦✈♦✉ ♣r❛❝í ❛ t❛❦é ③♣rá✈✉ ❲✐r❡❧❡ss ❋r✐❡♥❞❧②
❊♥❡r❣② ❊✛❝✐❡♥t ❇✉✐❧❞✐♥❣s ✭❲✐❋❊❊❇✮✱ ❦t❡rá ♠➲➸❡ s❧♦✉➸✐t ♣r♦ ♣♦r♦✈♥á♥í ③♠➙➦❡♥ý❝❤ ❞❛t✳
❼ ❙❧♦➸❦❛ ●❘▲ ♦❜s❛❤✉❥❡ s♦✉↔ást✐ ❛ s❦r✐♣t② ♥✉t♥é ♣r♦ ●❘▲ ❦❛❧✐❜r❛❝✐✳
❼ ❙❧♦➸❦❛ ♣❡r♠✲❝❛❧❝ ♦❜s❛❤✉❥❡ s❦r✐♣t② ♣r♦ ✈ý♣♦↔❡t ❦♦♠♣❧❡①♥í ♣❡r♠✐t✐✈✐t②✳
❼ ❙❧♦➸❦❛ ❙♣❛r ♦❜s❛❤✉❥❡ s❦r✐♣t② ♣r♦ ú♣r❛✈✉ ❛ ③♣r❛❝♦✈á♥í ③♠➙➦❡♥ý❝ ❙✲♣❛r❛♠❡tr➲✱ ✐♠♣❧❡♠❡♥t❛❝✐
❋❚ ❛ t✐♠❡ ❣❛t✐♥❣✉
❙❧♦➸❦② r♦✈♥➙➸ ♦❜s❛❤✉❥í s♦✉❜♦r ❘❊❆❉▼❊✳t①t✱ ❦t❡rý ♣♦♣✐s✉❥❡ ♣rá❝✐ s ♦❜s❛❤② ❛❞r❡sá➦➲✱ ✉r↔✉❥❡✱ ❦t❡rý
s♦✉❜♦r s❡ s♣♦✉➨tí ❛ ❥❛❦é ❥s♦✉ ❥❡❤♦ ♥á✈❛③♥♦st✐✳
✾✺
